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1 Discrete Dynamical Systems

Definition (Discrete dynamical system). Given a set U C R"” and a function ¥ : U — U, a
discrete dynamical system (or difference equation, or iterated map) is of the form

Ther = F(xp). (1)

Given an initial condition @, € U, the solution of (1) is a sequence () which is defined by the
recursive process

xg, x =F(xy), x2=F(x))=(FoF)(xy), ..., Tp=F(xp_1)=(Fo0---0F)(xp).
We will make use of the notation

F'(x)=(Fo-- oF)(x),
N———
h times

so that the solution of (1) starting from x, is given by

xp = F'(x). *

Remark. One may consider a more general class of discrete dynamical systems of the form
Zpe1 = Fp(xn) = F(xp;h) )

where the right-hand side can depend also on the time-step A. In this case the solution is recursively
given by

o, 1 = Fy(x0), 3 = Fi(x1) = (Fy 0 Fy)(x0), ..., Tp = Fp_1(xp-1) = (Fpo10--- 0 Fy)(x).



Systems of the form (2) will be named non autonomous, while systems (1) will be named autonomous.
We will typically consider only autonomous systems. *

Example. In the 1D case (n = 1) let us consider the DDS
Xh+1 = xfla

that is, F(x) = x%. Then for some initial conditions one has:

1 1 1 1 1
e Xo=— = - - — —, ... = x>0

2 2 4 16 256
e xp=2 = 2,4, 16,256,... = xp — +00
e xg=—2 = =2,4, 16,256, ... = xp — +00
e xp=0 = 0,00 ... = x3=0 [(constantsolution, equilibrium)
exo=1 = 11,1, ... = xp=1 (another equilibrium)
exp=-1 = -1,11... = x3=1 (apre-equilibrium)

In general one can prove that for xy € (—1;1) one has x;, — 0, for xy < —1 or xy > 1 one has
xXp — +00, for xg = —1 one has x;, = 1 for all h > 1, for xy = 1 one has an equilibrium. *

Example. A more intriguing example in 1D is
Xh+1 = x}zl -1
that is, F(x) = x% — 1.

Trying with some initial conditions we have:

e xp=0 = 0,—-1, 0, -1, ... aperiodic solution of period 2, which is named 2-cycle
cxp=2 = 23,863 ... = x,— +0
cxg=-2 = -2,3,863 .. = x,— +o0
exo=1 = 1,0,-1,0,... = (xp)apre-2-cycle
ex=V2 = V21,0, -1,0,... = (x3) another pre-2-cycle
It can be proved that (1 + V/5)/2 are two equilibrium points. *

Example. Let us consider the DDS in R?
X =
h+1 = Yn 3)
Yn+1 = Xn + Yh-
With the initial condition (xo, o) = (0, 1) one has
(0,1), (1,1), (1,2), (2,3), (3,5), (538), (8,13), (13,21), (21,34), ...
which is related to the Fibonacci sequence.
By eliminating x;.; one gets
Yn+2 = Xp+1 + Yne1 = Yn + Yht1

that is, a one-dimensional discrete dynamical system of order 2. Starting from yy = 0, y; = 1 one
gets the Fibonacci numbers. *



2.1

2.2

2.3
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2 Equilibrium Points, Cycles, Stability

Definition (Equilibrium point). An equilibrium point of a DDS is a constant solution, that is
an element T € U such that
x,=x VYhelN *

Proposition. An element x € U is an equilibrium point for xp.1 = F(xy) if and only if it is a
fixed point for F, that is
F(z) =x.

Proof. If € D is an equilibrium point, then

T =x; = F(xy) = F(x).
The other implication can be proved by induction. O

Example. The one-dimensional DDS
Xh+1 = x;sl

has exactly three equilibria: -1, 0, 1. *
Definition (Cycle). A p-cycle is a periodic solution of period p, that is

{x0, F (o), F*(x0), ..., FP™'(x0)}
such that F/(x) # @, forany 1 < j < p — 1 and FP(x,) = x. *

Notice that an equilibrium point can be seen as a 1-cycle.

It is easy to prove that every point of a p-cycle is a fixed point of the map F?. On the other hand,
the fixed points of F? can be part of a (smaller) g-cycle if g divides p.

Definition (Stability). An equilibrium point & of the DDS
Zpe1 = F(zp)

is stable if for every neighborhood V of Z there exists a neighborhood U of  such that for every
xo € U one has
F'(xy) €V forevery h e N.

The point &, is unstable if it is not stable. *
Definition (Asymptotic stability). An equilibrium point  of the DDS

Tper = F(xp)
is asymptotically stable (a.s.) if it is stable and moreover for every oy € U one has

lim F"(xz) =Z.
h—+00

If the above condition holds for every xy € R", then the equilibrium is globally asymptotically
stable (g.a.s.).

On the contrary, if T is stable but not asymptotically stable, it will be said simply stable. *



3 Linear First-order One-dimensional Difference Equations

The easiest example of DDS is the one dimensional linear autonomous case

Xpe1 = axp + b, a,beR.

In this case there is an explicit formula for the solution.

Let us first consider the homogeneous case b = 0:

Xh+1 = aXp.

Then, starting from x,, one has

It follows that:

Xo, aXo, LIZX(), a3x0, = Xp = a Xo.

« xo = 0 is an equilibrium

« for xg > 0:

[¢]

o

[¢]

[¢]

[e]

a>1

a=1

=

=

-1<ax1

a=-1

a<-—1

=

=

Xy — 400
Xp = Xo constant
= xp —0

{x0, =X} 2-cycle

|xp| — +o0 and the sign oscillates between plus and minus.

For xy < 0 the situation is similar.

In the non-homogeneous case
Xh41 = axp + b,

starting from x, one gets
Xo, axg + b, a2x0+ab+b, a3x0+a2b+ab+b,

Then the explicit solution can be written as

=

-1

xp=a'x+b(@ '+ +a+1)=dxg+b > o

.
i}
(=]

By using the formula

= ah -1
al = , |
- a—1
j=0
one finds the explicit solution
h
a’—1

xp =alxg + b N a#1l
Xp = xo + bh a=1.

In the case a # 1, by introducing the equilibrium point

_ b
X = ,
1—a

4)

®)



the first formula simplifies to
xp = (xp — X)a" + x. (6)

This comes from a general formula of the kind

xh:cah+f

where c is a constant to be determined. By imposing the initial value x, one gets

Xp=c+X = c=xp—X.

3.1 Stability of Equilibrium for Linear 1D Equations
By the formula (6) it is easy to deduce that:

« if|a| < 1, then X is g.a.s.

« if |a| > 1, then X is unstable.

If a = 1, then the equilibrium equation becomes x = X + b, which has no solution if b # 0. In the
case b = 0 every position is an equilibrium: the system degenerates and any equilibrium is simply
stable.

If a = -1, the equilibrium is X = g and every initial condition x, produces a 2-cycle {x, b — xp}.
Again, the equilibrium is simply stable.

3.2 Amortization

A loan is repaid by a sequence of periodic payments (part of interest and part to reduce the
outstanding principal).

If ry, is the rate of compound interest per payment period and Tj, is the payment, denoting with
Py, the principal after the h-th payment, one has

Phy1 =Py +rPy =Ty, = (1 + 1) Py — Th,
which is a non-autonomous DDS.

If we assume that both the interest rate and the payment are constant, say r and T, then the
equation simplifies to
Ppr=(1+1)P, - T,

which is a first-order linear autonomous DDE with a =1+ r and b = —T. Since a > 1, by using
the first of (5) one has
1+7r)—1
P,=(1+r)hp, - ri+n -1
Then we wonder: what would be the periodic payment T if we want to pay off the loan after N
payments? To answer this question it is enough to write down the equation

1+r)N -1
PN:U+ﬂN%—TL—lL——:O
r
and solve for T. We get the formula
1+n)N
ToptU+D" _p r )

T4V -1 1-( 4N

The next exercises are taken from [Elaydi, p. 8].
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Figure 1: Starting from x, the solution will go towards an equilibrium point.

3.1 Exercise. A loan of 12000€ is repaid by equal monthly payments of 380€ at an interest annual
rate of 12% compounded monthly. How many months it will take to repay the initial debt?
[Answer: 38 plus something]

3.2 Exercise. A loan of 80000€ is repaid by equal monthly payments at an interest annual rate of
10% compounded monthly. If the loan has to be repaid in 30 years, find the monthly payment
[Answer: 702€]

3.3 Exercise. Suppose that you can get a 30-year mortgage at 8% interest (compounded monthly).
How much can you borrow if you can afford to make a monthly payment of 1000€?
[Answer: 136270€]

4 One-dimensional DDEs

4.1 The Cobweb Method

Let x,4+1 = F(x) a 1D DDE. Then

« plot the function y = F(x);
« plot the line y = x (the bisector of the first and third quadrants);

« starting from the initial condition x; on the x-axis, move vertically toward the graph
y = F(x) and horizontally toward the bisector;

« repeat the previous step several times, trying to understand what happens to the trajectory.

Whenever one crosses the graph y = F(x), the next value of the solution is obtained, hence one
can get an idea on the behavior of the solution starting from x, when h increases. See Figures

and



y=F(x)

Figure 2: In this case it is not so clear where the solution is heading. It gets somewhat close to an
equilibrium, but it may tend towards a “square” (that is, a 2-cycle).
4.2 Stability of Equilibria

Let now x4 = F(x}) be a one-dimensional discrete dynamical system with F of class C! and
X € R an equilibrium point. Using the cobweb method, it can be shown that

|F'(x)] <1 = X is asymptotically stable

|[F/(x)| >1 = Xisunstable.

If the condition |F’(x)| # 1 holds, then the following cases arise:
(1) if F’(X) =1 and F is of class C3:

« if F”/(x) # 0, then X is unstable (a saddle);
« if F”’(x) =0, then we have

F”(x) <0 = X isasymptotically stable

F(x) >0 = X is unstable (a source)
(2) if F/(X) = —1 and F is of class C3, then
2F" (%) +3F”(X)* >0 = X is asymptotically stable

2F”' (%) +3F"(x)? <0 = X is unstable.

