CONCENTRATING SOLUTIONS FOR A CLASS OF INDEFINITE
SCHRODINGER-POISSON SYSTEMS WITH DOUBLY CRITICAL GROWTH

LIEJUN SHEN AND MARCO SQUASSINA

ABSTRACT. We study the following Schrédinger-Poisson system involving critical nonlocal term with
indefinite steep potential well

—Au+ AV (2) = p)u— ¢lul*u = f(u), z€R’

—A¢ = |u|57 T € Rsa
where A > 0 is a parameter, V € C(R®,RT) admits a potential well Q £ intV ~'(0), and p > p1 is a
constant such that the operator Ly £ —A + AV — p is non-degenerate when \ is large enough with
{1;};21 denoting the Dirichlet eigenvalues of (—A, Hg (Q2)). If f satisfies some suitable assumptions
involving critical growth, with the help of a linking-type result involving the modified Pankov-Nehari

manifold procedure, we establish the existence and concentrating behavior of positive solutions for
the given system using variational methods.

1. INTRODUCTION

1.1. Overview. Due to the real physical meaning, the following Schrodinger-Poisson system

(1.1) { —Au+V(2)u+ du= f(z,u), =R,

—A¢p = u?, r € R3,
proposed by Benci-Fortunato [10] was used to describe solitary waves for nonlinear Schréodinger type
equations and search for the existence of standing waves interacting with an unknown electrostatic
field. We refer the reader to [10,31] and the references therein to get more physical background of it.
In recent years, by classical variational methods, there exist many interesting works concerning the
(non)existence of nontrivial solutions, multiple solutions, sign-changing solutions and semiclassical
states to the system with some different assumptions on the potential V' and the nonlinearity f, see
e.g. [15,16,20,23,38,41,44,47] and the references therein.
Nevertheless, the results for the generalized Schrodinger-Poisson system below

1.2 —Au+V(z)u+epg(u) = f(z,u), x€R3,
42 —A¢ = 2eG(u), z € R3,

are not as fruitful as problem (1.1), where ¢ € R, G(t) = fot g(z)dz and |g(t)| < C(|t| + [t]|*) with
s € [1,4), see [3] for instance. Given a constant R > 0, denoting po to be the principle eigenvalue of
(—A, H}(Bg(0)), Azzollini-d’Avenia [2] investigated the existence of positive ground state solutions
for the following Schrodinger-Poisson system

—Au = pu + e¢lul3u, x € Bg(0),
(1.3) ~A¢ = elul?, x € Bg(0),
u=¢=0, on 0BRr(0),
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where p € (31“—00, o) and € > 0. They also considered the nonexistence of nontrivial solutions when
p < 0. Note that although the second equation can be solved by a Green function, the term e|u|>
results in a critically nonlocal nonlinearity in (1.3). After it, by introducing a cut-off function (see
e.g. [22]) and utilizing a monotonic trick developed by L. Jeanjean [21], for sufficiently small € > 0
and ¢ = —1, the authors in [26] proved that

—Au+ V(z)u +ep|ulPu = f(u), x€R3,
—A¢ = |ul, z € R3,

possesses at least a positive radially symmetric solution if V' > 0 is a constant. When V =1 and
f(u) = olul?tu with o > 0 and ¢q € [1,5] in (1.4), authors in [27] contemplated the nonexistence,
existence, multiplicity and asymptotically behavior of nontrivial solutions for some € € R, respectively.

In [32], employing the mountain-pass theorem and the concentration-compactness principle, Liu
studied the existence of positive solutions of the Schrédinger-Poisson system

—Au+ V(z)u — K(z)plulPu = f(z,u), xcR3,
—A¢ = K(x)|ul, T € R3,

(1.4)

where V, K and f are asymptotically periodic functions with respect to the variable z € R3.
In [18], Feng considered the existence of positive ground state solutions to the nonlinear Schrédinger-
Poisson system
—Au+V(z)u — dluPPu = |u|*u + g(u), xcR3,
{ —A¢ = |ul5, z € R3,

where V(x) = 23 + 23 + 1 is a partially periodic potential for all x = (21,72, 73) € R3, and g is an
appropriate nonlinear function involving subcritcal growth. By assuming

(V) Voo £ liminf V(z) > Vp £ meS V(z) >0,
S

|z]—o0

the author in [19] investigated the existence and concentration of ground state solutions of

—2Au+ V(z)u — dlulPu = [ul*u + g(u), =€ R3,
—2A¢ = |ul, T € R3,

where € > 0 is a parameter and g € C(R,R) is a subcritical nonlinearity satisfying (AR) and (Ne)
(see Remark 1.3 below). There are also some other interesting works on system (1.3) or (1.4), we
refer the reader to [4,25,48] and the references therein.

If ¢ = 0 and replacing V() with AV (z) — p in (1.2), it comes from the Schrédinger equation

(1.5) —Au+ WV (z) — pu = f(z,u), z e RY,

where X\ > 0 is a parameter, u € R is a constant such that the operator Ly = A + AV (z) — pis
non-degenerate for \ large, V € C(RY,R) and f € C(RY x R, R). In the pioneer work [5], Bartsch
and Wang supposed that p = —1 and V satisfies

(V1) V € C(RN R) with V(x) > 0 for all z € RY;

(Vo) there is a constant M > 0 such that the set ¥ 2 {z € R : V(x) < M} is nonempty and has

finite measure;

(V3) Q£ intV=1(0) is nonempty, where V=1(0) £ {z € RY : V(z) = 0},
then established the existence and multiplicity nontrivial solutions to Eq. (1.5) under some mild
subcritical conditions on f for some large A. In particular, if f(z,t) = |[t[P~2t with 2 < p < 2* for all
(z,t) € xRN x R, Bartsch and Wang [7] assumed (V;) — (V2) and

