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From the mathematical point of view (Eulerian)

dρ

dt
+ ρ div v = 0 (1)

ρ
dv

dt
= ρb + div T (2)

T is symmetric (3)



Stokesian fluids

We now have to make some assumptions on the form of T.



Stokesian fluids

T = −pI



Stokesian fluids

“That the difference between the pressure on a plane in a given direction
passing through any point P of a fluid in motion and the pressure which
would exist in all directions about P if the fluid in its neighbourhood were
in a state of relative equilibrium depends only on the relative motion of the
fluid immediately about P; and that the relative motion due to any motion
of rotation may be eliminated without affecting the differences of the
pressures above mentioned.” G.Stokes



Stokesian fluids

l V is a continuous function of D;

l V does not depend explicitely on x;

l V is isotropic;

l V = 0, if D = 0.

V = αI + βD + γD2
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But . . .



Reiner-Rivlin models

T = −p̃I + β(|D|, det D)D + γ(|D|, det D)D2

Generalized Newtonian:

T = −p̃I + β(|D|)D

Power-law fluids:

β(|D|) = 2k|D|s−2
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Power-law fluids
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Non-Newtonian models

β(|D|) = µ∞ + (µ0 − µ∞)f (λ|D|)
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Non-Newtonian models

β(|D|) = µ∞ + (µ0 − µ∞)f (λ|D|)

f (x) =
arcsinh x

x

f (x) =
log(1 + x)

xm

f (x) =
1

1 + xm

f (x) = (1 + xa)
n−1
a



Non-Newtonian models
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Figure: Un confronto fra i tre modelli newtoniani generalizzati principali per il
sangue, con µ0 = 65 kg m−1 s−1 e µ∞ = 60 kg m−1 s−1. Inoltre, per il modello
di Powell-Eyring si è scelto λ = 5.383 s, per quello di Cross λ = 1.007 s e
m = 1.028, per quello di Carreau-Yasuda λ = 1.902 s, n = 0.22 e a = 1.25.



Rod climbing



∇f =
∂f

∂r
er +

1

r

∂f

∂ϑ
eϑ +

∂f

∂z
ez ,

div u =
1

r

∂(rur )

∂r
+

1

r

∂uϑ

∂ϑ
+

∂uz

∂z
,

∇u =
∂ur

∂r
er ⊗ er +

∂uϑ

∂r
eϑ ⊗ er +

1

r

(
∂ur

∂ϑ
− uϑ

)
er ⊗ eϑ +

1

r

(
∂uϑ

∂ϑ
+ ur

)
eϑ ⊗ eϑ

+
∂ur

∂z
er ⊗ ez +

∂uϑ

∂z
eϑ ⊗ ez +

∂uz

∂z
ez ⊗ ez +

∂uz

∂r
ez ⊗ er +

1

r

∂uz

∂ϑ
ez ⊗ eϑ ,

∆u =

[
∆ur −

1

r2

(
ur + 2

∂uϑ

∂ϑ

)]
er +

[
∆uϑ −

1

r2

(
uϑ − 2

∂ur

∂ϑ

)]
eϑ + ∆uz ez ,

∆f =
1

r

∂

∂r

(
r
∂f

∂r

)
+

1

r2

∂2f

∂ϑ2
+

∂2f

∂z2
,

div T = +

[
∂Trr

∂r
+

Trr − Tϑϑ

r
+

1

r

∂Tϑr

∂ϑ
+

∂Tzr

∂z

]
er +

+

[
∂Trϑ

∂r
+

2Trϑ

r
+

1

r

∂Tϑϑ

∂ϑ
+

∂Tzϑ

∂z
+

Tϑr − Trϑ

r

]
eϑ+

+

[
∂Trz

∂r
+

Trz

r
+

1

r

∂Tϑz

∂ϑ
+

∂Tzz

∂z

]
ez ,