Cases (1) and (2) are proven using the cobweb method, while showing (3) is somewhat more
difficult.

In the case F’(X) = 1, a sufficient condition for asymptotic stability that does not require further
regularity is the following:

(F(x) —x)(x —Xx) <0 for x # X in a neighborhood of x. (8)

See Figure
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Figure 3: The case F(x) =1 with (F(x) — x)(x — X) < 0.

4.1 Exercise. Please verify that the origin is:

« unstable for the map F(x) = x + x;
« unstable for the map F(x) = x + x?%;

« asymptotically stable for the map F(x) = x — x°.

5 The Cobweb Theory of Economics

We want to model the evolution in time of the price P, > 0 per unit of a commodity. Let us denote
with S the number of supplied units (in period k) and with Dy, the number of demanded units (in
period h).
We make the following assumptions:

+ Dy, depends linearly on Pj:

Dy, = —myPy, + by, mg,bg > 0.

The parameter my is the sensitivity of consumers to price, and the curve x = —myy + by is
the so-called demand curve and it is always assumed to be decreasing (in this case it is a

line)

+ Sy depends linearly on Pj,_:
Sp = msPp_1 — by, mg, bs > 0.

The parameter mj is the sensitivity of suppliers to price. and the curve x = msy — bs is the
so-called supply curve and it is always assumed to be increasing (in this case it is a line).

(For historical reasons, the curve is typically represented with the price on the vertical axis.



5.1

5.2

+ There is equilibrium between supply and demand, that is

Dy =Sy, Vh e N.

Then we get the equation

—mgPy + by = mgPp_; — by

and, incrementing h by 1, we get the one-dimensional DDE

Ppyi=aPp+b,  a=-— b= : ©)

The equation is easily studied with the methods of Sections[3|and[4] The equilibrium solution is
given by

_ _ — b bg+b
P=aP+b = P= =47
1—a mg+ mg

which is well-defined since the parameters are all positive. The stability of the position is driven
by the parameter a; since it is negative, there are three cases:

(@ -1<a<0 = ms < mythe equilibrium is g.a.s.
(b) a=-1 = m; = my the equilibrium is simply stable
() a<-1 = ms > my the equilibrium is unstable.

The Cobweb theorem of Economics says that: if the suppliers are less sensitive to price than the
consumers (ms < mg), the market is stable. Vice versa, the market is unstable.

Since a < 0, by a cobweb diagram one can also see that in all the three cases there are oscillations
in the price: in the first case the oscillations become smaller and smaller, in the second they have
a constant amplitude (2-cycles), in the third they increase more and more.

Using (6)), one can also express the explicit solution starting from an initial price P, as
— — — m h —
Py = (Py— P)a" + P = (Py — P)(-1)" (—5) +P,
mq

which shows the oscillatory nature of the solution, due to the term (—1)".

One can represent the model on a diagram, by plotting the demand and supply curves introduced
above (see Figure

Exercise. Let Dy, = 100 — 2Py, S, = —20 + 3Py_;. Find the equilibrium point and check if it is
stable.

IfP() = 25, Compute Pl, Pz, P3, P4.
[Answer: P = 24, unstable, 22.5, 26.25, 20.625, 29.0625]

Exercise. Study the nonlinear model Dy = —2P, + 3, Sp, = Pi_l + 1, finding the equation, the
positive equilibria, the stability.

10



= Demand D

Price P

m— Supply S

Equilibrium (Q, P)

Quantity D, S

Figure 4: The cobweb diagram of Economics: one has to start and go horizontally toward the
supply curve, then vertically toward the demand curve, iterating the procedure.

5.1 Cobweb Model with Expected Price

An improvement of the cobweb model is the following:
Dy = —mygPy, + bd

Sh:msﬁh_bs
Dp =8y,

where P, denotes the expected price of the producers.

If ﬁh = P,_; we recover the cobweb model. A more realistic assumption is to choose
ﬁh =Py +c(Pny — Ph_1), 0<cx<1

where Py is the “normal” price, that is the correct price according to the producers, and c is related
to the “velocity” in reaching the normal price (for ¢ = 1 the price Py is reached immediately).

Then the equation becomes

by + by — mgcPyn
mg ’

m
~MgPhy1 + bg =ms(Pp+c(Py —Pp)) —bs = Phy = —m—:(l —¢)Pp +

Setting

= by +bs —mscP
G=-"2(1-c), b=-dTls"TEN
mgy my

b _ ba+bs —mgcPy
1-a mg+mg(l—c)

11



6.1

6.2

6.3

is asymptotically stable if a > —1, that is ms(1 — ¢) < my. Since 1 — ¢ < 1, the domain of stability
increases.

For instance we can assume that Py = P: in this case it can be verified that P = P, that is, the
equilibrium position does not change.

6 Linear Discrete Dynamical Systems

Definition. A non-homogeneous linear autonomous DDS has the form
Tpe1 = Axy + b, x, € R™, (10)

where A is an (n X n)-matrix and b € R" is a constant vector. *

The equilibrium points of the system solve the fixed-point equation
Ac+b=x = (A-DHx=-b.

Now, if det(A — 1) # 0, that is, if A = 1 is not an eigenvalue of A, then the matrix A — | is invertible
and there is the unique equilibrium

z=(1-A"b.

On the other hand, if det(A — 1) = 0, then it can happen that there are infinitely many equilibria
or that there is no equilibrium (the distinction being based on the Rouché-Capelli theorem).

Moreover, with the same technique of Section it can be proved that, in the case det(A — 1) # 0,
the general solution of (10) with initial condition x, is given by

zp =AMz + (A" = D(A=D"'b =AMz - T) + T (11)

Definition (Spectral radius). Given a square matrix A with (complex) eigenvalues Ay, ..., Ax €
C, the spectral radius of A is the real number

p(A) = max{|A], ..., | kl}- *

It is possible to prove the following important theorem for linear discrete dynamical systems.
Theorem. Given a square matrix A, consider the linear discrete dynamical system
Tpe = Axy + b.

Then:

« Ifp(A) < 1, then (1 — A)~1b is the only equilibrium point and it is globally asymptotically
stable.

» If p(A) > 1, then there may be multiple equilibrium points, but they are all unstable.

« If p(A) =1 and every eigenvalue with |A;| = 1 is semisimple (that is, geometric and algebraic
multiplicities coincide), then all the equilibria (if any) are simply stable.

12



It becomes important to find a criterion to determine if p(A) < 1, that is, whether all the complex
eigenvalues of a matrix lie inside the open unit disk or not. Without solving the characteristic
polynomial, one can apply the Jury criterion (also called the Schur-Cohn criterion). We will mention
it in the cases n = 2,3.

« In the case n = 2, writing the characteristic polynomial as A2 + a;A + a,, the condition
p(A) < 1is equivalent to
lai| <1+ as <2,

which in relation with the matrix A can be written as
[trA] <1+ detA <2

(try to prove it using the quadratic formula and distinguishing between real or complex
conjugate solutions).

« In the case n = 3, writing the characteristic polynomial as A*> + a;A? + a;A + a3, the condition
p(A) < 11is equivalent to the inequalities

lai +as| <1+ ay |ay—ajas| <1- ag.
6.4 Exercise. For which values of the parameter a € R is the system
Th1 = ATp
globally asymptotically stable?
NFNTINY

[Answer: |a| <1, Aa, |a| <1/2]

7 Higher-order Discrete Dynamical Systems

7.1 Definition. An autonomous DDS of order k in R” is of the form

The1 = F(Tp, Thot, ..., The1—k), (12)

where F : R — R™, *

It is always possible to transform a higher order DDS in a first-order system by increasing its
dimensionality, in the following way: set

1 2 k-2 k-1
}('L )9 wh—z = m’(l )7 30 mI’l+2—k’ = w’('l )3 xh+1—k = m’(l )'

Lp-1 =&
Then the system

Tpar = F(zp,z) w;(lk_l))

e o
mé”)l } m? )

2 1
Tpih =Ty

(k-1) _ _(k-2)
Lpy =Ty

13



is a (k - n)-dimensional DDS equivalent to (12). Hence we can speak of equilibrium points and
stability even in the case of higher order systems.

In particular, an equilibrium point for is found by solving

x=F(x,x,...,x).
In the case of higher order linear 1D homogeneous equations, one has that the equation
X1 = AoXp + A1Xp—1 + - -+ + A—1Xpe1—k (13)

is equivalent to the system

Tp1 = ATp
where ) )
ap adp az k-1
1 0 0 ... 0
A=[0 1 0o ... 0 |. (14)
|0 0 ... 1 0 |

A higher order linear 1D equation of the form has also a nice explicit formula for its solutions.
First of all, rewrite the equation by increasing of k — 1 units all the times:

Xh+k = Q0Xh+k—1 * A1 Xp4k—2 T+ + Q—1Xp;

then replace every xp,.; with the polynomial term A/, obtaining the characteristic polynomial
associated with the equation:

p(A) = Ak —ggAk=t g k2 g

It can be proved that this polynomial corresponds to the characteristic polynomial of the matrix
A above.

Now we have to compute the roots of p(1), paying attention to the fact that the roots can be
complex-valued and can have multiplicity. If we have real solutions, we distinguish two cases:

« if all the roots Ay, . . . A are distinct real numbers (that is, the multiplicity of every root is 1),
then the general solution of (13) is given by

k
Xh :clxli’+---+ck/1,’;=ch/1? (15)
j=1
where the constants c; have to be determined by the initial conditions xy, . . ., Xx_;

« if some root A; has multiplicity m > 2, we have to replace the term ¢ jﬂtj.‘ with the expression

/1? (Cj,() +Cj,1h+Cj!2h2+"' +Cj,m_1hm_1) . (16)

In any case, the solution is given by a linear combination of exactly k terms involving the powers
of the roots A; of the characteristic polynomial associated with the equation.

