ON NODAL SOLUTIONS WITH A PRESCRIBED NUMBER OF
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ABSTRACT. We are concerned with the existence and asymptotic behavior of multiple
radial sign-changing solutions with the nodal characterization for a Kirchhoff-type
problem involving the nonlinearity |u[P~2u(2 < p < 4) in R®. By developing some
useful analysis techniques and introducing a novel definition of the Nehari manifold
for the auxiliary system of the equations, we show that, for any positive integer k, the
problem has a sign-changing solution uz changing signs exactly k times. Furthermore,

the energy of uz is strictly increasing in k, as well as some asymptotic behaviors of

uz are obtained. Our result is a complement of [Deng Y, Peng S, Shuai W, J. Funct.

Anal., 269(2015), 3500-3527], where the case 2 < p < 4 is left open.

1. INTRODUCTION AND MAIN RESULT

1.1. Background and motivation. In this paper, we discuss about the existence of
infinitely many sign-changing solutions with the nodal characterization for the following
Kirchhoff-type problem:

- (a + b/ \Vu\de> Au+V(2)u = |ulfu, z € R3, (1.1)
R3

where a is a positive constant, b is a small positive parameter, and 2 < p < 4. Moreover,
V(z) is a continuous weight potential.

Problem (1.1) has a strong physical background. In fact, as a special case, the following
Dirichlet problem

(ot [ 19uPar) Aut Vel = fo), o€ 9
‘ (1.2)
u=20, z €,
is closely related to the stationary analogue of the equation

2 L 2
T (B B ) P,

ot? h 2L J, Oz Ox?
which is proposed by Kirchhoff in [1] to describe the transversal oscillations of a stretched
string. Kirchhoff’s model takes into the changes in string length produced by vibration,
so the nonlocal term appears. Moreover, such nonlocal problems also appear in other
fields as biological systems with u is used to describe a process that depends on its
own average. We refer the readers to [2,3] and the references therein for more physical
background on Kirchhoff-type problems.
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Mathematically, (1.1) or (1.2) is a nonlocal problem due to the presence of the nonlocal

term |Vu|?*dzAu implies that it is no longer a point-wise identity. This phenomenon
3

brings Eome mathematical difficulties, and at the same time, makes the study of such a
problem particularly interesting. Actually, after Lions established an abstract functional
analysis framework in [4], Kirchhoff-type problems have received much attention. By
using the variational methods, a number of results on the existence and multiplicity
of solutions for Kirchhoff-type problems similar to (1.1) or (1.2) have been obtained
in the literature, such as positive solutions, sign-changing solutions, multiple solutions,
ground states and semiclassical states, see for example [5-14] and the references therein.
In particular, infinitely many sign-changing solutions are established in [15-17], but no
information of nodal characterization was given. Besides, with the aid of the Non-Nehari
manifold method and Nehari manifold method respectively, Tang-Cheng [18] and Ye [19]
both obtained the existence of the least energy nodal solutions with precisely two nodal
domains under different conditions of f(x,u) respectively.

However, regarding the multiple nodal solutions with the nodal characterization for
Kirchhoff-type problems, to the best of our knowledge, there are very few results in the
context. When b = 0, Bartsch-Willem [20] and Cao-Zhu [21] considered the following
semilinear equation

{ —alAu+V(|z)u = f(|z|,u), x € RV,

we H'(RY), (13)

they independently obtained infinitely many radial nodal solutions having a prescribed
number of nodes. The case of the ball has also been studied by Struwe [22]. They
first get the solution of (1.3) in each annulus, and then glue them by matching the
normal derivative at each junction point. When b > 0, (1.1) or (1.2) can not be solved
separately on each annulus due to the appearance of the nonlocal term. Therefore, the
method in [20-22] can not be applied directly. Deng et al. [23] resolve it by regarding
the problem as a system of (k + 1) equations with (k+ 1) unknown functions wu;, each w;
is supported on only one annulus and vanishes at the complement of it. We should point
out that their method strongly depend the following Nehari-type monotonicity condition
of f:

(Ne): f‘(grgt) is increasing on t € (—o0,0) U (0, +00) for every r > 0.

Recently, Guo et al. [24] obtained a similar result by assuming the following condition
of f(la],u) = K(|z])f(u) in (1.2) :

(Ne): there exists 6 € (0,1) such that for all t > 0 and 7 € R\{0},

117
2

K(|x|) {L;-) - f(tT)] sign(l —t) + 6V, > 0.

T (tT)3

Unfortunately, the assumptions (Ne) and (Ne) both rule out some important cases such
as f(|z|,u) = [u[P~2u for p € (2,4). In this paper, we aim to resolve this case.

T

1.2. Main assumptions and results. The first purpose of this paper is to find
infinitely many radial sign-changing solutions to (1.1) with 2 < p < 4. Assume that
V(z) satisfies the following condition.
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(V): V(z) is radial i.e. V(z) =V (|z|), and ianf3 V(z) =V, > 0.
[AS
Then the first main result of this paper is stated as follows.

Theorem 1.1. (Ezistence of nodal solutioins) Assume that the assumption (V) holds
and 3 < p < 4. Then for every integer k > 0, there exists b* > 0 which is defined in
Lemma 2.4 such that for any b € (0,b*), (1.1) admits a radial solution uy, which changes
exactly k-times.

Remark 1.2. [t is easy to see that if u is a solution of (1.1), then —u follows. Moreover,
we should point that, if the domain of (1.1) is replaced by Br(0) C R®, Theorem 1.1 also
holds under the condition 2 < p < 4 instead of 3 < p < 4. Actually, we just need to
replace the term (ii) in Lemma 3.1 by (ii'): If ro — R, then ¢(T}) — +00. Fortunately,
the proof of it is analogous to the term (i) in Lemma 3.1, and just need the assumption
2 < p < 4. The remain proof is similar and only needs a little modification.

The next aim of this paper is to present that the energy of uy is strictly increasing in
k. Before state it clearly, we at first give some definitions. Define the Sobolev space

. {u c H(RY)| /Rs(a|Vu|2 +V(l)ud)dz < +oo} ,

with the norm

fulhei= ([ (@9l + Vilahutyiz)

Since a is a positive constant, we assume a = 1 from then on. Noticing the condition
(V), we know that the embedding H < H}(R?) is continuous. Moreover, we have
H — LI(R3), ¢ € [2,6], and this embedding is compact for ¢ € (2,6) by Strauss [25].
Then we can denote

2
S,= it Wl
uer\{0} [l

for ¢ € (2,6].
Define the energy functional [, associated with (1.1) on H by

1 b 21
Iy(u) == —/ (|Vul* + V(|z))u®)dx + ~ / |Vul*dz | — —/ |ulPdz. (1.4)
2 R3 4 R3 P Jrs
Then, it is standard to show that I, € C?(H,R) and
(Ly(u),v)
:/ (VUVU+V(|$|)uv)dx+b/ |Vu|2d:1:/ Vqudx—/ lulP~2uvde,  (1.5)
R3 R3 R3 R3
for any u,v € H. Clearly, u € H is a solution of (1.1) if and only if u is a critical point

of I,. Furthermore, we show the second main result of this paper in the following.

Theorem 1.3. (Monotonicity of energy) Assume the assumptions of Theorem 1.1 hold,
then the energy of uy is strictly increasing in k, i.e.