(Va) © £ intV=1(0) is a nonempty set with smooth boundary and Q = V=1(0);

to obtain the existence and concentration of ground state solutions for large A\. Meanwhile, by using
the Lusternik-Schnirelmann theory, they derived the multiple positive solutions to Eq. (1.5). The
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assumptions like (V1) — (V3) and (V3), or (V4), were proposed by Bartsch et al. in [5-7] to study the
nonlinear Schrodinger equation. Obviously, the harmonic trapping potential

N

Viz) = Zwi!$i|2—w, if |(wrm1, ooz, , JoNTN)|? > w,
=1
0, if |(\/(,71$1,\/(,72x2’... 7\/@1,]\]”2 <w,

with w > 0 satisfying (V1) — (V4), where w; > 0 is called by the anisotropy factor of the trap in
quantum physics and trapping frequency of the ith-direction in mathematics, see e.g. [9,12]. Indeed,
the potential AV with the above hypotheses is usually known as the steep potential well.
Concerning the critical case of (1.5) with steep potential well, Clapp-Ding [14] supposed f(z,u) =
|u|?"~2u with 2* = 2N/(N —4) and N > 4 to established the existence, multiplicity and concentration
of positive solutions for all ¢ > 0 small and A > 0 large enough, where (V;) — (V2) are assumed and

(V5) Q £ intV=1(0) is a nonempty and bounded set with smooth boundary and Q = V~1(0).

Subsequently, Tang [43] improved and generalized the results in [14] by replacing (V2) with a stronger
condition

(V) Voo £ liminf V(z) > 0.

|z| =400
As to N = 3 in the critical case of (1.5) with steep potential well (V1) — (V) and (V4), by letting
p = —1, Zhang-Zou [46] proved the existence and concentration of positive ground state solutions

for A > 0 sufficiently large by means of the penalized procedure. For p > 0 large enough, as an
application of the modified Nehari-Pankov manifold method developed in [35], Li et al. [29] supposed
(V1) and (V) — (V) to study the existence and concentration of ground state solutions for Eq. (1.5)
with a critical convolution nonlinearity.

1.2. Functional framework. Before stating the main results in this article, we introduce several
notations and definitions. Let (X, ||-||x) be a Banach space with its dual space (X1, ||-||x-1), and ®
be its functional on X. The Cerami sequence at a level ¢ € R ((C), sequence in short) corresponding
to ® means that ®(z,,) — ¢ and ||®'(x,)||x-1)(1 + ||zn||x) — 0 as n — oo, where {x,} C X. If
for each (C). sequence {z,} in X, there exists a subsequence {z,, } such that z,, — z¢ in X for
xo € X, then we can say that the functional ® satisfies the so-called (C). condition. The space
LP(R3) denotes the usual Lebesgue space with the norm | - |, with 1 < p < +o0.

Throughout this paper, we denote H'(R?) by a Hilbert space equipped with the following inner
product and norm

(u,v) g1 (rsy = / (VuVv 4 uv)dz and ||ul| gigsy = / (1, u) g1 (rs).-
R3

Taking p > p; into account, motivated by [37], we shall introduce a new work space as the operator
Ly is indefinite. Let Vy(z) £ AV (x) — pu and V/\i(x) = max{xV\(z),0} > 0, define the space

X\ & {u c H'(R?) : /R3 Vil (@) |udz < +oo}

which is a Hilbert space with the inner product and norm

(u,v)x, = /]R3 [VuVv + ViF (z)uvldz and [jul x, £ 1/ (u,u)x,.

According to Lemma 2.1 below, we conclude that (X, | - ||x,) can be continuously embedded into
(HY(R3), || - | 71 (ws)) for some large A > 0.

On the other hand, the operator L)y = —A + V) is self-adjoint with domain D(L)) = X and as we
will see in Section 2, L) is invertible when A > 0 is suitably large. So, it holds that X\ = X\ & Xj\',
where L is positive definite on the infinite dimensional space Xj\“ and negative definite on the finite
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dimensional space X, . Hereafter, let us denote Pf by the orthogonal projections from X to X)jf
with the decomposition X, = X, & X I, respectively. What’s more, the projections P, and P)'f are
also orthogonal with respect to L?-inner product. For any u € X, setting

lull, = IIPullz, + 1Py ullZ,,
where
P2, = / (IVPFul + (\V(2) - w)|PfulPlde,  Vue Xy,
RS

|Prull?, = — /RS (VP uf? + (AV(2) — )| P ul?]de, Yu € X

Particularly, one may observe that
/RB [[Vul? + AV (2) = p)|u*]de = || Pfullf, — Py uli,.

We note that the norm || - || x, is equivalent to || - ||z, for some large A > 0, see Lemma 2 below.

1.3. Main results. In the present paper, we focus on the following Schrédinger-Poisson system
involving critical nonlocal term
{ —Au+ AV (z) — p)u — ¢lulPu = f(u), xcR3,

4o 86 = [uf v R,

where A > 0 is a parameter, V € C(R?,R*) admits a potential well Q £ intV~1(0), and p > py is a
constant such that the operator Ly £ —A+ AV (x) —p is non-degenerate when A large. More precisely,
we always suppose that g > p1 and p # pj for every j € N, where {,uj}oo 1 denotes the Dirichlet
eigenvalues of (—A, H}(Q)). Let {ej}52 be the corresponding eigenfunctions of Lo = —A — p in
H(Q). Tt is clear that

(1.7) 0<pr < - <pj<pjpr <--- and p; — 400 as j — 400,

where each /1; has been repeated in the sequence according to its finite multiplicity. When p & {p; };";1
and p > pp, under some suitable assumptions on f with critical growth, we study the existence
and concentrating behavior of positive solutions for (1.6). We shall get existence and concentrating
behavior of positive solutions for (1.6). From now on until the end of the paper, we would always
suppose that the assumptions (V;) and (V5) — (Vg) hold true in R3. As to the nonlinearity f, it is
assumed that :
(1) :{ g(t) + 12, ?ft>0,
0, ift <0,

where g € C°(R,R) vanishes in (—o00,0] and satisfies

(91) 9(t) = o(t) as t — 0;

(g92) there are Cy >0 and p € (2,6) such that |g(t)| < Co(1 + [t|P~1) for any t € R

(g3) there is n > 2 such that g(t)t > nG(t) > 0 for all t € R, where G(t fo

(g4) there are r € (4,6), A > 0 and B > 0 such that G(t) > Alt|" — B[t]Q for any t 6 R.