14



7.2

7.3

If some root A; is complex-valued, that is A; = a +iff for f # 0, then also the conjugate 7[]- =a—if
is a root of the characteristic polynomial, and it is possible to combine the two roots and the
constants c;, c; to get real quantities. For instance, by using polar coordinates one can write

cj(rcos &+ irsin N+ cj(rcosd — irsin Sk
= rh[(cj +¢j) cos(hd) +i(cj —¢;) sin(hd)] (17)
= r"[¢jo cos(h9) + c; 1 sin(hd)].

Example. The discrete equation that gives the Fibonacci numbers is
Xh+1 = Xh + Xh-1, X0 =0, x; = 1.
The associated characteristic polynomial is

1+
2

&

P=l+1 = A=

Then the explicit solution has the form

N e )

2

where the constants cy, ¢, have to satisfy the initial conditions

1-5 1+5

Xo=c1+¢c2=0, x1=c¢ + co
2 2

Hence we solve the linear system

c1+c=0 1 1
_ —t cL=——, = .
Cl—l 2‘/5 + CZ—H—\/g =1 \/g \/g

2

Then the Fibonacci numbers are generated by the explicit formula

1

V5

X, =
h 2 2

) -1
*
Exercise. Find the explicit formulae for the following second-order DDEs:

* Xp1 = 4xp + 5Xp—1
* Xpt1 = 2Xp — Xp—1

* Xpt1 = —Xh-1

The formulae (15)-(17) have an important consequence about stability:

7.4 Theorem. A homogeneous higher order linear 1D equation of the form admits 0 as an equilibrium

point. Considering the roots Ay, . .., Ax of its characteristic polynomial, we have that:
« VA Al <1 = Oisgas.

15



e dAi: Al >1 = 0isunstable

« if all the roots are such that |A;| < 1 and every root with |A;| = 1 has multiplicity 1, then 0 is
simply stable.

where | - | denotes the complex modulus.

Since the characteristic polynomial of corresponds to the characteristic polynomial of the
matrix A (14), the previous theorem corresponds to Theorem 6.3

One can also consider the non-homogeneous case, that is
Xp41 = Q0Xp + A1Xp_1 + ++ + A1 Xhp1-k + G, (18)

where we added a constant ¢ # 0. In this case the equilibrium solution solves

X=ax+ax+---+a_1x+¢c = (l-a—-a;—--—ar_1)x=c.
If (1-ayp—a;—---—ax-1) # 0, then there is the unique equilibrium
_ c
X =
l—ay—ay—-—ax

and, by the change of variable y, = x;, — x, we obtain the equation
Yh+1 = AoYn + A1Yp—1 + - -+ + Ag—1Yn+1-k

which is homogeneous. In particular, the characteristic polynomial is
p(A) = AK — g AF T — g AR gy

that is, the polynomial associated with the original equation without the constant term c,
and the explicit solution in the case of simple real roots is given by

yh:cl/lil+-..+ckll}cl = xh:}?+cl/1{l+...+ck/1h,

or its variants for the case with multiple or complex roots.

8 Goodwin’s Second-order Cobweb Model

Another variant of the cobweb model of Section|[5.1} due to Goodwin, is the following: assume
that the expected price of the producers has the following form:

Ph =Pho1 + p(Pho1 — Pr_2), p > 0. (19)

With this model the producers have an extrapolative expectation: if the price is increasing, it is
expected to increase again.

Then the equation becomes

~MgPpi1 + bg = msPy — bs + mgp(Py — Pp_y),

16



which is a second order linear 1D discrete DDE. Since it is not homogeneous, the equilibrium is
given by solving

_ _ _ _ _  bg+bs
—Mgp + bd =msp — bs + mSp(p —p) = p= ijm’

which is the usual equilibrium of the original cobweb model.

The characteristic polynomial is found by dropping the non-homogeneous part:
m m
—mgA® =mgA+mp(A—1) = 1>+ —=(1+p)i-—p.
md mq
By the Jury criterion, since a; = :Z—;(l +p)>0anda; = —Z—; p < 0 we have that the condition
1+ a; < 2 is always satisfied and the equilibrium is asymptotically stable if
s 1

mS mg m
—(1+p)<l——p = —<
mgy my my 1+2p

and it is unstable for the opposite (strict) inequality. In this case, the condition for stability is
more restrictive than the original one.

With a regressive expectation, thatisif —1/2 < p < 0, the stability condition becomes less restrictive
and the market will result more stable.

9 Gambler’s Ruin

Let us investigate the following situation: a gambler starts with a certain amount of euros and
wins 1€ with probability g and loses 1€ with probability 1 — q. He/she quits the game if all the
money is lost (ruin) or if the goal of acquiring N euros is reached. What is the probability that
the gambler gets ruined?

We can solve the problem by employing a DDS: let py, be the probability that the gambler will be
ruined if he/she possesses h euros. Then, by the Law of total probability one has that

Ph = qpher + (1= @)ph-1,
which is a second-order linear DDE. The characteristic polynomial is given by
A=qgil+1-q = qgi-1+1-¢q=0

which has the two solutions
M=l lp=—2
q
The multiplicity is 1 if A; # A, that is, g # 1/2. In that case, by setting x = (1 — q) /g, the explicit
solution writes
ph=c1+ cox”,

which has to be complemented by the boundary conditions py = 1 (if the gambler starts with no
money, he is ruined with probability 1) and px = 0 (if the gambler reaches the target, he will not
be ruined for sure). Then

c1+cy =1, cl+csz:O = cq=——, (3=

17



9.1

and the explicit solution becomes

Pn =

1—xN "’

In the case A; = A;, we have the solution A = 1 with multiplicity 2, hence
Ph =c1+Coh,

and by imposing the boundary conditions we get

1
c1 =1, CZZ—N = ph:l_ﬁ'

In summary:

|
S
S
)
[

prn =
(20)

h
phzl—ﬁ forq = -.

In particular, for ¢ < 1/2 one has x > 1, hence p, — 1 as N — oo, that is, the ruin tends to
be certain. The same happens for ¢ = 1/2. On the other hand, for ¢ > 1/2 one has x < 1 and
pn— x"as N — oo,

Exercise.

« Prove that, for N = 10 and g = 0.3, one has ps = 0.994. What happens if g raises to 0.7?

« Prove that, for N = 100 and g = 0.5, one has py = 0.8.

10 Samuelson’s Multiplier-accelerator Model

This is a macroeconomic model about national income (GDP) and the business cycle, see [Gandolfo,
Ch. 5]. Let us consider:

+ Cp, the consumption (consumers’ expenditure) at time h;
o Ip, the private investment at time h;
« Gy, the public expenditure at time h;

« Y}, the national income at time h.

The period h is usually measured in years.

Then we have the relation
Y, =Cn + I, + Gp.

Now we make three assumptions:

(1) Cp = aYy_q: there is one-period lag between consumption and income, and 0 < & < 1is
the (marginal) propensity to consume;

(2) I, = B(Cy — Cp—1): the investments depend on the variation of the consumption, and § > 0
is the acceleration coefficient;

18
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Figure 5: The stability diagram for the Samuelson’s multiplier-accelerator model

(3) Gp, = 1: the public expenditure is constant and normalized to 1.
We obtain the equation for the GDP
Vi1 —a(1+ )Yy +af¥y 1 =1 (21)

which is a non-homogeneous second-order one-dimensional DDE.

The equilibrium position is
= 1
Y=——
1-«a

and the characteristic polynomial is
p(A) =A% —a(1+ B)A+ap,
so that Y is g.a.s. if and only if

a(l+pf)<1+af<2 = af<l = ﬁ<%

by the Jury criterion.

We are interested in capturing oscillations, if any. By the explicit formula for higher-order DDEs,
oscillations can happen if there are negative or complex roots for p(A). In this case, there are no
negative solutions (Descartes’ rule), hence we have to look only for complex ones:

_Y
(1+p)?*

A=ad*(1+p)*-4af<0 = a<

The situation is resumed in Figure

10.1 Example. Consider the previous model with ¢ =1/2 and 8 = 1.

Then Y = 2 is g.a.s. and there are (damped) oscillations. The explicit solution is given by

vz)" x n
Y, = (72) (01 cos (Zh) + ¢y sin (Zh)) + 2.
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11 A Trade Model between Two Countries

We want to model a trade between two (and only two) countries (see [Elaydi, 3.5.4]). Denoting
with the indices j = 1, 2 the quantities related to the two countries, we consider:

+ Y;(h) the national income in period h

C;j(h) the total consumption in period h

+ I; the total investment, assumed to be constant

+ Xj(h) the exports in period h

+ M;(h) the imports in period h

« Dj(h) =Cj(h) — M;(h) the consumption of domestic products in period h
Then for every country we have the balance equations

Yj(h) =Cj(h) +I; + X;(h) = M;j(h) = Dj(h) + I; + X;(h), j=12. (22)

Now, since there are only two countries, we assume that
My (h) = Xz(h), Mz(h) =Xy (h)

Finally, we assume that the domestic consumption and the import in period h + 1 are a fixed
fraction of the national income in period h:

Di(h+1) = a1 Yi(h), Dy(h+1) = azY,(h)
M;(h+1) = az Yi(h) My(h + 1) = aypYo(h)

where the marginal propensities a;; > 0 has to satisfy the inequalities
ajp +az <1, agp + az < 1.
Then we can write system (22) as

Yi(h+1) = anYi(h) + a2 (h) + I
Yz(h + 1) = a21Y1(h) + 6122Y2(h) + Ig.