]b(ukH) > Ib(uk) and Ib(uk) > (k + 1)]b(U0)

for any integer k > 0. Moreover, if V(z) € CY(R3 R) and (VV(z),z) < 0 for any
r € R3, ug is a ground state radial solution of (1.1).
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We denote u} as the solution obtained in Theorem 1.1 to emphasize that it depends
on b. Then our third main result shall show the convergence properties of it as b — 0*
in the following theorem.

Theorem 1.4. (Asymptotic behaviour) Let ul be obtained in Theorem 1.1 with b — 0F.
Then, ub — u® in H up to a subsequence, where ul is a least energy radial solution which
changes sign exactly k-times of the following equation:

—Au+V(z)u = [uP?u, v € R (1.6)

Remark 1.5. We point out that, similarly as Remark 1.2, for the domain of (1.1) is
replaced by Br(0) C R, Theorems 1.3 and 1.4 also hold under the condition 2 < p < 4
instead of 3 < p < 4 except that we do not know whether that uy is a ground state
solution of (1.1). We refer the readers to see the proof of Theorem 1.3 for details.

1.3. Main novelty and strategy. In [23], the authors adopt a gluing argument to
obtain the existence of nodal solutions to problem (1.1) with 4 < p < 6 by investigating
system (2.1) involving (k + 1) equations. One of the main ideas in [23] is to introduce
the following Nehari manifold

Nk = {(ul) e 7uk+1) € Hkluz 7é 07 <auiEb<u17 e 7uk+1)7ui> = 0} )

where Hy, and Ej, are given in Section 2. Compared to [23], the problem addressed in
the present paper becomes more difficult due to 2 < p < 4. With the presence of the

nonlocal term / |Vul*dzAu, it seems tough to get the boundedness of the associated
3

R
(PS) sequence in the case of 2 < p < 4. To overcome this obstacle, we turn to consider
a subset N, of the Nehari manifold N;, by imposing the following additional constraint

B;

This constraint implies that N, only contains all local maximum points of the associated
fibering maps and then is natural. More important is that with this additional constraint,
the associated (PS) sequence can be proved to be bounded. We should point out that
this trick also provides an idea to study other types of Krichhoff problems with the
nonlinearity |u[P~2u,2 < p < 4, by using variational methods.

The remainder part of the paper is the following. In Section 2, we first clarify an
appropriate variational framework to solve (1.1), and then deal with an auxiliary system
whose functional is closely related to the original energy functional. In Section 3, by using
the critical point obtained in Section 2 as a building block, we obtain the ideal solution
of (1.1), and complete the proof of Theorem 1.1. In Section 4, we study some asymptotic
behaviors of the solutions obtained in Section 2 with the help of some properties of the
modified energy functional and some analysis techniques, and prove Theorems 1.3 and
1.4.

1.4. Notation.

e — (resp. —) the strong (resp. weak) convergence.
e |- |, the usual norm of the space LY(R?), (1 < ¢ < 00).
e |- | denote the norm of the space L>=(R?).
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e CorCy(i=0,1,2,...) denote some positive constants that may change from line
to line.

2. PRELIMINARY

In this section, we establish the variational framework and study some properties
of the energy functional corresponding to a system of (k + 1)-equations associated with
(1.1). At first, we give some definitions and introduce the working space.

Fix k € N, denote

Api={rpy=(r1, - ) ERMO =019 <71y <0 <1 < Ty =00},
and
B; = By, = {x € R¥|r;_; < |2| <1},

for i = 1,--- Jk + 1. The idea of this paper is to obtain the solution of (1.1) in each
B; first and then glue them by matching the normal derivative at each junction point.
For an element r; € Ay, fixed and so a family of annuli {B;}"] also. Define the Sobolev
space

Hi = {u € Hy(B))|u(z) = u(|z|), u(x) =0, if z & B;},
equipped with the norm
1

full = ( [ (9u + Vi)

for i = 1,--- k+ 1. Then we let Hy := H; X -+ X Hiy1 and set the functional
E% 2}Ik—+]R,by

1 k+1 b k41 2
Eb(ul, A 7uk+1) = §Z ||qul2 + ZLZ (/ ‘VUZPdSC)
i=1 i=1 Bi

k+1 k+1

b 1
+ —Z (/ |Vui]2dx/ |Vuj|2da:) — —Z/ |Vu;|Pde,
4 iz; \/Bi B; Pz /B
where u; € H; fori=1,---  k+ 1.
k1
Standard calculations shows that Ey(uq, -« ,ugy1) = Ib(z u;). Also, each component
i=1
u; of a critical point of Fj satisfies
k41
_ |2 ) oy P2, )
(1 " bE;/B V) dx) B+ Vi(Jal)us = [usP2us v € By
1= J

u; =0, x &€ B;.
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Since 2 < p < 4, we define the N, corresponding to the local maximum points of the
fibering map ¢u,,..u,, (t1, -+ s teg1) by

Nk_ = {(U’h Tt auk-i-l) € Hk|ul 3& 07 <auiEb(u17 e 7uk+1)7ui> = 07

(4—p)/ |u;[Pda < 2”“2”12 fori=1,---  k+1}
B;

2
ZZUMw~,WH)€HHW%0W%W+b(/|VWWH)
B;

k+1

+b/ Vu,;|*dz /Vu'de:/ u;|Pdx
Bil | ZBjI il Bill

J#i
(4—p)/ luilPda < 2|2 fori =1, k+1},
B;

where ¢y, (B, S tkg1) = Ey(tiu, - -+t Uig).
Let us check that IV, is nonempty in Hy,.

hS1IN)

(L)

Lemma 2.1. Assume that (V) hold and (uy,--- ,ugs1) € Hy with ToAlE >
(28,)7! fori=1,...,k+1. Then, for each b € (0,b,) with
p—2(a—p\FT s~
b, = p2(27P 29)52 5\
12 (452) sy
and
2 2 \77\  [4-p\77
o~ p — 2 p—2 — p—2 —p
b =— |14+ k2,2 | —— — 25,)r2.
4—p<+ (4—19) ) (2> (2%)
there is a unique (k + 1)-tuple (t1,--+ ,tpr1) € (Rao)*™! of positive numbers such that
(trur, - tegatger) € Ny
Proof. For a fixed (uy,--- ,ugs1) € Hy with u; # 0, (tyug, -+, tgriugsr) € N, if and
only if
2 k+1
2|2 + £ (/ |Vui|2dx> +,ubt§/ |Vui|2dx2t§/ |vuj|2dx—t§/ g = 0
(2.2)
and
=t [ JuPde <22l (2.9
B;
foreacht=1,--- ,k+1and p=1.
Denote

Z :={pl0 < p <1, and (2.2) — (2.3) are uniquely solvable in (Rsq)*™}. (2.4)
We shall show that Z = [0, 1] in the following three steps.
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Stepl: We will prove that 0 € Z. Set

2
gi(t) : =1t* (t_2||ui||?+b (/ IVuz~|2dfC) —t”_4/ |Uz‘|pd$)

= t*hy(t), (2.5)
we have
(0 = =2l = (o= 007 [ Jufrdo
B;
=13 ((4 — p)tp_z/ |u;[Pda — 2||uz||12> ) (2.6)
Let
P
S R 17

(4—p / |u;|Pdz

we deduce from (2.6) that h;(t) is decreasing in (0,7;,,) and increasing in (75, +00).