We obtain the following result.

Theorem 1.1. Suppose (V1) and (Vs) — (Vs) as well as and (g1) — (ga) hold true, then there is a
constant A* > 0 such that (1.6) has a nontrivial solution (uy, ¢u,) € X) x DY2(R3) for all A > A*.

It is very natural to wonder that whether the obtained solution in Theorem 1.1 is a ground state
solution. Thus, our next aim concerns this issue and try to give an affirmative answer to the question.

Theorem 1.2. Under the assumptions of Theorem 1.1, if in addition we suppose that
(95) if g(t)s = g(s)t > 0, then G(t) — G(s) < 5[g(t) + g(s)](t = s) for all t, s € R,
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then the solution obtained in Theorem 1.1 is a ground state for all A > A*.

Remark 1.3. The term |u|*u in the nonlinearity f(u) = g(u)+ |u|*u and the critically nonlocal term
éu|ul?u lead to system (1.6) has doubly critical growth, see [19] for instance. The assumption (g4) is
mainly exploited to estimate the critical value by pulling it down to a particular constant which is
independent of A. As a direct byproduct, we shall combine (g3) and (g4) to verify that every (C)
sequence at this level is uniformly bounded in X). It is worthy pointing out that the assumptions
(g93) and (g4) can be replaced with the following stronger Ambrosetti-Rabinowitz condition (which
plays a vital role in [19])

(AR) there exists a constant n > 4 such that g(¢)t > nG(t) > 0 for all t € R.

The reader is invited to see that (gs5) is weaker than the following Nehari type monotone condition
(Ne) the function g(t)/|t| in nondecreasing for all ¢t € R\{0}.

Indeed, without loss of generality, we suppose that ¢ > s > 0 in (g5). By (Ne), if g(t)s = g(s)t > 0,

one has

6t~ ) = | 90, < 90 / P ORS0) / o0+ g(s))(—5)

t+ s 2

As a consequence, the approach adopted in [19] would be unapplicable to our problem and there is a
new analytic technique to show that the (C') sequence is uniformly bounded. We highlight that the
assumptions (g1) — (gs) are suitable for the nonlinearity g(t) = |t|P~2t for all t € R with 4 < p < 6.

Remark 1.4. To find a ground state solution for the indefinite variational problems, it is known that
the Nehari-Pankov manifold procedure introduced by Pankov in [36], later developed by Szulkin-Weth
in [42], is an effective and important method, see [1,29,43] for example. The authors in [35] proposed
a modified Nehari-Pankov manifold idea to investigate the concentrating behavior of ground state
solution for indefinite problems with steep potential well. Alternatively, the doubly critical growth
and the nonlinearity f € C(R) appearing in system (1.6) prevent us repeating the relevant arguments
in [1,29,35,42]. Hence, some interesting tricks would be proposed in this paper to conclude Theorems
1.1 and 1.2, respectively.

To derive the proofs of Theorems 1.1 and 1.2, we firstly take advantage of the arguments introduced
in [33, Theorem 2.1] (see also [8,24,28,45] for example) to construct a (C). sequence of the variational
functional Jy : X, — R defined by

(1.8) Ia(u) = 1/ [[Vul® + Vi (2)u?] do — 1/ bulul’dr — / F(u)dz, Yu € X).
2 R3 ].0 R3 R3

In order to explain it clearly, given a Hilbert space and a variational functional ¥ € C!(E,R), we

denote u, T by the convergence of a sequence in topology 7 and suppose that
(A1) V¥ is T-upper semicontinuous, that is, ¥~1([t,00)) is T-closed for any t € R;
(Ag) ¥ is T-to-weak* continuous in W~1([0, 00)), that is, ¥/ (u,) — ¥’(ug) provided that u, 7, uo
and ¥(u,) > 0 for each n € N;

(A3) There exists r > 0 such that m = inf U(u) >0, where E =Y @ Z;
{ueZ:||u||g=r}

(A4) For every u € E\Y, there exists an R = R(u) > r such that sup ¥ < ¥(0) = 0, where
OM (u)
Mu) £ {tutveE:veY, [tut+v|]p <R, t>0}.

The following result can be found in [33, Theorem 2.1].

Proposition 1.5. If U € C}(E,R) satisfies (A1) — (A4), then there is a (C) sequence {u,} at the
level

c=inf inf sup U(h(d,1)),
E\Y hel'(u) o e M (u) " )
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where T'(u) consists of h € C(M(u) x [0,1]) satisfying the following conditions

(h1) h is T -continuous with respect to norm || - ||7;

(h2) h(u,0) =u for all w € M(u);

(h3) ¥(u) > ¥(h(u,t)) for all (u,t) € M(u) x [0,1];

(h4) each (u,t) € M(u) x [0,1] has an open neighborhood W in the product topology of (E,T)
and [0,1] such that the set {v —h(v,s) : (v,s) € W N (M(u) x [0,1])} is contained in a finite
dimentional subsequence of E.