The system can be written in matrix form:

Yy =AY, + 1 (23)
where
Y1(h)] [Il] [6111 012]
Y, = , I= , A= )
h [Yz(h) I a1 Az

We obtained a first-order two-dimensional non-homogeneous linear DDS. The matrix A has
positive coefficients and the sum of the elements of every column is less than 1. Then:

11.1 Proposition. Let A = [a;;] be an (n X n)-matrix such that

n

a;j > 0, Zaij<1 foreveryj=1,...,n.

i=1

Then p(A) < 1.
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11.2

12.1

Proof. Let A be an eigenvalue of A and  # 0 a corresponding eigenvector. Then one has that

n

Zaijxj =Ax; foreveryj=1,...,n,

Jj=1
hence
n
Zaijxj = |Allx;| foreveryj=1,...,n,
Jj=1
Summing on all the rows, one has
n | n n
aijxj| = 1A ) Ixil
i=1[j=1 i=1

and, using the triangular inequality,
n n n n n
ALYl < Y ag x| =D (Z aij) peil < DIl
i=1 i,j=1 j=1 \'i=1 j=1

Dividing both sides by >, |xj| we get |A| < 1, which concludes the proof. O

Now we can study system (23). The equilibrium equation is
Y=AY+I = (-AY-=1I

and, by the previous proposition, p(A) < 1, hence the matrix | — A is non singular and the unique
equilibrium .
Y=(1-A7T

is g.a.s. Hence the national incomes approach the equilibrium value whatever the initial values.

Exercise (Elaydi 3.5, Problem 11). In the trade model let a;; = 0.4, ay; = 0.5, a;2 = 0.3, az; =
0.6, I; = 25 billion dollars, and I, = 20 billion dollars. If Y; (k) and Y>(h) denote the national
incomes of countries 1 and 2 in year h, respectively, and Y; (0) = 500 billion dollars and Y,(0) = 650
billion dollars, find Y;(3) and Y2(3). What are the equilibrium national incomes for nations 1 and
2?

12 Linearization of Discrete Dynamical Systems

In the case of a general nonlinear autonomous DDS, one can prove that in many cases the behavior
of the system near an equilibrium point can the characterized by studying a particular linear
system.

Definition. Consider the DDS
Zp+1 = F(xp), Fec

and 7 a fixed point of F'. The linearization of the DDS near the equilibrium Z is given by

Yh+t1 = AYn
where the linearization matrix A is given by the Jacobian of F' in the equilibrium:
oF, (= oF, (=
oF a—xi(m) ﬁ(a})
A=VF@=2@=| : . |
x
do@) ... (@) *
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12.2

12.3

The importance of the linearization matrix is that it can be used to classify the stability of the
equilibrium, at least when its spectral radius p(A) # 1.

Theorem (Linearization theorem). Let u be an equilibrium point for the discrete dynamical
system upy1 = F(up). If p(VF (u)) < 1, then u is asymptotically stable.

On the other hand, if p(VF (w)) > 1, then u is unstable.

The idea of the proof is the following: apply Taylor expansion to the iterated function F* around
x:
F'(z) = F(Z) + V(F")(Z)(x - T) + R(z - T).

Since z is a fixed point for F, then
V(FM(z) = VF(z)" = A
and the expansion writes
F'(z) =z + A"(x - Z) + R(z - T).
Since A" — 0 & p(A) < 1, one completes the proof.

Example (A nonlinear variation on Samuelson’s model). A nonlinear modification of the
Samuelson’s model of Sect. |10} due to T. Puu, gives rise to the following DDE:

Yisz = Yne1 + @(Yier — Vi) = (@ + 1) (Ypey — Yi)* = bYy,

wherea >0and 0 < b < 1.

This is a second-order nonlinear DDE, which can be transformed in a first-order system, for
instance by setting
Zp = Yp41 — Yp

Hence we obtain
Y1 =Y+ 2y
Zh1 =aZp — (a+ I)ZZ - bYy,.

The equilibria are given by

Y=Y+Z - Y=0
Z=aZ-(a+1)Z3-bY Z =0.

We compute the Jacobian of the system:

1 1

-b a-3(a+1)Z?

VF(Y,Z) = [ b

| = a-vroo-|3 0

Employing the Jury criterion for p(A) < 1, we get
[trA| <1+detA<2 = 1+a<l4+a+b<2 = a+b<l.

Hence, for a + b < 1 the equilibrium (0, 0) is a.s., while for a + b > 1 it is unstable.

The critical case a + b = 1 cannot be studied by linearization. It can be proved that in this case
attracting cycles can appear. For instance, for a = 0, b = 1 there is an attracting 6-cycle, while for
a=V2-1,b=2-2 an attracting 8-cycle appears. *
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Figure 6: The bifurcation diagram of the discrete logistic map.

13 The Discrete Logistic Map

We call discrete logistic map the dynamical system given by F : [0,1] — [0, 1]:
F(x) =ax(1—-x) with0<a< 4.

The model could represent, for instance, the dynamics of a price of an asset expressed in percentage
(between 0 and 1). It is immediately verified that for 0 < a < 1 there is only the equilibrium point
x1 = 0 which is a.s. (the case a = 1 cannot be treated by linearization). For a > 1 there are two
equilibrium points: x; = 0, which is unstable, and x, = 1 - % which is stable for 1 < a < 3.

For a = 3, the equilibrium x, = 2/3 remains stable (this can be checked using higher derivatives),
but for a > 3 it becomes unstable. In this case, a 2-cycle appears, and it can be proved that the
2-cycleisas. for3<a<1+ V6 ~ 3.45.

Continuing in this way, one finds an increasing sequence (ay), whose first values are a; = 1,
as =3, a3 = 1 + V6, such that

2k—1

for a; < a < ag4; there exists an asymptotically stable -cycle.

This phenomenon is known as period doubling. The sequence is bounded and converges:

limay = a* = 3.56994.

Beyond this value, the logistic map can exhibit chaotic behavior. In particular, for a = 4 the map
is chaotic.

14 Systems of First-order Ordinary Differential Equations

14.1 Definition. A system of first-order ordinary differential equations (in normal form) is given by

u(t) = F(u(t), )
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where w : I — R”, I is an open interval in R and F' : R” X I — R"™. If F' does not explicitly
depend on t, the system is called autonomous.

An initial-value problem (or Cauchy problem) is defined by

{u(r) = F(u(1),1)

u(to) = uo

where uy € R" and ¢, € I. *

Typically, F is assumed to be regular, for example continuously differentiable, so that we have
(local) existence and uniqueness of the solution to the initial-value problem.

14.2 Example. Solutions may not be globally defined: consider the one-dimensional problem

x=x°
x(0) =x9 > 0.

We have
1
x?=1 => —-—=t+c = x(t)= ol ,
X 1 — xpt
which is defined only for ¢t < 1/x, and cannot be further extended.
However, if the right-hand side is sublinear in wu, that is, if
|F(u,t)| < a+blul
for some constants a, b > 0, then the solution can be globally defined on I = R. *

14.3 Remark. Any differential system of order k can be reduced to a first-order system. Indeed,
consider the system

d*u d1u

d*u
s ()
dt dtk-1

dik

(t)=F (um, i (D).t

where F : R" x I — R". By introducing the new variable
R™ 5 = (u,vy,...,0)
and the first-order system

0(t) = (va(2),..., vk (1), F(v(1), 1))

we obtain
a(t) = vp(t)
0y (1) = vs(1)
Op-1(t) = vk (1)
Ok (t) = F(v(t),1).
The last equation corresponds to the original system. *
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15.1

15.2

15.3

15.4

15.5

The important case of the initial-value problem for a second-order system

a(t) = F(u(t),u(t), 1)
u(to) = uo

w(ty) = uy

thus corresponds to the first-order problem

u(t) = va(t)

02(1) = F(u(1), v2(1), 1)
u(ty) = uo

v2(t) = u;.

15 Equilibrium and Stability

Definition. An equilibrium solution is a constant solution of the differential system @ = F'(u, t),

that is,
u(t) =u foreverytel. *

Proposition. Given a differential system w = F'(u,t), a constant function u(t) = u is an
equilibrium solution if and only if
F(u,t) =0 foreverytel.

Proof. Immediate. o

In particular, if the system is autonomous, the equilibrium solutions are the zeroes of F'.

Example. The constant functions x = kx, k € Z, are equilibrium solutions for the autonomous
one-dimensional equation
X =sinx. *

Example. The two-dimensional system
x=xy-y’
{y=ﬁ—y
has three equilibrium solutions: (0,0), (1,1), (—1,—-1). *
Definition. An equilibrium solution u of the autonomous system @ = F'(u) is stable if

Ve>035>0: lug—ul<d = Viz0:|u(t;u) —ul<e,

where u(t; uo) is the solution of the Cauchy problem

{u:FW)

u(0) = uyg.
The equilibrium is said to be unstable if it is not stable. *
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15.6

15.7

15.8

15.9

15.10

Example. It is easy to show that the origin is a stable equilibrium solution for the harmonic

oscillator
X=y
y=-x *

Definition. An equilibrium solution wu is asymptotically stable if it is stable and

Yug: [ug—ul<d = lim u(t;0,uy) =u.
t—+o0

It is globally asymptotically stable if it is stable and the previous limit holds for any u, € R".

An equilibrium solution u is simply stable if it is stable but not asymptotically stable. *
Among asymptotically stable equilibrium solutions, there exists a special class where the rate of
convergence is exponential (so that it is very fast):

Definition. An equilibrium solution w is said to be exponentially stable if there exist ¢, A > 0
such that for every uy, |uy — u| < &:

lu(t;0,u0) — | < ae M |ug —al.
It is said to be globally exponentially stable (g.e.s.) if the above property holds for every uy € R". *

Example. The equilibrium (0, 0)
X=y—-x
y=-x-y
is g.e.s. *

Example. All the equilibrium solutions of the linear damper

X=y

y=-y
are simply stable. *
16 Higher-order Linear One-dimensional ODEs
A k' -order linear 1D homogeneous ODE can be written in the form

d*x d*¥1x dF—2x
dtk @ dtk-1 *

a + -+ ap- + arx .