Moreover,
|u;|Pdx
2 (4— 4—p /
= i 2da _pb=< 2
= ([, v ) i—p\2 ) Tl T

2 p—2(4-p
|2 - = 5 (|14
<o [ 1vupar) A2 (2 ) (25,75 ]
p—2(4—p = 4
- — 2 2.
(b =2 (FE) sy )HWH<0, (27)

where we have used the assumption of b. It follows from (2.5)-(2.7) that there exists a
unique 0 < ¢,, < Ty, such that

gi(ty,) = 0 and hj(t,,) <0,

2
tilHquf + tﬁib (/ |Vui]2dx) — tﬁi/ |u;|Pdz = 0
B; B;

which yields

and
(4 —p)t? / lug[Pda < 22 Hqu
B;
for each i = 1,--- ,k + 1. Therefore, we have a unique tuple (¢, ,tp11) € (Rog)**?

such that (tyuy, -, tgp1ups1) € Ny .
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Step2: We shall show that Z is open in [0,1]. Suppose that py € Z and
(9, ,thi1) € (Rsg)*t! is the unique solution of (2.2)-(2.3) with p = po. To see
whether the Implicit Function Theorem can be applied at pg, we calculate the matrix

M = (M;;) = (8tjGi)i,j:1,~-,k:+1a

where G; denotes the left-hand side of (2.2). Then each component of the matrix is
represented by
k1
M= (=) [ Juipde = 20l ~ 2p0tt? [ [VuPde Y00 [ (90
B; B i B;
fori=1,---  k+1, and

My = 2uob(#2)1) / Vs 2dz / IV, 2de,
B; B;

for i # j,i,7=1,--- ,k+ 1, where we have used (2.2). Therefore,
(_1)k+1

= detM, (2.8)
t(l) o 't2+1

detM =

where the matrix M = (M, ;) is given by

k+1
M, = —(d—p)(&) / P 2(80)? a2+ 2p0b(12)? / Vaul2de S (10)? / Ve,
B; B; j#i B;

fore=1,---  k+1, and

—~

M;; = —2,u0b(t?)2(t?)2/ |Vui\2dx/ ]Vuj|2da:,
Bi B;

for i # j,i,7=1,--- k+ 1. Thus,
k+1

SO My = —(4— p)(E0) / e + 2022 [wi]]2 > 0,
B;

j=1

for i =1,--- ,k + 1, where have used (2.3). Hence the matrix M = (]\ZJ) is diagonally
dominant, and so it is nonsingular, which together with (2.8) show that

detM # 0.

Then we can apply the Implicit Function Theorem to obtain a neighborhood Uy of g
and Ay C (Rso)*** is a neighborhood of (¢{,---,¢),,) such the system (2.2)-(2.3) is
uniquely solvable in Uy x Aj.

Suppose that there is y; € Uy such that the second solution (%, - - - ,EQH) of (2.2)-
(2.3) exists in (Rsg)*™\ 4y, we deduce from the Implicit Function Theorem again that
there exists a solution curve (i, (17 (1), - -+, Tpsq (1)) i (1 — €, 11 + €) X (Rsg)**! which
satisfies (2.2)-(2.3) and goes through (u, (f(l), e ,EZH)). Without loss of generality, we
assume L < pp and extend this curve as long as possible. Due to it cannot be defined
at po and enter into Uy X Ay, there is a point ps € [po, 1) such that (¢,(p), -« ter1 ()
exists in (g, 1] and blows up as g — us . However, this is impossible. Actually, for at
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least one 7, the left-hand side of (2.2) is sufficiently large. Consequently, Uy C Z. The
case g > pp is similar.

Step3: We shall show that Z is closed in [0,1]. Suppose that there is a sequence
{pn} C Z such that pu, — po € [0,1] and (¢7,--- ,t7) € (Ruo)**! be the unique solution
of (2.2)-(2.3) for ,. Similarly as the preceding argument, we know that (¢7,--- ,¢},) is
bounded. Then there exists a subsequence of (t7,--- , ¢}, ;) we still denote by it converges
a solution (¢7,---,t),,) € (Ry)* of (2.2) for o and

@= PP [ fuPde <267 ul?, 29)
B;
ie.,
1
p—2
2|
@=p [l
B;
fori=1,--- ,k+ 1. Moreover, it follows from (2.2) that
()2 [lwill? < Sp 2 (1) 2, (2.11)

fori = 1,---  k+ 1. Then we obtain that ¢ > 0 for i = 1,--- ,k + 1. Consequently,
(t(1)7 T >t2+1) € (R>0)k+1'
We claim that

(=) [ e < 2002 212
B;
fori=1,--- k4 1. Suppose otherwise, we deduce from (2.9) that there exists at least
one integer ip > 0 such that
(4 - p)(t?O)p/B i, [Pdz = 2(t5, )| wio |17, (2.13)
0

Moreover, using the Sobolev Inequality and the assumption of u;, we deduce from (2.9)
and (2.11) that

p 2 p—2
S,) 202 [l < 0 < | ——
Sl < < ()

fori=1,--- k+1.
On one hand, since (t9,-- ,¢).;) € (R>0)""" is a solution of (2.2), we have

| </B k+1

+ ()72 (HuiOH?O +u0b/ |Vui0\2dx2(t?)2/ |Vuj|2dx> =0. (2.15)

Big J#i0

(25,) 72 [l ;L (2.14)

2
|Vuzo|2dm> - (t?0>p_4/ |ui0|pd‘r

i0 Big
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On the other hand, with the help of (2.13) and (2.14), it holds

2 k+1
b(/ ]Vui0|2dx> + ()72 (||ui0|| +uob/ |Vu20]da: to /|Vuj|2dx)
By, Bi, Jj#io
) [l
B,

%0

k+1

p—2
<l ) ally + 02 [ (P S (@) [ (9
‘o J#io
p—2(4—p 25 k:+1
§b|’uio|’?0_4Tp<T) (25,) 72 [luso I}, + b)) 72> (1) /\Wy!dx
#m

< (b (1+k2p"z (4%]9)) _ Z%i (4%79) & (25,)7% ) lug It <0, (2.16)

which contradicts (2.15), where we have used the assumption of b. Consequently,
(-, th1) € (Rso)*™ is a solution of (2.2)-(2.3) for p = po. Furthermore,

(t9,--+ ,t0,,) is a unique solution in (R.o)**! follows from the Implicit Function
Theorem.
Consequently, Z = [0, 1] and we complete the proof. O

Lemma 2.2. N, is a differentiable manifold in Hy,. Moreover, the critical points of the
restriction Eb|Nk_ of Ey to N, are also critical points of Ey with no zero component.