Suppose in addition that

(45) Ifue ME{uec E\Y : ¥ (u)(u) =0 and ¥'(u)(v) = 0 for any v € Y}, then for allv €Y
and t > 0, there holds V(u) > V(tu + v),

then it holds that

c<em = infﬁl\ll(v).
vE

Moreover, if ¢ > W(u) for some critical point uw € E\Y, then ¢ = cypr = U(u).

With Proposition 1.5 in hands, we are able to exhibit the detailed proofs of Theorems 1.1 and 1.2
by setting £ = X\, Y = X, Z = X;\r and U = Jy, respectively. Actually, if we can verify that the
variational functional Jy satisfies the (C') condition for some suitably large A > 0, then the proofs
become available. Nevertheless, the above choices of Y and Z would prevent us contemplating the
asymptotical behavior of the obtained solution when A — +00. As a consequence, motivated by [35]
we shall reconstruct the pair Y and Z to reach our another aim in this paper.

According to (1.7), there is a jo € NT such that 0 < puy < po < -+ < pjo < p < fjo41 < --+. We
recall that {e;}72, are the corresponding eigenfunctions of Ly = —A — p in HE(Q) and define

— A — A
X, =span{ei,ea, -, e} and X, = span{ej;+1,€jo42, - }»

then H(Q) = X, ® Xa' . Moreover, one knows that Lg is negative and positive definite on X;” and
X, respectively. For each e; € H}(Q) with j € {1,2,--- 70}, we denote by &; € H(R?) its trivial
extension, namely

e; in ()
1.9 TR ’
(1.9) i {0 in Q° = {z: 2 e RA\Q).
We now define
Xo_ £ span{éy, €z, -, €5} and XSL = ()~(0_)L

indicating that X, = Xo_ @ )N(J and we shall denote P;E by the corresponding orthogonal projections
from X, to Xoi with such a decomposition.

At this stage, we are going to choose (B, || - ||g) = (Xu, |- l5,), Y = X5, Z = X and ¥ = Jy in
Proposition 1.5, respectively. Moreover, we define the ground state energy by

d)\ = ug./l\fu J)\(u),

where and in the sequel
My = {u € X)\ Xy : Ji(u)(u) =0 and J}(u)(v) = 0 for any v € X }.

As a consequence, we are in a correct direction arrive at the proofs of Theorems 1.1 and 1.2 which
enable us to contemplate the asymptotical behavior of the obtained solution as follows.
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Theorem 1.6. Under the assumptions of Theorem 1.1 above and let (uy, ¢u,) € Xx X DV2(R3) be
a nontrivial solution of (1.6) for all A > A*. Then, passing to a subsequence if necessary, it holds
that uy — ug in HY(R3) and ¢, — ¢u, in DH2(R?), where (ug, ¢pu,) is a solution of

|u(y)]® > 3 4
—Au — pu — dy ) |u|?u = g(u) + |ul*u, =z €,

w e HY(Q).

We note that, to the best knowledge of us, the results in Theorems 1.1, 1.2 and 1.6 are new by now.
It should be mentioned here that this paper should be regarded as a supplement and generalization
as the works in [29,35]. Nevertheless, we prefer to emphasize that one cannot conclude our results
just by repeating the methods in these two quoted papers. On the one hand, the Lagrange multiplier
theorem, which played crucial roles in [29,35], is no longer applicable because g € CY leads to that
M, is not a C'-manifold; On the other hand, because of the appearance of doubly critical terms in
the system (1.6), compared with [29, Lemma 2.11], we have to take a different idea to pull down the
critical value. As a matter of fact, there are some other unpleasant barriers. For instance, to derive
the linking structure of Jy, there are some deep analyses in Lemmas 3.3 and 3.4 below. Moreover,
even if one can borrow the techniques in the literature to prove Lemma 3.5, we have to introduce
some new tricks to deduce it because of (g5). As one can observe later, all of the above facts prevent
us applying the variational method to prove the main results in an usual way.

This paper is organized as follows. In Section 2, we shall provide some preliminaries. Section 3
is devoted to the verifications of the conditions (A1) — (As) associated with Jy in our variational
settings. In Section 4, we exhibit the detailed proofs of Theorems 1.1, 1.2 and 1.6, respectively.

Notations: From now on in this paper, otherwise mentioned, we ultilize the following notations:

C,C1,Ca,--- denote any positive constant, whose value is not relevant and R* £ (0, +00).
| - |p,o stands for the usual norm of the Lebesgue space LP(Q) for all p € [1, 4+00].

For any o > 0 and every z € R3, B,(x) £ {y € R3: |y — x| < o}.

on (1) denotes the real sequences with o, (1) — 0 as n — +o0.

“— "7 and “ — 7 stand for the strong and weak convergence in the related function spaces,
respectively;

2. PRELIMINARIES

In this section, we introduce some preliminary results. From now on until the end of this article,
we shall always suppose that the assumptions (V1) and (V5) — (Vi) hold just for simplicity.
As stated in the introduction, we will verify that the norms || - | x, and || - ||z, are equivalent and

clarify the decompositions of the work space X, associated with X = X GBX;r and X = X o X ;
First of all, we prove the following imbedding result.

Lemma 2.1. There is a constant Ag > 0 such that for any A > Ay and u € Xy, we have

(2.1) Jull g1 (rsy < Collullx,,

for some Cy > 0 independent of A > Aq.