There is an explicit formula for its solutions. First of all, replace every “%‘ with the polynomial
term A/, obtaining the characteristic polynomial associated with the equation:

p(A) = AF 4 a AR gt gy

It can be proved that this polynomial corresponds to the characteristic polynomial of the matrix
of order k

[—a;, —ay —as ... —ap_{]
1 0 0o ... 0
A= 0 1 0 ... 0 (25)
0 0 1 0
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which gives rise to the linear system of ODEs
u = Au
equivalent to (24).

Now we have to compute the roots of p(4), paying attention to the fact that the roots can be
complex-valued and can have multiplicity. If we have real solutions, we distinguish two cases:

o if all the roots Ay, ... Ax_; are distinct real numbers (that is, the multiplicity of every root is
1), then the general solution of is given by

k
x(t) = creM 4o 4 et = Z cjelit (26)
=1
where the constants c; have to be determined by the initial conditions

dx dF1x
x(0), E(O)’ cees F(O);

« if some root A; has multiplicity m > 2, we have to replace the term c;e*/? with the expression

elljt (Cj,() +cjit + Cj,ztz +---+ Cj,m_ltm_l) . (27)

In any case, the solution is given by a linear combination of exactly k terms involving the roots of
the characteristic polynomial associated with the equation.

If some root A; is complex-valued, that is A; = a +iff for f # 0, then also the conjugate A j=a—if
is a root of the characteristic polynomial, and it is possible to combine the two roots and the
constants c;, c; to get real quantities. One can write

cje(a+i[3)t +E‘}e(a_iﬁ)t
= e“t[(cj +¢j) cos(ft) +i(c; —c;) sin(ft)] (28)
= e [cjo cos(Bt) + cj sin(Bt)].

Finally, if complex roots have higher multiplicity, one has to multiply the last terms by suitable
polynomials of ¢, as in the real case.

If the ODE is non-homogeneous, it has the form
dkx N dk1x N dk2x
— +a a
ek T Chagk-1 T T gk

and the equilibrium solution writes x = b/a, which exists for a; # 0. In this case, the solution is
of the form

dx
+~~+ak_1E+akx=b

x(1) =x +y(),
where y(t) is any solution of the homogeneous part of the ODE, that is, the ODE with b = 0.

16.1 Stability of the Equilibrium Solution

The stability of the equilibrium solution X = 0 of a higher-order linear 1D homogeneous ODE
depends on the sign of the real part of the roots of the characteristic polynomial. Namely:

(1) if Re A; < 0 for every i, then 0 is globally exponentially stable
(2) if Re A; > 0 for some j, then 0 is unstable
(3) if Re A; < 0 for every i but we are not in the first case, then: if all the roots A; withRe A; =0

are simple, that is, the multiplicity is 1, then 0 is simply stable, otherwise it is unstable.
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Figure 7: Nodes and saddles.

17 Two-dimensional Linear Systems

Suppose that A is a matrix of order 2 such that det A # 0. If the eigenvalues of A are real and
distinct, the solutions of the system & = Au are of the form

x(t)] . [eM 0} 1 [xo]
[y(t) _P[O et |7 [yo)

In particular:

« if A, 4 < 0 we speak of a stable node;
« if A, p > 0 we speak of an unstable node;
« if A > 0, p < 0 we speak of a saddle.

In Figure 7| we see a representation of the phase portrait in these cases.

If there is only an eigenvalue with multiplicity 2, we still speak of a node, stable or unstable
depending on the sign of the eigenvalue.

Finally, if the eigenvalues are complex numbers A = a + ib, the solution is of the form

x(t)
y(t)

X0
Yo

_ peat [cos bt —sin bt] _1

sinbt cosbt

If a # 0 we speak of a focus, stable if a < 0 and unstable if a > 0, while if a = 0 we speak of a
center. In Figure (8| we see a representation of the phase portrait in these cases.

If A is singular, and therefore an eigenvalue is zero, then we have:
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Figure 9: On the left the case in which only one eigenvalue is zero, on the right the case in which
both are zero (but the matrix is not null).

« if the other eigenvalue is nonzero all orbits are half-lines, except for a line of equilibrium
points;

« if the other eigenvalue is also zero and the matrix is not diagonalizable, then all orbits are
parallel lines, except for a line of equilibrium points;

o if the matrix is null, then all orbits are points (indifferent equilibrium).

The following theorem, which summarizes what has been said so far, is easily proved. See also

Figure

17.1 Theorem (tau-delta). Let A be a 2x2 matrix, with trace T and determinant 5. Consider the
differential system 1 = Au. Then we have:

(1) if § =0, the system is degenerate and the orbits are all half-lines, lines or points;

(2) if 8 < 0 we have a saddle;
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(3) if§ > 0 and t* > 45 we have a node, stable if T < 0 and unstable if t > 0;
(4) if § > 0 and t* < 46 we have a focus, stable if T < 0 and unstable if T > 0;

(5) if § > 0 and T = 0 we have a center.

18 Stability of Linear Systems

The stability of equilibrium points of linear systems is completely determined by the eigenvalues
of the matrix A:

18.1 Theorem. Let A be the n X n matrix of a linear differential system, and let Ay, ..., x € C, k < n,
be its eigenvalues.

(1) IfRe A; < 0 for every i, then O is globally exponentially stable.
(2) IfRe Aj > 0 for some j, then 0 is unstable.
(3) IfRe A; < 0 for every i but we are not in the first case, then:

(a) if for all eigenvalues A; withRe A; = 0, the algebraic and geometric multiplicities coincide,
then O is simply stable;

(b) if for at least one eigenvalue A; with Re A; = 0 the multiplicities do not coincide, then O
is unstable.

(4) If there are infinitely many equilibrium points, they all have the same stability as 0 (in this
case, A = 0 is an eigenvalue, hence we cannot be in the first case).

Proof. The solution is the sum of terms of the form
tkelt if1eR or tke (cos Bt + isinft) ifA=axifeC

withk =1,...,m, — my (see Section . Thus, the first three cases easily follow.
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18.2

18.3

18.4

18.5

In the case of multiple equilibrium solutions, let # be another equilibrium solution, and perform
the change of variables v(t) = w(t) — u. Then v is a solution if and only if u is a solution; indeed,

Av(t) = A(u(t) —u) = Au(t) = u(t) = v(1),

so the equilibrium solution u corresponds to the equilibrium solution v = 0 of the same differential
system, and thus has the same stability. O

Example. The zero position of the system

XxX=x+z
y=-y
z=y+z
is unstable, since the eigenvalues of the matrix are A; = —1, 4,3 = 1. *

Example. All positions of the system

X=x+3y+z
y=-2y+z

Z=-x—-Yy—2z
are simply stable, since the eigenvalues of the matrix are 1y = -2, A, = -1, 13 = 0. *

Example. The stability of the equilibrium position (0, 0) of the system

X=y
§=—o’x - 2py,
for w # 0 and p € R, is the following:
« for p > 0, g.e.s. (damped harmonic oscillator): a stable node for p? > w?, a stable focus

otherwise

2

« for p < 0, unstable (forced harmonic oscillator): an unstable node for p?> > w?, an unstable

focus otherwise

« for p =0 (and w # 0), simply stable (harmonic oscillator): a center. *

For the study of the stability in linear systems, it is important to know if the characteristic
polynomial of the system matrix has all roots with strictly negative real parts. Such polynomials
are called stable. The following property is easily verified:

Proposition. If a polynomial is stable, then all its coefficients have the same sign.

Note that the previous proposition provides only a necessary condition for stability. However, if
n = 2 this condition is also sufficient (Descartes’ rule).

A complete criterion for verifying if a polynomial is stable is the following:
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18.6 Theorem (Routh-Hurwitz Criterion). A polynomial
a A"+ A"+ a, A+ ap, apg >0
is stable if and only if all the leading principal minor of the n X n Hurwitz matrix
Hij = agj_i, ar =0 fork <0ork > n,

are strictly positive.

For example, the polynomial A*> + 3A* + 1 + 4 has the Hurwitz matrix

S = W
(ORI
o o

and the leading principal minors are 3, —1, —4, hence the polynomial is not stable.

18.7 Remark (Liénard-Chipart Criterion). There is a slightly simpler version of the previous criterion,
where only certain minors need to be calculated. Indeed, it can be shown that, if ay > 0, the
polynomial is stable if and only if

(1) a; > 0foreveryi=1,...m

(2) Ap—1 >0, Ap_3 > 0,..., where A is the leading principal minor of order k of the Hurwitz
matrix.

Thus, for example, if all coefficients are positive, it suffices to verify:

« in the case n = 3 that A, > 0;
« in the case n = 4 that A; > 0;
« in the case n =5 that Ay > 0, A, > 0;

« in the case n = 6 that A5 > 0, A3 > 0.

See [Gandolfo, Ch. 6]. *

19 Phillips’ Stabilization Model for a Closed Economy

We now study a model due to A'W. Phillips (1954), see [Gandolfo, Chapters 5 and 7]. In a closed
economy, let Y(¢) denote the deviation from a desired level of the national output, and D(¢)
denote the deviation from a desired level of the aggregate demand, so that Y, D € R.

Assuming that
Y=a(D-Y), a> 0areaction coefficient (29)

and
D =(1-¢)Y, 0 < ¢ <1the marginal propensity to save, (30)

@A leading principal minor of order k of a matrix is the determinant of the matrix obtained by removing the last
n—krowsand n —k columns, fork =1, ..., n.
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we get the linear one-dimensional ODE
Y=—atY = Y(t)=Ye

so that the equilibrium Y = 0 is g.e.s.

Suppose now that an exogenous disturbance u > 0 lowers the aggregate demand, so that
changes in
D=(1-0Y-u.

Then we obtain the non-homogeneous ODE
Y = —atY — au,

which can be solved as in Section

— u u
Y=—, Y(t)=—=+ce *",
t 4

Imposing that Y(0) = Y,, one has ¢ = Yy + u/¢, hence
u u
Y(t =——+(Y +—) Talt,
(1) 7 0 7 e

Then, the external disturbance provokes a lowering of the equilibrium: the new position is
Y =—u/f anditis g.e.s.