Proof. Let F = (Fy,-+- , Fpy1) : Hy — RFL given by

2
Fi(un, - unn) =llufl2 + b ( / |Vuz-|2das)
B.

kt1
—|—b/ |Vu,| de/ |V, da:—/ |u;[Pde, (2.17)

J#i

fori=1,--- ,k+ 1. Then

Nk_ :{<U1,"' uk+1) € Hk7ui #O|E(U1, 7uk+1) :07

(4—p / P < 2l|w|f?, fori=1,-- k+1}. (2.18)

To show that N, is differentiable in Hy, we only need to prove that

N = (Ni,j) = (<8u¢Fj(U17 e 7uk+1)7ui>)i,j:1,---,k+l
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at each point (uq,--- ,ury1) € N, is nonsingular due to it means that 0 is a regular
value of F. Standard calculation yields that
2 k41
Ny = 2||u;|? + 4b (/ \Vui|2dx) +2b/ ]VuideZ/ ]Vuj|2d3c—p/ | [Pz
Bi B; j#i Y Bi B;
k+1
_ —2Hui||?—2b/ |Vui\2dx2/ \VujIde—l-(Zl—p)/ ug|Pda,

fore=1,---  k+1, and
Nij == 2[)/ |Vuz|2dx/ |VUj|2dZL',
B; B;

fori# jandi,j=1,--- ,k+ 1. Then

k+1
>Ny = <2l + (4 -p) [ fupds <o,
=1 B
where we have used (2.17) and (2.18). It means that N is diagonally dominant at each
point (uy,--- ,uky1) € Ny, and so it is invertible.
Let (uq,--- ,ugy1) be a critical point of Ej| N it follows that there exist Lagrange
multipliers Ay, - -+, A\gy1 such that
)\IF{(ula e 7uk+1> + -+ >\k:+1F12+1(U17 e 7uk+1) — El,;(uh e ,Uk+1).

Taking (uy,0,---,0), (u2,0,0,--+,0),-+-,(0,--+,0,ux, 1) into the above identity and
noticing (2.18), we obtain

N(/\la"' 7)‘k+1)T = (07 70)T‘

Thus \; =0, fori=1,--- ,k+ 1, and so (uy,- - ,ugs1) is a critical point of E.

For any (up,--- ,urp1) € N, , since [Ju;? < lus|Pdz < Cljw;]|? for some C > 0,
B;

thus each wu; is bounded away from zero. Then we obtain critical points of Ej in NN,
have no zero component. The proof is completed. O

Lemma 2.3. For each (uy,- -+ ,uxr1) € Hy, with
(4 —p)/ lu;[Pda < 2||u|? (2.19)

B;
and

2 k41

w2 + b (/ |Vui|2d:v> + b/ |Vui|2dx2/ |V, |2dz < / lu;|Pdz,  (2.20)
B; B; — JB; B;
gL

fori=1,--- k+1, there exists a unique (k+ 1)-tuple (%\17 e ,tAkH) of positive numbers
such that (tyuy, - -+, tgsiugyr) € N witht; <1 fori=1,---  k+1. Moreover, we have
Ey(tiug, -+t ) = max Ey(tiug, -+ 5 thpitgyr)- (2.21)

0<t;<1,i=1, ,k+1
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Proof. Let

2
s+ ) =l ot ([ 19 )
B;

k+1
—i—tfb/ |Vui]2dx2t§/ |Vuj|2d:c—tf/ |u;|Pde,
Bi i VB Bi

fori=1,--- k+ 1. Then we deduce from (2.20) that there exists r > 0 small enough
such that

¢7L(t17 s ,tk+1) > 0, if t,=r
and

Gi(t1, - i) <0, if t; =1,
for i =1,--- ,k+ 1. Thus, by applying the Poincaré-Miranda Lemma (see [26]), we get
that there is a (k + 1)-tuple (ty, - ,tAkH) of positive numbers with 0 < #; < 1 such that

¢Z(a7 e a%\k-i-l) = Oa

for i =1,---  k+ 1, which together with (2.19) show that (aul, e ,i\kﬂukﬂ) e N, .
Now, let us prove the uniqueness. We suppose that (uy,- - ,ux41) € N, for simplicity.
Then we have

@=p) [ fulrde < 2ul? (2.22)
B;
and
2 k41
lJui||? 4 b (/ |VU¢|2d$) + b/ ’VU¢|2d5EZ/ |V, Pde = / lug|Pdz,  (2.23)

fori=1,--- ,k+ 1. If we have another (k 4 1)-tuple (¢, -, cky1) of positive numbers
such that (ciuq, -+, ckr1up1) € Ny, it is sufficient to prove that

(C17"' 7Ck+1) = (17 71>7 (224)
in the following. Denote

¢, = max{cy, -, 1} and ¢, = min{ey, -+, cpp )

Then we only need to show that ¢;, <1 and ¢j, > 1. Let

2
b (1) = g |, + bt ( / rm\?dx>
By,
k+1

+bt4/ |Vuio|2d:c2/ \Vujlzd:c—tp/ |, |Pd
B Bj Bi

‘0 J#io

k+1
t_2Huio|\?o+b/ ]Vui0|2dx2/ |Vuj|2dx—tp_4/ |ui0|pdx]
By, =B B

— 4

and
o (1) = 2 |2, — / g P,
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with ¢ > 0. Thus, (2.23) is equivalent to

k+1

hi, (1) +b/ |Vui0]2dx2/ |Vu,|*dz = 0. (2.25)
i 1Y Bj

BZO j=

Standard computation shows that

W (1) = (20w |, + (4 — p)t7 / g Pl

B’iO

Hence h;,(t) is decreasing in (0,7, ) and increasing in (7, , +00), where

p—2
2
T, = 2ol > 1.
@=p) [ fulda
B;
Noticing (2.25) and T, > 1, it is easy to obtain that
k1
hio(Tu,,) + b/ |Vui0|2dx2/ |Vu,|*dz < 0.
ig j=1 B

Consequently, there exists 0 < 1 < T, < s;, < 400, such that ¢;,(s;,) =0 and

>0, 0<t<l,

Gi(t) 8 <0, 1<t <sy,, (2.26)
>0, s <t
Moreover,
<0, 0<t<T,,,
hw(t) { 2 O, Two S t. 0 (227)
Since (ciuy, - -+, Cprrugs1) € N, , it follows that

k+1

2
c?o||ui0||§0 + bcfO </ |Vui0|2d$) + bcf0 / |V, [2dz Z c?/ |Vu,|*dz
. Bi, B;

"0 J#io
:Cfo/ |ui0|pdx7
By,
and
(1-p) /B [P < 262 s 2.
)

Therefore,
qbio(cio) > 0 and h;o (Cio) < 0. (228)
Combining (2.26)-(2.28), we can easily get ¢;, < 1.
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Similarly, since

H%W+w</
B

7o
=, [l
B

Jo

2 k41
|Vuj0\2dw> —|—bc§0/ \Vu30|2dazz / |Vu,|*dx

J#jo

and
@=p) [ e < 2l [,
Bj,
we obtain
®jo(cjy) <0 and h; (Cyo) 0,
and so c¢j, > 1. Then we obtain the uniqueness.
Finally, we will prove (2.21). Let (t1,--- ,tx11) € (Rsg)**! be a critical point of E,
witht; <17=1,---,k+ 1, we have

@=p [ fulde <2l
B;

and
2 k1
tallwi||? + 50 (/ \Vuilzdx) +tib/ |V, dxz / ]Vuj|2dg::tf_l/ |u;[Pdz,
Bi J#i Bj Bi
for i = 1,--- ,k + 1, which means that (fyuy,--- , tp1tpsr) € N, . Thus, there is only
a unique critical point of ¢(tq, -+ 1) = Ep(tiug, -+, tgprugsr) with 0 < t; < 1 for
i=1,---,k+1.
Choose (A, -+, .)€ O(Rso)F*!, we may assume that ¢! = 0 for simplicity. Then,
since
(p(t7 0(2)7 T 7cg+1)
2 bt ?
bt? / k+1 "
+— [ |Vuw|*dx (09)2)/ |Vu,)*de — —/ |uq [Pd
2 Jp Z ’ B, ’ P JB
k+1 k:+1 |
+ Z | ||7 + (&) / |V, de/ |V, Pde — = Z/ |, |Pdz,
hj= 2

is an increasing function with respect to ¢ is small enough, we obtain (2.21) based on
the analysis above. The proof is completed. O

Combining the above results, we shall prove the following.