Proof. Motivated by [35, Lemma 2.1], choosing My = %Voo > 0, then there exists an R > 0 such that
(2.2) V(z) > My, Yo € B4(0) and suppV,” C Bg(0) whenever A\ > My~ *,

where supp V™ denotes the support set of V, . Define Ag 2 (u+ My)My~! > 0, then for any u € X
and A > Ag, we apply (2.2) to obtain

1 1 1
(2.3) / wPde < = [ OWV(@) - pwulPde < - / Vit (@) ul?de < - lul%,.
B (0) Mo J e (0) Mo J Bz (0) My
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Denoting the constant

(2.4) S £ inf{|Vul3 : u € DY*(R®) and |u|g = 1} > 0,

where DV2(R3) = {u € LS(R?) : |Vu| € L?(R?)} with a norm || - | pr2(rs) £ |V - |2. Then, one has

1 1
3 3
[ e <o ( [ ulds) < ima)( [ o)
Br(0) Br(0) R3
2 2
(25) < 57BaO)F [ | (VuPde <57 BRO) ulR,. vu € H'(E)
It follows from (2.3) and (2.5) that
14+ My
My

HU”?{l(Rif) =

_ 2 ~
rs 1|BR<0>|3) %, 2 G2l

whenever A\ > Ag £ (u + MO)MO_1 > 0. The proof is completed. O

As a corollary of Lemma 2.1, one may find that the work space X can be continuously imbedded
into LP(R?) and compactly imbedded into L} (R?) for 2 < p < 6 whence A > Ag. In particular, for
every u € X, there exists a constant S, > 0 independent of A > A\g such that

(2.6) lulp, < Spllu|x,, whenever A > Ag.

Moreover, let {u;(Lx)}52; and {x;(Lo)}32, be the class of all distinct eigenvalues of the operators
Ly in Xy and Lo in H}(2), respectively. It is well known that p;(Lo) = pj — pt — +00 as j — oo,
where {u;}32, is the eigenvalue sequence of (—A, H}(2)). Since p € (1jy, ptjo+1) for some jo € NT,
there holds

(2.7) p1(Lo) < pa(Lo) < -+ < pjo(Lo) <0 < pjos1(Lo) <+ < pjpa(Lo) <--- .

Let V;(Ly) and V;(Lg) be the eigenfunction spaces of the eigenvalues p;(Ly) and p;j(Lo). If for
every sequence )\, — +oo and normalized eigenfunction v, € V;(L,, ), there exists a normalized
eigenfunction ¢ € V;(Lg) such that v, — 1 in H*(R?) along a subsequence, we say that V;(Ly) —
V;(Lo) as A — +o0.

The following lemma can be proved similarly as that of [35, Lemma 2.5], hence we just present
them without proof.

Lemma 2.2. Forall j=1,2,---, one has

(2.8) pi(Ly) = pi(Lo) and Vi(Ly) = V;(Lo) as A = +oo.
Moreover, there exists a A1 > Ao such that for any A\ > Ay there holds
(2.9 i(L2) < a(Ln) < -+ < ajp(Ln) < 0 < pgia(Ln) < -
It follows from (2.7), (2.8) and (2.9) that there exists a A2 > Ay such that
(2.10) 1 (L) < %MO(LO) <0< %,%H(Lo) < t21(Ly) whenever A > As.
This implies that X, = iozl V;(Ly), for all A > As.
Lemma 2.3. The norms || -||x, and || - ||, are equivalent on X for each X\ > A, that is, there are

two constants C1,Cy > 0 independent of A > Ao such that

Cillullx, < llullzy < Collullx,, Yu € Xi.
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Proof. For all u € X, then u = P)\_u—i—Pju, where Py u € X, and P/\+u € X;\". Since 0 <V, (x) =
max{u — AV (x), 0} < p jointly with the fact that P,” and Pj are orthogonal, we obtain

HUH,QXA = / [|VP;_U‘2 + V;(a:)]P;u\Q] dx + / [|VP/\_u]2 + V)\+(ac)|P/\_u]2]d:v
R3 R3
2 [ [TV ) + V)P0 (P ) o

= [|Pfull%, + 1Py ulk, + Q/RS (Vi (@) (P ) (Pyw)|da

> [P ullk, + 1Py ullk, — 20l Py ul2| Py ulz
(2.11) > ||P)\+u||§(A + ||P/\7u|\§(A - ZuSQQHuH%(A, provided A > Ag,

where S2 > 0 comes from (2.6). Some simple observations give us that
IPFulE, = [ I9Pl? + Vi@ P ) ds
(2.12) < /R IV PFul’ + Vit (2)| P ul]de = | P ul,
and since V) (z) =V, (z) — V7 (z) > =V, () > —p, there holds
Py ullf, = — /R3 (VP ul? + V()| Py ul?]de < /RB Vy (2)| Py ul?dz
(2.13) < ,u/R3 | Py ul?d < /LSQQHPA_uH%(A, provided A > Ay.

Combining (2.11), (2.12) and (2.13), there holds
lullZ, = 1Py ullZ, + 1Py ulli, <max{1,uS3}(1+2u83)llull,
(2.14) £ C%HuH%(A, whenever A > Ay.
On the other hand, due to the Cauchy-Schwarz inequality, we apply (2.10) to get

ul, :/ [|vu\2+v;(x)yu\2]dx:/ [|Vu]2+V,\(x)|u]2}d:E+/ Vi (2)|uf?de
R3 R3 R3

1Py ull?, HP)\_U’H%)\>
o1 (Ln) — —pjo (L)
1 1 2 A -2 2
) u :C u .
Hjo+1(Lo) —Mjo(LO)}>H I, = Gz,

Combining (2.14) and (2.15), we can arrive at the desired results. The proof is completed. U

< ull, + 2u(Pful3 + [Py ul3) < ullZ, + 2u<

(2.15) < <1 + 4y max {

Once the work space X is built, we turn to establish the variational structure of system (1.6).
Following the classic Schrodinger-Poisson system, it can reduce to be a single equation. Actually,
according to the Holder’s inequality, for every u € H'(R3) and v € D'2(R?), one has