In order to recover the desired equilibrium value Y = 0, let us assume that the government
artificially increases the aggregate demand by a term G:

D=(1-6)Y-u+G,
where G, the actual government expenditure, evolves in time according to the equation
G= p(G* —G), p > 0areaction coefficient,

where G* is the theoretical government expenditure. Then we get the two-dimensional linear
system of ODEs

Y = —afY +aG — au
(31)

G = -BG + BG*.
Phillips proposed three possible choices for G*, that is, three types of stabilization policies.

(1) Proportional stabilization policy: the theoretical government expenditure is chosen proportional
(and opposite) to Y, the deviation of the output, that is,

G =-f,Y, fr>0.

2) Derivative stabilization policy: the theoretical government expenditure is chosen proportional
policy g p prop
(and opposite) to the variation of Y, that is,

G'=-f;Y,  fi>0.

(3) Integral stabilization policy: the theoretical government expenditure is chosen proportional
(and opposite) to the integral of all the deviations of the output, that is,

G' = —ﬁ/ot Y(r)dr, fi > 0.
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We now study the effects of the three policies.
(1) With the choice G* = —f,Y, eq. (31) becomes

{Y =—atY +aG - au
G =—-pG—pfY
which is a two-dimensional linear non-homogeneous system of ODEs. The equilibrium is given
by

{—at’Y+aG—au:O _ {?=—ﬁ

—BG - BfpY =0 G =g
Since the matrix of the system is
-af «
A=
5
and 7 < 0, 6 > 0, we have that (?, é) is g.e.s. Moreover
A=7"-45=(at + p)? —4aB(t + f,) = (at — f)* — 4aBfp, (32)

hence the equilibrium is

« a stable node for f, < (af - B)?/4ap

« a stable focus for f, > (af - B)?/4ap.

If we compare the new equilibrium value for Y with the old value —u/¢, we have that

u u
> ——

t+fp ¢

therefore the proportional policy has the effect of reducing the decrease due to the exogenous
factor; moreover, the higher f,, the higher the reduction. However, increasing f, leads to

5

oscillations, and in any case the desired value Y = 0 cannot be recovered.

(2) More generally, we study a mixed proportional-derivative policy:
G =-f,Y - faY.
Then, eq. becomes
Y = —atY +aG - au Y =-atY +aG - au
{G = —BG - BfpY — fa(~atY + aG — au) {G =—p(fp —atfa)Y - f(1 + afa)G + afufs,

which is again a two-dimensional linear non-homogeneous system of ODEs. The equilibrium is
given by

—atlY +aG—au =0 - ?:—ﬁ
—B(fy — alfy)Y — B(1 + afy)G + aPufy =0 G= %

In particular, the equilibrium is independent of f; and the value of Y is the same as in case (1).
The matrix of the system is

—af

A= « ]
=B —atfy) P+ afy)
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and, after some computations, 7 < 0, § > 0. Then (1_/, 6) is again g.e.s. Finally,

A=17"—45 = (at + B+ aBfy)’ — 4aB(t + f).

Comparing the last equation with (32), one can conclude that it is more likely that A > 0,
hence adding a derivative policy to the proportional one prevents oscillations (and damps them).
However, also in this case the desired value Y = 0 cannot be recovered.

(3) For the integral policy we have the choice

t
G* =—f,-/ Y(7)dr,
0
hence eq. becomes
Y = -atY +aG - au
G =-pG - Bf: [, Y(r)dr.

The second is an integro-differential equation, which can be reduced to a standard ODE by
increasing the order of differentiation:

G = -G - BfiY.
Introducing a new variable Z = G, we obtain
Y = —atY + aG — au
G=Z
Z =-pZ - BfiY,
which is a three-dimensional linear non-homogeneous system of ODEs. The equilibrium is given
by

—atftY+aG—au =0 Y=0
Z=0 = Z =0
—BZ - pfiY =0 G=u

At last, the desired value for Y has been recovered. Let us now study the stability: the matrix of
the system is
—afl a 0
A=| 0 0 1
—pfi 0-F

and the characteristic polynomial writes
p(A) =2 + (at + P)A* + aftd + aff;.

Notice that the coefficients of p(1) are all strictly positive, so that the necessary condition of
Proposition is satisfied. The Hurwitz matrix of p(A4) is

at +p  aff; 0
1 apt 0
0 at +f  apff;

and the 2 X 2 top-left minor is positive if

(at + P)apt > aff; = fi<t(af+p).

Hence, the integral policy can eliminate the disturbance u if it is small enough, otherwise it can
provoke instability.
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20.1

20 The Linearization Method for ODEs

As in the case of DDS, under some conditions we can use the Jacobian of the system of ODEs to
study the stability of the equilibria.

Theorem (Linearization theorem). Let u be an equilibrium point for the autonomous system of
ODEs
i =F(u).

Let A = VF(u) be the Jacobian matrix in the equilibrium, and let Ay, ..., A € C, k < n, be its
eigenvalues:
(1) ifReA; < 0 for every i, then u is exponentially stable;

(2) ifReAj > 0 for some j, then u is unstable.

Proof. We give an idea of the proof for the first point. Apply Taylor expansion to the function F'

around u:
F(u)=F(u)+V(F)(u)(u—u) + R(u—u).

Since w is an equilibrium, then the expansion writes
F(u)=A(u-u) + R(u—u)
Therefore, by setting v(¢) = u(t) — u, we obtain the differential system
v(t) = Av(t) + R(v) (33)

which has 0 as an equilibrium position. Clearly, the stability of w in the initial system corresponds

to the stability of 0 in (33).

Now suppose that all eigenvalues of A have strictly negative real parts; then it can be proved that
there exists an inner product on R” and ¢ > 0 for which

v-Av < —cv - v = —c||v]|

for every v € R"

Let U be a neighborhood of 0 such that || R(v)|| < 5||v]| for every v € U. Now, for every vy € U,
let us study how the distance from the equilibrium 0 of v (), the solution of starting from vy,
varies over time:

%%Il’v(t)ll2 =v(t) - o(t) =v(t) - (Av(t) + R(v(1))) < =cllo(@®)|I* + [Rw@)llv()]]-

As long as v(t) € U, we have that || R(v(1))]| < [lv(t)]], thus

1d c
EEH’UU)”Z < —§||’U(t)||2,

from which
lo()]1* < [lvoll?e™.

Thus, we conclude that v(t) cannot leave U, and there is exponential stability. O

®)The inequality is easily proved by diagonalization in the case of A symmetric with the canonical inner product,
while the general case is more complicated.
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20.2

Since in the linearization method it is necessary to determine the sign of the real part of the
eigenvalues, the Routh-Hurwitz criterion will be useful also in this case.

Definition. Let u be an equilibrium point for the autonomous system
u = F(u)

and A = VF(u). Let Ay,..., Ak € C, k < n, be its eigenvalues. If Re A; # 0 for every i =1,...,k,
then w is an hyperbolic equilibrium point. *

The previous theorem states that the hyperbolic equilibrium points of a nonlinear system have the
same stability as those of a linear one; that is, they are either exponentially stable or unstable. In
fact, there is an important result, the Hartman-Grobman Theorem, which states that the two systems,
nonlinear and linearized, are (topologically) equivalent in a neighborhood of the equilibrium
point. Thus, in particular, in the two-dimensional case, hyperbolic equilibrium points locally
behave like foci, nodes, or saddles.

21 Isocline Method

In this brief section, we explore a graphical method for qualitatively determining the shape of the
orbits of a two-dimensional differential system. Consider the system

{x = f(xy)
y=9(x,y);

then the slope ¢ of an orbit with respect to the horizontal is given by

g(x,y)
flxy)

tand =

For a fixed d, the previous curve is called the isocline of angle §. Drawing several isoclines can help
to understand the shape of certain orbits without needing to solve the system. Two particularly
important isoclines are the nullclines

g(x,y) =0: the set of points where the orbits have a horizontal tangent

f(x,y) =0: the set of points where the orbits have a vertical tangent.

The signs of f and g indicate the signs of x and 7, and thus determine the orientation of the
tangent vectors and the orbits. For example, if f(x,y) = g(x,y) > 0, then the tangent is parallel to
the bisector of the first and third quadrants and oriented toward the northeast; on the other hand,
if f(x,y) = g(x,y) < 0, the tangent is still parallel to the bisector of the first and third quadrants,
but now oriented toward the southwest. Here is a table with the orientations:

f>0] f<o
g>0, N
g<o0| N\ /
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Figure 11: Orbits of the Lotka-Volterra system.

22 A Lotka-Volterra Model for the Price/Supply Interaction

Let us analyze an economic model describing the evolution in time of the market price P(¢t) > 0
of a good and the amount S(¢) > 0 of that good which is supplied. Then we can have a model
such as

L= f(P.S)
$=9(P.5)
where f is a decreasing function of S, while g is an increasing function of P.

If we make the linear choice f(P,S) = « — S and g(P,S) = yP — §, with a, §,y,d > 0, we obtain
the renowned Lotka-Volterra system:

P =P(a-pS)
S =S(yP -9).

This system has equilibrium points at (0, 0) and (§/y, «/f), both economically feasible. Proceeding

via linearization, the null position is unstable (a saddle point), whereas for the other we cannot
make a determination, as the eigenvalues are purely imaginary.

For this equilibrium point, however, we can construct a conserved quantity:
W(P,S) =yP—-46InP + S —alnS.

Indeed, this function is defined over the entire first quadrant and has a strict minimum at the
equilibrium position. Moreover,

d 5
Eﬂkuxﬂﬂ):VW-F:P(y—F%ﬂ—ﬁ$+ﬁ(ﬁ—%)WP—&)=Q

hence W is constant on the solutions of the system.

Thus, the position (6/y, a/p) is simply stable, and the trajectories lie on the level curves of the
function W, forming a center.

38



— preys

----- predators

Figure 12: Solutions of a Lotka-Volterra system.