92
b* := min {b*, &} ,
8p(4 — p)o

Lemma 2.4. Let
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where b, is defined in Lemma 2.1 and

) k+1)(p—2 p_

= min Ey(uy, - s upyr) > w(é‘p)@f?
(ul,-~~,uk+1)€N,; 4p

Then, for any fized T} = (ri,-++,rk) € Ag and b € (0,b%), there is a minimizer

(w1, ,wrs1) of its corresponding energy Eb’N,; such that (—1)"'w; is positive in B;

fori=1,--- k4 1. Moreover, it satisfies (2.1).

Proof. For any (uy,--- ,ug1) € N, , it follows from the definition of V,” and the Sobolev
Inequality that

sl < /B P < (S,) 5wl

fori=1,---,k+ 1. Then we obtain

Jwilli > (Sp)2<’£2); (2.29)
fori=1,--- k41, and so
|k 1p
2
B, ) 2 3 3ol = (5= 5) 3 f i
k+1
p—2 oo (k+1)(p—2) =E5
>P=2 2> TP T L) gyt 2.30
R N (2.30)

which implies that

(k+1)(p—2) o\ 2
(73 2 T(Sp)p*%
Let {(u}, - ,u},;)} C N, be a minimizing sequence of Eb|N;, we deduce from (2.30)
that it is bounded in Hy. Thus, we may assume that (uf,--- ,up, ) converges weakly
to some element (u,--- ,u)_ ;) in Hy.
We claim that u? # 0 for i = 1,--- ,k + 1. Actually, noticing that
Juf]|; < liminf [|uf|;, (2.31)
n—oo
and
lim / |ul |Pde = / |uf [Pd, (2.32)
fori=1,---,k+ 1, ones obtain from the definition of N,  that

_p
ld|? < /B Pde < (S,)7 5 [l 7,
7

fori=1,--- k41, and so
4]l > (Sp) 7@,
for i = 1,--- ,k + 1, where we have used the compact Sobolev embedding H!(R?) —
LY(R?), ¢ € (2,6). Then we obtain the claim.
As for
(uTll7 T 7UZ+1) — (U?, T 7u2+1) (233)
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in Hy, we shall prove it by way of contradiction. Suppose that (2.33) is not true, we
have

ety llip < T inf [Ju; 3, (2.34)

for at least one iy € {1,--- ,k + 1}. Let

2
it i) = £+ b ([ 9t )

k1
+ 20 / |Vu| 2d$2t2/ [Vul|?dz — / |[uf [Pda,
J#i
for i = 1,--- ,k+ 1. Then, similarly as the proof of Lemma 2.3, we deduce from the
Poincaré-Miranda Lemma (see [26]) that there exists (¢7,--- ,t).,) € (Rso)**! such that
Gt ) =0, (2.35)
with t < 1 for i = 1,--- ,k + 1. Moreover, it is easy to check that (t{,---,t) ;) #
(1,--+,1) by (2.34).
We claim that
a=p@y [ urds < @p2u?, (2:36)
B;
fori =1,--- ,k+ 1. Otherwise, we obtain from (2.35) that
k+1
19217 + b (/ [T de) + b/ 10V Y| de/ 9Vl da > — Ht 92,
J#i
which together with (2.30) yields
k1
2 8b
fp w0w2<w#°u§j/|ﬁ wPde < S EH il
p J#
and so
py =2
~ 8p(4 —pay

This contradicts the assumption of b. Then we obtain (2.36).
Combining (2.35) and (2 36), we see that (t{u],--- ¢}, u) ;) € N, . Therefore, notice

that (2.31)-(2.32), (¢?,--- ,¢l.,) # (1,--- ,1) and Lemma 2.3, we have
ap = lim Ey(uf,- - ug,y)
hm Ey(tult, -+ ) up )
> Eb(toul, U)o
That is obviously a contradiction. Hence, (uf,--- ,u,,) is a minimizer of Ey| N Clearly,
we see that

(Wh U 7wk+1) = (’u(l)‘a_lu8’7 7<_1)k+2’u2+1’)
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is also a minimizer of Ej| N and by Lemma 2.2, actually a critical point of Ej.

Furthermore, noticing that it satisfies (2.1), ones deduce that each (—1)"w; is positive
in B; due to the strong maximum principle (see [27]). O

3. EXISTENCE OF SIGN-CHANGING RADIAL SOLUTIONS

In this section, we shall find a least energy radial solution of (2.1) among elements
in Ag. By using it as a building block, a radial solution of (1.1) that changes sign exactly
k times will be established. From then on, we will attach a superscript ?k on a notion
to emphasize the dependence of it on T

For any k-tuple ?k = (ry,---,7m) € Ag, we see that there exists a solution

wTk = (w?’“, -+ ,wy) of (2.1) which consists of sign changing components from the
section above. To compare the energy of them, we define the function ¢ : A, — R by

— T T T
QD(I'k):('D(Tl,---7Tk):Eb k( k?"' wk+k1)

. YL, T T
= ot R, 5.1)
(ug ¥, Vkal)eNk k7

and then give the following results.

Lemma 3.1. Let 7k = (ry, - ,r) € Ag, there holds

(): If riy — rig_1 — O for some ig € {1,--- ,k}, then o(7}) = +o0.
(ii): If ri, — oo, then o( 7 ;) — +oo.
(iii): ¢ is continuous in Ay.