5 1
6 5
|lu|Pvdz < (/ \u|6d:v> (/ |v|6d:n)
R3 R3 R3

_1 _1
(2.16) < S72fuldllvllpraesy < ST2SElullfn gs) 0l przges),

where we have used the inequality (2.6).
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Given u € H'(R3), one can make use of the Lax-Milgram theorem and then there exists a unique
¢!, € DY2(R3) such that

(2.17) / (Aqbu)vdazz/ ngqud:U:/ lu[Pvdz, Vv € DV2(R?),
R3 R3 R3

showing that ¢! satisfies the Poisson equation
—A¢y = |ul’, z € R3.
In view of [30, Theorem 6.21], its integral expression can be characterized by
(2.18) du(2) —/ de, z € R3,
R3 |2 =yl
which is called by the Riesz potential. It follows from (2.18) that ¢, (x) > 0 for all x € R3. Taking
v = ¢y in (2.16) and (2.17), we derive
(2.19) [ pullpro@s) < S50 |[ull s ms)-
Substituting (2.18) into (1.6), one can rewrite (1.6) in the following equivalent form
(2.20) (=A)u + Va(z)u + dpu = g(u) + |u|*u, = € R3,

whose variational functional is exactly defined by (1.8) above. It would be simply verified that .Jy is
well-defined in X and belongs to C!(Xy,R) with derivative given by

Ji(u)(v) = / [VuVv + V) (x)uv]de — / bu|uPuvdr — / (g(u) + |u|*u)vdz
R3 R3 R3
for any u,v € X,. It is clear to see that if u is a critical point of Jy, then the pair (u,¢,) is a

solution of system (1.6).

Definition 2.4. The solutions of (1.6) and (2.20) have the following relationships:

(1) We call (u,¢) € HY(R3) x DV2(R3) is a weak solution of problem (1.6) if u is a weak solution
of problem (2.20).

(2) We call u € H!(R3) is a weak solution of (2.20) if

/ [VuVo + Vy(z)uww + ¢y |ulPuv — g(u)v — |u|*uv] dz =0,
R3

for any v € H'(R?).

(3) If u € HY(R3) is a positive solution of (2.20), then we call (u, ) € H'(R?) x DV2(R3) to be a
positive solution of (1.6). If u is a ground state of (2.20), then so is (u, ¢) € H*(R3) x DY2(R3) of
(1.6).

Let us define the variational functional N : H'(R3?) — R by

1 1
N(u) = o /R3 bu|ul’dx £ o R3(Ie * |ul®)|ul’de,
where I.(x) = |z|! for all z € R*\{0} and * denotes the convolution operator.

In the following, we collect some important properties for N as follows.

Lemma 2.5. For every u € H'(R®), one has the following conclusions:

(i) For any t > 0, there holds ¢y, = t°dy,.
(i) N(u) >0 and N(tu) = t'°N(u) for any t > 0.
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(iii) If up, — u in HY(R3), then, going to a subsequence if necessary,
(2.21) N(un) — N(up —u) — N(u) — 0,
and
(2.22) N'(u)(9) = N'(u)() = 0, Voo € O3 (D).

(iv) N(u) = %|Ie/2 « ul’|3, where I.jo(x) = |z|72 for all x € R3\{0}.
(v) Let w =tu+wv for allv € H'(R3®) and t > 0, then

2 _
N'(u) <t 5 1u—|—tv> — N(w) 4+ N(u) <0.

Proof. For the proofs of Points (i)-(iii), we refer the reader to the counterparts in [26,27] and so the
details are omitted.
Then, we begin verifying the Point (iv). Thanks to [30, Theorem 5.10], it holds that lo = I./3 * Io/2
and so
1

N = g5 [ e e = 55 [ (e e Lo s laulde = 35 [ (o ol o

which is the result in Point (iv).
Finally, we show the verification of Point (v). Clearly, it follows from the Holder’s inequality that

8 2
(Iojo * [ufuw)® < (Ijp * [ul®)® (Ioja * [w]?)®

From which, we are able to take advantage of Point (iv) to derive

/ buluPu ( u+tv> dx/ bo|w|>dz + 10/ bu|ul’dz

1
N /R:s (Ie/2 ’ \u\‘:’) (ﬂe/Q * ]u\?’uw - *16/2 * \u’5> - 10 R3 ( e/2 * W] ) dx

2 2
- /]R3 (Ie/g * |u|5) dx

= —% /RS (tlej * [ul® = Topo * [uPuw)” da
1
10 R3 {(Ie/2 * ’w|5)2 +4 (Ie/2 * ’u‘s)Q -5 (Ie/Z * |u\3uw)2} dx

< oo [ o WP) 4 (T [0P) =5 (T # 0l (Tege # 0f) P}
R3

2 2
1 2 Ie/2 * |w’5 Ie/2 * ‘w|5 ’
—— I 5 ——— | -5 "——= 4 5 dx.
10 /Ra ( e/2 % [l ) (Ie/2 e Iojo * |ul? + o
According to the obvious fact that t2 — 5t5 +4 > 0 for each ¢ € (0, 400), we shall immediately reach
the desired result. The proof is completed. O

3. TOPOLOGICAL AND LINKING STRUCTURES

In this section, we shall mainly pay our attentions to the verifications of the conditions (A;) — (A4s)
associated with Jy in our variational settings
First of all, it follows from (g1) — (g2) that for each € > 0, there is a constant C; > 0 such that

(3.1) / max {|G(u)|, |g(u)u| }dz < elul3 + Cc|ulb, where p € (2,6).
R3
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Then, let us prove the 7-topology properties for Jy.
Lemma 3.1. Let A > Ay with Ay > 0 given by Lemma 2.3 and suppose that (g1) — (g2), then the

variational functional Jy defined by (1.8) is T -upper semicontinuous.