22.1 Average Price and Supply

We have seen that the solutions of the system are periodic. Although the period T depends on
the initial conditions and is not easy to calculate we can calculate the average price and the
average supply. Let us consider the first equation and integrate it from 0 to T:

./op(t)dt_/o (a—py(t))dt = lnp(o)—aT ﬁ/o S(t) dt.

Since P(0) = P(T), the first term vanishes, and we find:

1 [T a
f‘/o‘ S(t)dtZIE.

Thus, the average supply over a period coincides with the supply at the equilibrium position. The
same holds true for the price.

This means that, regardless of the initial conditions, all solutions of the Lotka-Volterra system
have the same averages.

22.2 Gomatam Price/Supply Model

Among models with nonlinear growth rates, the Gomatam model (1974) is noteworthy. It is very
similar to the Lotka-Volterra model but assumes logarithmic growth rates:

P=P(a-fInS)

S=S(ylnP-5).
Although it appears more complex, the change of variables

E=InP, np=InS

allows it to be transformed into a linear system, making it fully solvable.

@By linearizing the system, it is easy to see that for initial conditions near the stable equilibrium point, the trajectories
have a period T = 2/Vad. For initial conditions further away, however, the period increases.
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Figure 13: Orbits of the Gomatam system.

23 A Model for Asset Prices

We want to describe a market where we can exchange a single asset. Let us make the following
assumptions (efficient market):

« past history is fully reflected in present price, and nothing else;

« the market responds immediately to new information.

It means that the model which describes the changes in time in an asset price is a Markov process.

Let us denote with S(¢) the price of the asset at time ¢. In the (infinitesimal) increment of time d¢
the price will change of an amount dS. Let us define the return of the asset price as dS/S, that is,
the change in price divided by its original value.

We want to model the return as a linear process which can be decomposed in two parts:
(1) apredictable, deterministic, risk-free part
pdt
where p, the drift, is the average rate of growth, and it is assumed constant for simplicity;

(2) arandom part
odX

where o, the volatility, is again assumed constant. The quantity dX is a Wiener process, that
is, a random variable, normally distributed, with zero mean and variance dt. Then,

dX ~ N(0,dt) ~ VdtN (0, 1).

Here ® denotes the standard Gaussian (or normal) random variable, which has the p.d.f.
given by

__ 1 e
fx) = me ,

so that
p=E[xf(x)] =0, o =E[f(x)] =1

Hence we have the important scaling

dX ~ Vdt fordt — 0.
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Figure 14: Five realizations of an asset price with the model (34) for z = 0.1, ¢ = 0.2 and S(0) = 1.
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Figure 15: Real data of the FTSE MIB (Milan Stock Exchange), June 4th, 2025 (IlSole24Ore)

We obtain the stochastic differential equation
dS = pSdt + 0SdX, (34)

which is an example of random walk and gives the behavior of S in a probabilistic setting. This
model fits real time-series data very well for equities and indices, while it is not so good for
currencies. In Figure [14]a numerical simulation of five realizations of the solution of is
represented.

23.1 Remark. The stochastic differential equation can be easily discretized, generating a time
series (that is, a discrete dynamical system) for the price:

She1 = Sp +dS = Sp(1 + pdt + 0dX),
where dX is a random number drawn from a normal distribution with zero mean and variance dt.
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Figure 16: Two realizations of (34) for z = 0.1 and S(0) = 1.

For instance, choosing p = 0.1, 0 = 0.2, dt = 1/250, Sy = 1, the first few values of S are

dX =1.0086 S; =1.0086
dX =1.0029 S, =1.0115
dX =0.9945 S; =1.0060
dX =1.0005 S5 =1.0064
dX =0.9868 S5 =0.9931

and we obtain one of the curves of Figure *

Let us compute the mean value and the variance of the random variable dS:

E[dS] = pSdt + oSE[dX] = uSdt
Var[dS] = E[(dS)?] — E[dS]* = E[¢%S?(dX)?] = 0°S%dt,
where we kept into account that E[dX] = 0 and E[(dX)?] = dt. Moreover, dS enjoys the Markov
property: it is independent from the past and depends only on today’s price.

The volatility o is related to the type of equity: for instance, government bonds will generally
have a lower volatility than high-tech stocks. The more ¢ increases, the more the path of S will

be jagged (see Figure[16).

23.2 Remark (How to estimate o from real data). Let Sy, S, ..., S, the closing prices of an asset
at equal time-steps At. Then one can compute

. 1 5 S - Si
nAt =0 Si
1 n—1 S, —S. 2
—2 i+1 i —
= - . *
7 T - DAt ; ( S, m)
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23.3

234

23.1 Itd’s Lemma

We want to study the limit d¢ — 0 (it is much more efficient to solve stochastic differential
equations than to value options by direct simulations).

Theorem. Let f(S) be a smooth function. Then

df = [/ (S)uS + %azszf”(S) dt + f/(S)oSdX asdt — 0.
Proof. Let us employ a Taylor expansion around S

df = £/(5)ds + %f”(s) (dS): + ...
and use (34):
(dS)? = (uSdt + 6S dX)? = p2S* (dt)* + 2p0S* dtdX + 02S* (dX)%.
Letting dt — 0, we have dX ~ Vdt and we can neglect (dt)? and dtdX, hence
(dS)? ~ 025 dt
and we get
df = £(S)(uS dt + oS dX) + %f”(S)UZSz dt asdt — o0,

which concludes the proof. O
Example. Let f(S) =logS.
Then f/(S) = 1/S and ”/(S) = —1/S?, so that Itd’s formula writes

2
df=(,u—%)dt+o‘dX as dt — 0.

Since the r.h.s. is constant, it means that df is normally distributed. Moreover, since

F=h+ [

also f =log$ is normally distributed, with
2
o , 9
mean = (,u — ?) t, variance =o't

Hence we say that in this asset price model S is a log-normal distribution (meaning that its
logarithm is normally distributed). *

Ito’s formula can be generalized to the time-dependent case f(S, t): by taking again the Taylor
expansion

9 d 10
df = —de + —fdt + ——f(dS)2 ...
aS ot 2 952
and, using (34), we get the generalized It6’s formula
of o*SEf  of of
df = (pS—+ — —= + — | dt + 6S—dX dt — 0. 35
f (“as+ 2 a5t Tar) Tt A ™ (35)
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241

24 Black-Scholes Equation: Option Pricing
Let us make the following assumptions:

(1) The underlying asset price S follows the dynamics

dS = pSdt + oS dX.

(2) The drift y, the risk-free interest rate r and the volatility o are constant.
(3) No transaction costs, no dividends.

(4) No arbitrage opportunities.

(5) Continuous trading, infinite divisibility of the assets.

(6) Short selling is allowed.

Assumption (4) (no arbitrage) implies that if risk-free profit opportunities existed, prices would
adjust immediately to eliminate them.

Definition (European Options). A European option is a contract with the following conditions:
the owner of the option can buy (call) or sell (put) a given asset for a prescribed price (exercise
price), at a prescribed time (expiration time) in the future, but they are not obligated to do so. *

We will use the following notation:

« V(S,t): value of an option (Call C(S, t) or Put P(S, t)).
« E: exercise price (or strike price).

« T: expiration time.

Since the owner of the option is not obligated to exercise it, we have the following terminal
conditions at t =T

o foracall: C(S,T) =max(S(T) — E, 0),

« for a put: P(S,T) = max(E — S(T),0),

where S(T) denotes the value of the asset at the expiration time T. See Figure

Many portfolios can be constructed by combining calls and puts, both long and short. As an
example: going long for a call with strike price E; and short for a call with strike price E;, E; < Ej,
has the value

V(S,T) = max(S — E;,0) — max(S — Es, 0),

which is represented in Figure

We can also build up a portfolio which is purely deterministic, using the so-called Put-Call parity:
consider a portfolio which is long for 1 stock, long for 1 put, and short for 1 call (the put and the
call having the same strike price and the same expiration time)

n=S+pP-C.
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Figure 17: Payoff diagrams (at t = T) for a European Call and a European Put.

Figure 18: Payoff diagram (at ¢t = T) for a portfolio made of a long European Call with strike E;
and a short European Call with strike E,.
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Then, at expiration, the value of the portfolio is:
II(S,T) =S + max(E — S,0) — max(S — E,0) = E,
which is deterministic! By the assumption of no-arbitrage, for t < T we have
T(S,t) =S+P—C=Ee T,

which is the discounted value at the interest rate r. From this formula one can compute the
value of a put option, given the value of a call option with the same exercise price and the same
expiration time, in the following way:

P(S,t) =C(S,t) =S+ Ee 7T~ (36)

24.1 Black-Scholes Equation

Now we come to the B&S equation. Let us denote with V (S, t) the value of a European option
and apply It6’s lemma to V (S, t):

oV oV 0?S?2 9’V oV
AV = 08 ZodX + (usZe + 220 4 2 4.
ES S 2 as2 ot

Now construct a portfolio IT = V — AS (with A to be determined). Then

dll = dV — AdS = dV — A(aSdX + S dt)

oV 1% 282 %V oV
—oS| S —A)dx + [usL + 22+ 2 As] dr.
aS S 2 as? ot

By choosing A = % (delta hedging), we eliminate the stochastic term, hence

0282 °’V 9V
dri = — 4+ —
2 09S%2 ot

which is purely deterministic. By no-arbitrage, the portfolio return must equal the risk-free rate:

dIl =rlIdt =r (V - ﬂS) dt.
oS

Equating the two expressions for dII gives

oV 6282 5°V oV
— + — +rS— —-rV =0 (37)
ot 2 9S82 aS

This is the Black-Scholes partial differential equation. Note that the drift ;1 does not appear in the
equation.

The B&S PDE has to be complemented by boundary and initial conditions. Indeed, being a
backward parabolic PDE, it requires a terminal condition (at ¢ = T) and two boundary conditions
(atS=0and S — ).