In particular, there is a minimizer ?k = (F1, - ,Tk) € N of p.
Proof. (i). Since (w 7’“, e w,i’“l) eN k? ®~ . we obtain by applying Holder Inequality and
Sobolev Inequality that

P
T2 T 56 Til-2 1—7
o < [, WEtpae < (/? W dx) BF[1-F < CwTv | BT
B; k B,k
’LO 10
for some constant C' > 0, which means that |B§’“|g_1 < C’||w§’“||fo_2. Thus
T
[lwig *llio = 00,

as 1, — 7i,—1 — 0. This together with (2.30) show that the first item follows.
(ii). For any u € H}(R3), it follows from the Strauss Inequality (See [3]) that

|u(z)] <CH| “’”, a.e. in R?

with some positive constant C. By the above inequality and the fact
N, , ones have

T T
( kﬂ"' wk—i-kl)e

w17 3-
||Wk+1||k+1 _/ |wk+1|pdx < /? Hp R dr = Oy p||wk+1||k+1a
B Bk |z

and so 7% < C|w k+1Hk+1 Hence the second item holds.
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(iii). Suppose that a sequence

—n n n
r k}n = {(Tlv' o >Tk)}n C Ak
converging to T = (ri,--+ ,rg) € Ag. We shall prove the following two aspects:
o(T) > limsup o(T7) and o(T;) < liminf (). (3.2)
n—00 n—00
Firstly, to show the former case: ¢(T;) > limsup o(T'), we define v, kL [t —
n—o0
R by
rn v, [ Ti —Ti—1 n ;
Uzk::wik ﬁ(t_rifl)"i_rifl 7f0r2:17...7k’
T
and
—
ry T [Tk
V= W (—nt) :
+ i o
Then, standard calculation shows that
v v
o * I 2 = o, ’“Ilifk + 0, (1), (3.3)
/?n |Vv?zl2dx/?n Vo Pda = /7 |wa’€|2dx/7 Vol dz + 0,(1), (3.4)
B, k B; k B,k B; ¥
/?n o F P = /7 W [Pda + on(1), (3.5)
B, k Bk
fort=1,---,k+ 1. Consequently, analogous to the argument of Step 2 in Lemma 2.1,
we obtain that there is a unique (k + 1)-tuple of positive numbers (¢7,--- ,tp, ;) such
—=n
that (t7v, *,- - - k+1v,€?+1) € N '~ Furthermore, we have
Jim =1, (3.6)
. . P Ty ., .
fori=1,---,k+ 1. By the definition of (w; *, -+ ,w, "), it is easy to see
r o ¥p ¥r, ¥p N
By H(tivg e avgy) = E Flwg B wedy) = (). (3.7)
Combining (3.4)-(3.7), it follows that
‘P(? ) =By Fwy tee s wpy) = hmﬁsupEb NGRS k+1”k+1)
_>n n
> lim sup E ( LI ,w,i’“l) = limsup o(TY). (3.8)
n—oo n—oo
We complete the proof of the first part in (3.2).
T

Secondly, to prove the latter case:p(T)) < liminf o(T'), we define v, kL [ric1, 1] —
n—oo
R by
o ow (T
Ty —Ti-1

(t—ri_l)—kri"l), fori=1,--- k,

and
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where 75 = 0 and r}’, ; = +00. Then, standard computation shows that

o)

n ?n
22 =l 12 2 + 0n (1), (3.9)

i 2 Tr2g,. T2 TR
/B.?k Vo, *| dx/B?k [V, ¥ da:—/B?z |Vw, *|°dx B.?Z [Vw; *[*dx + o,(1), (3.10)

/ wFFPdz = / WX EPdz + 0, (1), (3.11)
v 1V wp 1V
B, B,
v e

fori =1,---,k+ 1. Combining (3.8) and the definition of (w; *,---,w, %), we deduce
from (2.30) that

. T 4pay,

1 ok n <

13:8;132 lw; ”Bfk S—t
and

2 i, e 2 2
||w; ’“||sz +b/B.?E Vw, *| dx;/B?g [Vw; *|°dr = /B?Z lw, *|Pdz, (3.12)
i = i i

and

. ?ZL p . v 2
7}1—%0(4 v) /B?? o " |Pda < nh—IgoZHw’ ||B.?k’

7
k3

Furthermore, similarly as the proof of (2.36), we can show

lim (4 — p) /?n |wi77’z|pdx < lim 2||w2-?2||2?n. (3.13)
n—o00 Bk n—0oo B; *
Since (3.12) and (3.13) and noticing (3.9) and (3.11), we deduce from the Step 2 in the
proof of Lemma 2.1 that there is a unique (k+1)-tuple of positive numbers (¢, - , ;)
such that
P o G o
n\2 r 2 n\2 T2 n\2 2
P e, 0 [ VTS [ 9
i J=1 J
?TL
— ()P Tiipg
@ [ o 10
and
n n
_ n\p k|P n\2 k112
a=n@y [ ufipde <2020,
fort=1,--- ,k+1as n — oco. Moreover, we have
lim ¢ =1,
n—oo

fort=1,---  k+ 1. Consequently, we get

- Ty, T 7 o Ty, TP Ty
() = B, (w'F - wlfy) < hrff_{}ngb Flog M v
_>774 n _>TL
= ligiorgf E,* (wl?’“, e w) = ligglfgp(?@.

Then we complete the proof of item (iii). O
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We shall prove that the point ?k = (T1,--+,7x) € Ag found in the above Lemma
is the very element in Aj which gives the solution of (1.1) with desired sign-changing
property. For simplicity, we will use ¢ to denote the radial variable of functions in Hy.

k+1

-
Proof of Theorem 1.1. To the contrary, we assume that Z w "k is not a solution of (1.1).
i=1
That is, there exists at least one ig € {1,--- , k} such that
dopt(t) - dugh ()
w, kB (t Wk (t
w_ = lim —2 2 £ i et
N dt 7 N dt *
7/0 ZO
— - =
For convenience, we will drop the superscript T in (w; *,--- ,w,,5) and use ' to denote

differentiation with respect to the radial variable t.
Fix a small o > 0, and define

wio(t)v te (Fi()*lvfio - 0>>
2t) =4 (1), te Ty — 0, +0), (3.14)
wio-i-l(t)? te (Fio + o0, Fi0+1),

where z(t) := w; (s, — 0) + wioﬂ(ﬂﬁ?{;wio(%ﬂ) (t — 74 + o). Then it is easy to see
that Z(t) has a unique zero point 3;, in (7;,_1,7;,). Using it, we set a (k + 1)-tuple of

functions (z1,- -, zk11) by
ZiO (t) = /Z\(t)7 t e (Fi()fngio)p

Zi0+1<t) - /Z\(t)a t S (§i07Fi0+1)7 (315)
zi(t) = wi(t), t € (Ti1,73) if @ # dg,io + 1.

Furthermore, we obtain by direct computation that

B! = ||wi0+1||Bi0+1 + Oa(l)

1zioll By, = llwioll B,y +00(1), NZig4allsy .,

and
/ \zio|pdx:/ i, [P + 0, (1), / \zio|pdx:/ i, [P + 0,(1)
B'ZO BiO B'EO BiO

as 0 — 0. Thus, similarly as the Step 2 in the proof of Lemma 2.1, there is_)a unique
k 4+ 1)-tuple (f1,--- ,txp1) € (Rsg)*™' such that (f121,--- ,fxp12k41) € NTH™ with

~~

N

k= (T1,"+ ,Tig—1, Sig> Tig+1, " - , k). Moreover, we have
lim (¢, ,tgrr) = (1, , 1) (3.16)
o—07t
and
- = _
]b(W) = Ebrk(wh T ka-‘rl) < Ebrk(tlzla T 7tk+1zk+1) = Ib(Z)7 (317)

k+1 k+1

where W, Z € H}(R?) are defined as W (t) := Zwi(t) and Z(t) := Zf,zz(t) We try
i=1 1=1

to give a contradiction in the following.
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Indeed, it holds
1,(Z) — [b(W)

—</; /W>< o

[ (e vz ——|Z|p) £t

71'0 .