Proof. For each t € R, we shall suppose that {u,} C J, ' ([t,00)) satisfies u,, T . According to the
definition of T-norm, we have that {|| Py u,||z,} is uniformly bounded and Pyfu, — P u. Since
G(s) >0 for all s € R and N > 0 by Lemma 2.5-(ii), one can find that {|| P} uy||z,} is uniformly
bounded and Py u, — Py u. It follows from the Fatou’s lemma that

1 _ 1
) = 2 (1Pruld, — 1Pl - / bululdz + / F(u)da
2 10 Jps R3

o 1 — 112 +, |12 1 5
<timint {5 (17wl = 1Pl + g [ dunlunl®do s [ Flunas
= liminf —Jy (up) < —t
n—oo
implying that Jy(u) > t. The proof is completed. O
Lemma 3.2. Let A > Ay and assume (g1) — (g2), then Jy is T -to-weak® continuous in W~1([0,00)).
Proof. Given a sequence {u,} C X, satisfying {u,} C J;*([0,00)) and uy, N u, then, proceeding
as the proof of Lemma 3.1, one sees that {||u,|,} is uniformly bounded. Moreover, Py u, — P u
and Py u, — Py u. Becasue dim X, = jo < +00, one has that P, u, — P, u. As a consequence, it

holds that w,, — u in X. Recalling Lemma 2.3, we can make use of Lemma 2.5-(iii) and (3.1) finish
the proof of this lemma immediately.

Finally, we begin verifying the geometry structures of J).

Lemma 3.3. Suppose that (g1) — (ga), then there is a constant Az > Ay such that, for all X > As,
there holds

(3.2) _inf Ix(u) > o,
{uGXJ: ||u||L>\:r}

where r, 0 > 0 are some constants independent of X > As.

Proof. First of all, we claim that there exists a A3 > Ay such that for any A > A3 and u € Xar , We
have the following inequality

(3.3) /RS [[Vul® + Vi(z)u?] dz > Co /Rs [[Vul? + Vit (z)u?] da,

where Cy > 0 is a constant independent of A > A3. Since u € X, one has that
u = P;u + Py u,

where P u € X" and Py u € X . Recalling V) (z) = Vit (z) — V() for all z € R? and V, (z) < p
in R3, it follows from some simple calculations that

/ (VP ul? + Vit ()| P ul?] dz
R3
= / (VP ul® + Va(2)| P ul?] de + / Vy ()| Py ulde
R3 R3
g/ VP uf? + Va@) P uf?] dx—i—u/ P ufde
R3 R3

K +, (2 +, (2
< 1—1—)/ VP ul” 4+ Vi (x)| Py ul?| dz,
(1+ 2 [ Ivpe + vaie o]
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where we have used the fact that 1j,41(Ly) is the smallest eigenvalue in the space X;f.

Then, due to (3.4) and Vi (z) = V," (z) — V (z) for all € R3, some elementary computations
give us that
(3.5)

/ [1Vuf? + Va(a)u?] de
RS

= / [V P ul? + Va(a)| Py ul?] do + / [|V Py ul? + V()| Py ul?] da
R R

tjo+1(Lx)
N Mjo-l-l(L)\) +u

tjo+1(Lx) / + 2 + + 12
= — " VPTul* 4+ V" (z)| Py ul|?| dz
tjo+1(Ln) + 1 Jps [VEul N @IPul]

fo+1(Lx) / —2 Lt 12 fjo+1(Lx) - 2
e VP ul” + Vi (x)| Py ul*| de — —=——"— Vi (2)| Py ul“dx
i (L) + 1 Jga 1V A OB oy i Jes T (I
p
+—
tjo+1 (L) + p
Hio+1(Ln) / | 2 + 2 M -2 - 12
= "= Vul” + VN (2)|u]*| de + ————— VP ul*+ Vi(z)| Py ul”| dz
parea L) 1 g 0V et i e [V P VAl ]
_ Hio+1(Ln)
Hio+1(La) + p
We denote e; and ey ; by the eigenfunctions of Ly and Ly corresponding to y;(Lo) and p(Ly) for
Jj €{1,2,---}, respectively. Moreover, without loss of generality, we would suppose that |ej|2.0 = 1
and ey jl2 =1 for j € {1,2,---}. Then, for all u € X and so (u,é;)r, = 0, we obtain

/11{3 (VP ul? + Vit (2)| P ul?] do + /R3 (VP ul® + Va(2)| Py ul?] do

/]RS (VP ul® + Vi(2)| Py ul?] dz

/ Vi (x) (|P)\_u|2 + 2P uP; u) dx.
R3

Jo
Pru=2) lex;

j=1
which together with (2.6), (2.8) and Lemma 2.3 implies that

Jo
/RS Py ul*dz = Z e
j=1

Jo
) — ~
pilweni)ien; = ) leagllz? (uen; —é)rien;
j=1

Jo

—4 ~ -2 92 ~

L eng = &)y Pleasls < S3C2 Y lleag 2w, exy — &5)ry |
j=1

Jo
< —jome (L) S3l[ulle, D lleay — &lIZ, = ox(D)ul,.
j=1
Adopting (2.8) again, there is a Az > Ay such that, for all A > As,

Piot1(In) o Hjo+1(Lo)
Mot (L) + 1~ 2(pjo+1(Lo) + 1)

and
tjo+1(Lo)
4(pjo+1(Lo) + 1)

,UJJ'0+1(L)\)
tjo+1(Lx) + p
It is clear that

/ Vi (2) (|Prul? + 2P uPyu) de < lull%,
R3

M - p—
Hio+1(Ln) + 1t /RS [V P ul? + Vi(2)| Py ul?] da < 0.
J0

Hig+1(Lo)

Inserting the above formulas into (3.5), we obtain the desired result by choosing Cy = o (Lo )
Jo
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With (3.3) in hands, for all u € X, we combine (2.1), (2.6), (2. 19) and (3.1) to derive
W = Pl = 15 [ oo = [ Gldo—g [ pulas

> ZHUIIXA — Collull ¥, — CoHUH@’(A — Collul%,
Since p > 2, there exists a constant r > 0 small to reach the desired result. The proof is completed. [

Lemma 3.4. Let A > Ay and suppose that (g1) — (g4), then for all ug € XA\XO_, there is an Rg > r
such that

ax J <0,
UGgleUO) A(u) <

where M (ug) = {tug +v € Xy :v € Xy, |[tuo +v||r, < Ro and t > 0}.
Proof. First of all, we claim that

(3.6) /Rg [[Vo]? + Va(2)v?] dz < 0, Vv € X \{0}.