For a European call option:
« terminal condition: C(S, T) = max(S — E, 0)

« at S =0: C(0,t) = 0 (if the underlying is worth 0, it remains 0 forever)
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e asS — co: C(S,1)/S — 1 (for large S, the option will be exercised, hence its value will be S)
For a European put option

« terminal condition: P(S,T) = max(E — S, 0)

« at $ =0: P(0,t) = Ee"(T~%) (present value of the strike)

« as S — oo: P(S,t) — 0 (for large S, the option will not be exercised)

By employing standard methods of Calculus, the B&S PDE can be transformed in the so called
heat (or diffusion) equation, which can be explicitly solved. We will give some mathematical details
in the following Section here, we write the final result.

1 x 2
O(x) := E./ e Y /zdy,

that is, the c.d.f. of the normal distribution N (0, 1), one has

Introducing

C(S,t) = S®(d;) — Ee " T~ d(dy), (38)
P(S,t) = =S®(—d;) + Ee " T D d(=d,), (39)

where

2

. ln%+(r+lo'2) (T-1)
1:= ;

oNT —t
Ins+(r—16?) (T -t
d22=d1—O'VT—t= £ ( 2 )( )
oVT —t

Notice that eq. can be recovered by using the put-call parity (36). Indeed:
P(S,t) =C(S,t) =S+ Ee " T~ = Sd(dy) — Ee" T~ d(d,) — S + Ee 7T~
= =5(1-®(d)) + BT (1 - 0(dy))
= —SO(—d;) + Ee 7T (—-dy),

and we used the fact that ®(x) + ®(-x) = 1.

25 The Mathematical Deduction of the Black-Scholes Formulas

The one-dimensional heat (or diffusion) equation is the PDE

ou du
—_— =, XER,TZO. (40)
or  ox?
If the initial condition is u(x, 0) = uy(x) and uy does not grow too fast then it can be proved
that the solution writes

o0 Y
u(x,7) = 2;\/5/_ up(s) exp (— (x 4:) )ds. (41)

®)For our purposes, it is enough to assume that for some k,d > 0

VxeR:  up(x)| < ke?™!
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¢ We now want to transform the Black-Scholes equation into the heat equation and use the
given explicit formula for the solution. Let us write the problem in the case of a European call:
oC  0°S**C  aC
—+U——+rS——rC:O,
ot 2 982 ES (42)
C(S,T) = max(S — E, 0).

Note that resembles the heat equation, but has some additional terms and coefficients
multiplying the derivatives of C with respect to S. Moreover, is a backward equation, while
the heat equation is forward, so that we will need to reverse the time flow by a sign change. In
this way, the final condition of becomes an initial condition in (40).

aC 2’C

First, we try to eliminate the terms S and S? that multiply 95 and 557, respectively. We set:

S = Ee”, t:T—L, C = Eu(x, 7).
152
2

Note that r moves in the opposite direction to t, so we have switched to a forward equation.

Substituting into (42) we obtain:

R 4 )
2o k- 1L ko,
or  ox? ox

v(x,0) = max(e* — 1,0),

where k = %

This equation more closely resembles the diffusion equation, but another change of variables is
needed to transform it completely. If we set

o(x,7) = e Py(x, 1),

with a and f constants, we obtain:

%u

ou ou u
pu+— =ad*u+2a—+— + (k—1) lau+ —| - ku.
ot ox  ox? ox

Now we choose
B=a*+(k-1a-k, 20+ (k-1) =0,

so as to obtain an equation without the terms u and g—z. This yields
1 1
a=—-—(k-1), =—=(k+1)>%
k=1, p=—gk+D)

Therefore, substituting these values, the change of variable becomes:

v(x,7) =exp (—%(k - 1x - j—l(k + 1)21') u(x, 1),

and we obtain

ou du
8_:_82 xeR >0,
T X

u(x,0) = max (exp (%(k + 1)x) — exp (%(k - 1)x) , 0) .
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which is the diffusion equation, and has the solution with initial condition
1 1
uo(x) = max (exp (E(k + 1)x) — exp (E(k - 1)x) , O) .

Then we have found an explicit formula for the solution. The only thing left to do is to evaluate
the integral in ([41). It is convenient to make a further change of variable, setting

s—x
y= >
Var

so that we obtain

u(x,7) =

o IRY:
I ICL (_ = ) “
= \/% ‘/_: uo(y V21 + x) exp (—%yz) dy

(o)

1 1 1

= — exp|=(k+1)(x + ZT)CX (—— z)d

N p(z( )(x +yV2r) | exp 59|y
1 o0 1 1

- — exp|=(k—-1(x + ZT)ex (—— Z)d
N p(z( )(x +yV2r) | exp 5Y |y

=5L b,

We evaluate I; by completing the square in the exponential, to obtain a standard integral:

—_— 1 .
V2r J-x/ver

exp (%(k + 1)x) /"" 1 5 1 1 2

_ —(k+1 ——|y—-=(k+1)Vv2 d

[ e (g v -3 (o 0 10E] e

exp (3(k + 1)x + 3(k + 1)*7) /°°

- Var —x/VZr-} (k+1)V2r

= exp (%(k + 1)x + i(k + 1)2'[) (D(dl):

1 1
L exp (E(k +1)(x+ y\/ﬂ) - Eyz) dy

e—Pz/de

where

x 1
dl—\/?r+§(k+l)\/5'

and @ is the cumulative distribution function of the normal distribution.

The calculation for I, is very similar, one only has to replace k + 1 with k — 1, whence
1 1 )
I, =exp E(k - Dx+ A_L(k - 1)r| ®(dy),

x 1
dz—\/—z_f+§(k—l)\/2_7.'.

Retracing our steps, we recall the change of variables
1 1 )
o(x, 1) = exp _E(k - 1)x— Z(k + 1)t u(x, 1)
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26.1

26.2

together with

S 1 2
x =1HE, T= EGZ(T— t), C=Eu(x,1), k= G—Z,
to obtain
C(S,t) = SO(d;) — Ee " T~ d(dy),
where
ln%+(r+%02)(T—t) :]n%+(r_%o.2)(T_t)

dl = P d2

o\ (T —1t) o (T —1)

26 The Greeks

Now that we have an explicit formula for C(S, t), the value of a European Call, we can ask how the
value depend on the variation of the price of the underlying asset or the value of the parameters
of the model. We introduce a definition.

Definition (Greeks). We denote

aC 9°C aC aC aC
A:—’ F:—, = —, @:—, (V:—'
as a5z P o ot o0 *
The last quantity, V, is called vega for historical reasons.
The meaning of the Greeks is as follows: the larger a Greek is, the more the value of C depends

on variations in the corresponding parameter [Bjork, Section 9.2].

Proposition. Let C(S,t) be the value of a European call with strike price E and time of maturity T.
Then, using the notation of (38):

@(dr)
SoVT — t

rEe_r(T_t)CP(dz), V =Sp(d)VNT -t = Ee_r(T_t)q’(dZ) VT —t,

A= (I)(dl), I =

_5<P(d1)f7 _
2NT -t

where ¢(x) denotes the density function of ®.

p =Ee”"T™(T - )0(dy),

=

27 Perpetual American Put

An American option differs from a European option in that it may be exercised at any time prior
to the expiration date T. It can be showed that an American call (without dividends) is equivalent
to a European call, since it is never optimal to exercise the option before the expiration date. On
the other hand, an American put is a different financial instrument and has a higher value than
a European put. However, determining the correct price of an American put is a challenging
mathematical problem, as it leads to a free-boundary problem.

In this section, we find the correct price of a perpetual American put. This is not a traded option,
but it is interesting from a mathematical viewpoint (see for instance [Shrevel Sec. 8.3]). By
definition, a perpetual American put is an American put which never expires, that is, T = +oo.

So, the unknowns of the problem are P, the value of the put, and s, the threshold value of the
stock S for which:
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« if S <s, it is optimal to exercise the option;

. if S > s, it is optimal to wait.
Starting from the Black-Scholes equation for a put, we write

oP oP  0%S% 3°P
—+rfS—+—— —-rP=
ot aS 2 982

A perpetual solution is a solution independent of time ¢:

oP %52

P=P0S) = —=0 = rSP’+TP”—rP=0,

ot

which is a second-order ODE (linear with non-constant coefficients). We now look for a solution

of the form:

P(S)=s",  P'(S)=nS""',  P"(S)=n(n-1)S""

Substituting into the equation:
o2
rnS™ + ?n(n -1)S"—rS" =0,

that is,
2

o
(n—l)(r+?n):0 = m=1 n=-=.

Thus:
2
P(S) = c15”1 + CzSnz = c15 + c25—2r/o' .

(43)

We now impose the boundary conditions for a perpetual put. We know that for S < s the solution
is P(S) = E — S, since it is optimal to exercise the option. Then, we impose boundary conditions
for S = s: in particular, we require that P is a Cl-function at S = s, that is, P and P’ are continuous

atS =s:

« P(s)=E-s;

« P’(s) = —1 (which is the derivative of E — S).

Moreover, we impose that P(S) — 0 as S — +oo, so that we have to choose ¢; =0 in and

P(S) = ¢, 817",
From the condition P(s) = E — s we have:
czs_zr/cz =F—s,

and from the condition P’(s) = —1:

2r
Cy (__2) sTrlet=1 = g
o

Solving the system:
Cys™2o" = F — s



m— payoff at t =T
=== FEuropean put
— = perpetual put
----- American put

Figure 19: Payoff diagrams for a European Put, an American put and a perpetual put.

we obtain:

2r 2r % 2r
1+ —|s=—FE = s= E=
o? o? 1+% 2r + o2

and )
¢, = (E—s)s¥/.

Finally, the value function is:

E-S S<s o7

PS: = .
(5) s 2r + o2

(E - 3)32’/025_2’/“2 S>s,

In Figure [19|there is a comparison between the value of a European put, an American put and a
perpetual put. As one can see, the perpetual put has the highest value, while the European put
the lowest.
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