- /%M (I(W’)2 + 1V(t)W2 - |W|P> t2dt
2 2 p

Fi() -0

[y ([ o) @19

where we have used the inequality

¢t dl A= dP
Z >4

dr2,
q = q 2

-
for any ¢,d > 0 and ¢ > 2. Noticing the definition of W and (wq, -+ ,wk1) € N, ©7,
we get

oo oo 2 00
/ (W) + V()W?)¢dt + b ( / (W’)2t2dt) = / |W [P£3dt. (3.19)
0 0 0
Combining (3.18) and (3.19) yields that
I(2) = I,(W)

TigTo oo 1+0bA 1 72| W P2
< < ’ +/ ) ( i (Z') 4+ V() Z? - |—|) t2dt (3.20)
0 Tig+0 2 2 2
0
Tiote /1 4 bA 1 1 1
+ / i i (Z'V? + V() Z? — =|Z]P + =W P | *dt (3.21)
Fig—0 2 2 p p
b > 242 ? b > 242 ? b OO N242 OO 242
+- (Z)23dt) + - (W22dt ) — = [ (W))22dt | (224,
4 0 4 0 2 0 0
(3.22)

where we denote -
A= / (W")2t2dt.
Let us consider (3.20). Since W satisﬁ?es W(7;,) =0 and
—(1+ bAY (W'Y + 2V (W = 2 |W P2, (3.23)
for t € [Fi,_1,T4,], we have (£*W')(7;,) = 0, and so
W (7, — 0) = —ow_ + o(c) and (75, — 0 )*W'(Ts, — o) = (Ti,)*w_ + o(0). (3.24)
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Noticing (3.16) and (3.24), we obtain by integrating (3.23)by parts that

Tig—0 1 bA 1 ZZ p—2
/ i ( il (2" + V() Z* — ﬂ> t2dt
0

2 2 2
(1 +0( ) /Tzo_a (1 + bA(W/)Q + lv(t)WQ H/Z’ ) ¢ dt

) 2 2
(1 +o0(1))(1+bA)
2
(

W' (7, — )W (Fiy — 0)(Ti, — 0)* + 0(0)

1+bA

w_)*(73,)%0 + o(0). (3.25)

In a similar way, we can get

00 2 p—2
/ (1 i bA(Z’)2 + 1V(lt)Z2 _ 2w ) t2dt

rso |2 2 2
__! +2bA (W, 272 )20 + o). (3.26)
Next, for (3.21), from (3.14) we can easily check that
/%W (ll/(t)z2 - M) t2dt = o(o) (3.27)
Fig—o \2 p
and )
/”OJFG ! +2bA(Z’)2t2dt _1f b4 (wy +w_)*(7s,)%0 + o(0). (3.28)
Fig—0
To consider (3.22), we shall prove that
T, = o(c?), (3.29)
fort=1,---,k+ 1. Suppose otherwise, we have

lim [0~ 2(tk0—1)\: max lim |0~ 2(t —1)|=B#0,

o—0+ 1<i<k+1o—0t+

for some ko € {1,--- ,k+ 1}. Then we obtain

0= lim o (Fyy(frzr, T zia) = Fig(wn, o i) (072 (fr = 1)
2
< 2”“%”20 + 4b </? |vwko|2dx)
Bkok
k1
+2b/_> |Vwk0|2dm2/_> |Vw;|*dz — /_> |wi, [Pd
Bko J#ko Bko
k+1

=(4— p)/_> ]wkolpdx—2|]wk0||k0 Qb/_> |V<,u;€0|2d$2/H |Vw;|*dz < 0,
B

kg ko J#ko
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t>
where Fj, is defined in_§2.17), and we have used the fact (wy, - ,wp1) € Ny 7,
¥ I T - = % M . . .
(tiz1, -+ ytet12k41) € NP7 and T — T4 as 0 — 07, This is a contradiction and we

obtain (3.29). Hence,

Z (/OOO(Z’)%f?clt)2 + Z (/OOO(VV’)%?dt)2 — g/ooo(W’)%?dt /OOO(Z’)%th
= Zli (/OO(W’)Qﬁdt /OO(Z’)Qt?dt>2
et ([ o

+ <—<w+ ZW L (o + <w>2>> (7ip)20)2 = o(0). (3.30)

Combining (3.25)-(3.28) and (3.30), we get

l\)\»—‘

a+bA _
1)(Z) = (W) < =——(wy —w-)(Ti)*0 +0(0),
which means that I,(Z) — I,(W) < 0 if we take ¢ > 0 small enough. This contradicts
(3.17). Then we complete the proof. O

4. ENERGY COMPARISON AND SOME PROPERTIES OF THE SOLUTIONS

From Theorem 1.1, we see that (1.1) admits a radial solution u; which changes
exactly k-times for any integer £ > 0. In this Section, we shall show that Ep(uy) is
strictly increasing in k. In particular, we prove that E,(ug) > (k + 1)Ep(ug). Now, let
us give the proof of Theorem 1.2.

Proof of Theorem 1.2. 1t follows from Lemma 3.1 that there is a vector ?k =
(T1,--+ ,Tk) € A such that

- .
ry)=_inf @k(?k),

?kGAk

o (

where ¢y, is defined in (3.1) and the subscript k is used to emphasize the dependence
%

= =4 =
on k. Moreover, Lemma 2.4 shows that a vector (w,"*,--- ,w, ) € N *" satisfies the
following system

k1 .
— (a—i— 62/4 |Vu]|2da;> Au; + V(|z|)u; = |wi|P?u;, x € B *,

u; = 0, xg{Bl’“

Furthermore, by Theorem 1.1, we see that
-
up =wyp P+ Wk+17

is a solution of (1.1) which changes sign exactly k-times. Denote also

4 =

. rpi+1 rri41
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as a solution of (1.1) which changes sign exactly k+1-times, and T 1 = (7,
A1 is obtained from Lemma 3.1
Let

=

\Thr1) €
rg= (F27?3a e 7Fk+1)'
: 7 ¥
Then, ones deduce from Lemma 2.4 that there is a minimizer (w,"*,---,w.%) of
=
EJS*| 2 _ such that
N, ®
k
T T E E
k k k J— 3 k
Ef*(w - wy) = inf  FE, (g, Uptr). (4.1)
(ulf",ukJrl)GN;:k’i
? j
Since B, C B/, we
¥ ¥ 7 ¥ ¥ ¥
have H, **'(B, ") € H]"*(B;*). Thus (wy ’““,wg FL w5 s an element of
ﬁ = =
T k+1 T k+1 l‘k+1 l‘k+1
H, *. Noticing that (w; "', wy "', - w, 57") € N5, we have
2
? 2 ?k 12
log “HF+0{ [ 5 [Ve, " de
B_rk+1
2 kt1 ? , 2
+b |  |Vw, "dx g e = L |wy M PdE <0, (4.2)
B,r k41 rk+1 B,r k+1
i JFLIF2 i
and
¥ ¥
(4—p) jw; " Pdr < 2|,
Brk+1
fori=1,3,---,

A (4.3)
k+2 ConsequAentAly, with the help of Lemma 2.3, we obtain that there
exists a unique (k + 1)-tuple (t1,t3, -+ ,tgr1) # (1,1,---
that

, 1) of positive numbers such
7 7 -~ 7 7
k+1 k+1 k+1 rk,—
(tlw tgw ,tk+2wk+2 ) c Nk
with t;, <1for7=1,3 k + 2. Moreover, we have
7 7 7 7 Ty 7
r k+1 k41 k+1 I' k4 k+1
EF *(w wy B < B (hw, M Taw, trpow ). (4.4)
Similarly, we have
7 Tepr &~ T -~ T
k+1 k+1 k+1
E (tlwl ) t3w3 ) ) tk+2wk+2 )
7 7 T ~ 7
o k+1 k+1 k+1
= B (w0, taws oWy 5
T T T ? T
k+1 k+1 k+1 k+1 k+1
< Eb (wl , W y W y s Weyo ) (45)
-
On the other hand, based on the definition of T, ones have
= = = = = =
Tk Ty g Tk ry
B (Wit wihy) < B (wrh, W)
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which together with (4.4)-(4. ) show that

I 0
Iy(uy) = b(w17"'7wk+1)
?k-s-l ?k-s-l ?k-s-l ¥>k-«-l ?IH—I
< Eb (wl y Wo y Wa y T ,wk+2 ) = ]b(uk—i—l)-

= =
Since up = wi* + -+ Wk, is a solution of (1.1) changing sign exactly k times, it
follows from Lemma 2.4 that (—1)"w; i positive for each i = 1,--- ,k+1. We denote
=

©; = (—1)"*"'w* for simplicity. Clearly, we see

2
||@,~||?+b</ﬁ |V@i|2dx> —/j 5|Pdz < 0
Birkﬂ B;Iﬁtl

and
4= [, [@Pds < 2o
Bir k+1
fori=1,---,k+1. Thus it follows from Lemma 2.3 that there exists a unique 0 < <1
such that

(o

, € N”“ =Ny,
where NN, is defined by
Ny = {u € HA{O}((D)' (w), u) = 0, ((S)'(w), u) < 0}

and
) = (Y ()0 = a4 ([ rw\?dx)Q - [ ra

Moreover, it holds
I(uo) < I(tiy),

fori=1,---,k+ 1. Consequently, by a direct computation,
k+1 k+1 R R
(k+ Do) < Y 5060 = 3 (6G3) - 140
i=1 i=1
L 4B
= P @rI =Sy [ el
p i=1 Birk
RPN k+1
< - Z (leH? + b/% |V &,| dez /% \V@j\2dx>
j# Bjrk
k+1

Z /j |&o; |Pd
| k1 k1
< A_LZ <||@Z||3+b/ V| de/ |V, d:v) — —pZ/_> | |Pd
i=1 7B "
N

JF#i
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where we have used Lemma 2.3.

To complete the proof, we need to show that ug is a ground state radial solution of
(1.1). Noticing that ug is a minimizer of N, we only need to show that all the least
energy radial solutions of (1.1) are in Ny . Actually, let vy be a least energy radial
solutions of (1.1). Then, we deduce from (1.4) that

2
|voll3, + b </ ]Vvo\2dx> :/ |V |Pda. (4.7)
R3 R3

Moreover, since (VV (x),z) < 0 for any € R3, we find from [28] that v, also satisfies
the following Pohozaev identity

1 3 1
—/ |va|2dx+—/ V(x)|v0|2dx+—/ (VV(2), x)|vo|*dw
2 R3 2 R3 2 R3

b .\ 3
+ = |\Vu|*dx | ——= [ |[VuelPde = 0. (4.8)
2 \Jgs D Jrs

Combining (4.7) and (4.8) yield that

1 6 —
/ V(z)|vo|*da + —/ (VV(z), x)|vo|*dx = _p/ |VuglPde, (4.9)
R3 2 Jps 20 Jrs

which together with the condition (VV(x),z) < 0 and the assumption 3 < p < 4 show

that 5
/RB VeoPda < 7= [l (4.10)

Therefore, by (4.7) and (4.10), we see vy € N, . Then we complete the proof. O

Finally, we will prove the convergence property of u’ as b — 0F.

Proof. For any b € (0,b,), it follows from Theorems 1.1 and 1.2 that there is a radial

solution u? € H of (1.1) which changes sign exactly k times. Let b, — 0% be any

sequence as n — 00, since Ty = (T, -+ ,7) € Ay obtained by Lemma 3.1 does not
ﬁ

depend on b, we know that a family of annuli {B,"*}**! are fixed. Moreover, clearly,

that
T : T
ap BT = inf ES *(wy, - Wit1)

=
T

(W1, Wi 1)EN, ko

is decreasing as b N\, 0". Thus, there exists Cy > 0 such that

e T E
Co> Ey MWy s weliy,)
P 7 7 LN (T 7. ) 7
:Ebnk(%,b’la"' We+1,b, )—ZZ@E%"( Lbyo " wk—t—lbn) bfl>
| H k+1
. Zn w2 - (———)Z/H W P

k+1
2 b
Z o 2 = 2 e e
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- = -
where we have used the fact (w)),---,w. /5, ) € NS . Then we obtain that {ubr}

is bounded in #H. Thus, there exists a subsequence of {ut"} we still denote by it for
convenience, such that uZ” — 4 # 0 weakly in H. Furthermore, standard argument

shows that u) is a weak solution of (1.6). By the compactness of the embedding
H — LI(R3) for 2 < ¢ < 6, we have

g — w3,
= (I (u}") — Ioud, ubr —u) — bn/ |Vl 2dyc/ Vb (Vulr — Vud)dr

el —ukdx—/|uk|p2ukuk—uk>dmo

R3
as n — oo. Then we get uZ” — u) strongly in H. Moreover, it follows from
= = =
(Wi, we ) € NJT©7. Then we obtain that {u;”} that

—
lore |2 < / L wrrPde < Sl I,

and so
H%MW2>C>0
fori=1,---,k+ 1. Thus,
||w||p2>0>O
fori=1,---,k+1,ie., u) changes sign exactly k times.
Let v, be a least energy radial solutiog of (1.6), and vy = vg1 + -+ + Vg g1 With

v, 1s supported on only one annulus Bfk and vanishes at the complement of it for
t=1,---,k+ 1. Then we have

no = (53 ) Il = (5-3) 2 Z Jorall? = s (a.)

where

Qg = inf Io(uy + -« + ugyr)
(U1, Up 1) EMg

and

M= {(an ) €l ol = [ e} (4.12)

The existence of v, can be obtained by a similar proof of Theorem 1.1. Furthermore,
(4.11) and (4.12) yield that

23 2p
S < lowall? :/ |Vg,i[Pdr =
B; b=

2a0,k’7

fore=1,---, k + 1. Then, similarly as the proof of Lemma 2.1, there exists a unique
(k + 1)-tuple (¢1(bn), -+, tg+1(bn)) of positive numbers such that

~ —~ T,
(tl(bn)vk,la e atk+1(bn)vk,k+1) €N, ",
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for n large enough. Moreover, ones deduce that

(a(bn)v e 7%\lc+1(bn)) — (17 e ,1),

as n — 0o. Consequently,

- = -
Io(v) < Io(up) = lim Ty, () = lim By * () wihy,)
t) AN —~
< lim Ebik(tl(bnwk,la ot () Uk kg1)
n—oo
g
= By " (k1,5 Urgkt1) = Lo(vr),

and so u} is a least energy radial solution of (1.6) which changes signs exactly & times.
The proof of Theorem 1.3 is completed. U
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