Jo

Actually, one can conclude that v = ) f;€; for some 3; € R with j € {1,2,---, jo} according to
=1

the definition of X, where e; comes from (1.9). So, we have that

Jo

/R[|VU|2—|—V>\ dm—Z/ |Ve]|2—,ue}dx—2( - )/ejzd:ﬂ<0

Jj=1 @

showing (3.6). Since G(t) > 0 for all ¢t € R, we are able to gather Lemma 2.5-(ii) and (3.6) to obtain
that Jy(v) <0 for all v € X, .
Combining G(t) > 0 for all ¢ € R and Lemma 2.5-(ii) again, one has
1 _ 1 _
(1) S < (1Pl ~ I Prul,) — slwldlull,, vu= Pfut Prue Xy,

where w = u/||u||z,, which reveals that w € X; @ Rtug if u € M (ug). Motivated by [40, Lemma
2.2], we claim that for each fixed constant a € (0,1), there exists a constant Cy, > 0 such that

(3.8) | Pfwl|r, > sin(arctan o) = |w|§ > C,.

In fact, let v = sin(arctan ) € (0,1) and define
502 {ve Xy PR uo: olls, = Land | B ollz, =7}

Obviously, |w|§ > me [v|¢ £ C, > 0. Arguing it by contradiction, we could suppose that C, = 0.
vEFH

Thereby, there exists a sequence {v,} C § such that |v,|3 — 0 as n — co. Passing to a subsequence

if necessary, there is v € X, such that v, — v in X, and P;vn — P;rv because {P;vn} C Rtug.

Therefore, ||Pyv|[L, >~ >0 and |v|$ < lirginf lvn|8 = 0, a contradiction. Hence, (3.8) holds true.
n—oo

To proceeed the proof, we distinguish it two cases:
@) 1P ully /1Py ulln, < aand (1) [|[Pulln, /I[Py ulln, = o
If (I) occurs, then ||u||%A < (14 a2)\|P;u||%A. By (3.7), we obtain

1-—

1 _
Ia(u) < *||UH%A — 1Py U||%A < m

| w HL,\ — —00 as ||U”LA — 00 and u € 0M.
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If (II) occurs, then || Py w||r, > sin(arctan ). Combining (3.7) and (3.8), we have
Ca
6
In summary, there is a sufficiently large Ry > r to reach the desired result. The proof is completed. [

1
Ia(u) < 7Hu||%A - ||u||6LA — —o0 as |jul|r, — oo and u € IM,.

Lemma 3.5. Let A > Ay and suppose that (g1) — (gs), then for any u € X)\Xy and v € X; with
t > 0, there holds

2 _
(3.9) Ia(u) > Jy(tu +v) — J4(u) (t 5 1u+tv> .

In particular, the condition (As) holds true.

Proof. Some elementary calculations provide us that

2
JA(tu—i-v)—J,\(u)—Jﬁ\(u)(t 5 u+tv)

2 _

1

) /R [IV0? + Va(2)0?] dz + N'(u) (t

u+tv) — N(w) + N(u)

Jr/R3 {f(u) <t22—1u+tv> + F(u) —F(tu+v)}d:€_

In view of Lemma 2.5-(v) and (3.6), to derive (3.9), it suffices to show that

2
d(t, ) = f(u)< 5 u+t¢) + F(u) — F(tu+1v) <0

for all (¢,7) € R x R. We shall follow the idea used in [34, Proposition 4.1] to achieve this goal.
Without loss of generality, we would suppose that « > 0 and the nonlinearity f, therefore, satisfies
the assumptions (g1), (g3) and (g5). By (g3), we see ®(0,) < 0 and

2 _
B(t.) < flu) (t !

u+tw> + %f(u)u — F(tu+ )

2
= (—gf(u)u +tf(u)C — A0|C\2> + (Aol¢” = F())

£ Pl (t,v) + D*(t,v),

where ¢ = tu + 1 and Ag > 0 is a sufficiently large constant satisfying ®! is negative definite with
respect to (¢,7) € RT x R and so ®! is bounded from above for all (¢,1) € Rt x R. Then, it cleanly
knows that ®(t,1)) — —oo as |(t,¥)| = (12 + [¢|?)1/? = oo and there exists a (tg, 1)) corresponding
to the maximum of ®. Since ®(0,%) < 0, we can assume that to > 0. Moreover, one has that

(3.10) { 0y ®(to, vo) = f(u)(tou + o) — f(tou +1o)u = 0,
' Oy ®@(to, o) = tof (u) — f(tou + o) = 0,
yielding that
(8:11) f(w)o = 0.
Inserting (3.11) into the first equality in (3.10), by to > 0 and (g3), we reach

(3.12) fltou+ vo)u = f(u)(tou + o) = tof(u)u > 0.
Let t 2 u and s £ tou + g in (gs), it follows from (3.10), (3.11) and (3.12) that
t2-1

O(t,9) < D(to,v0) = 5

fw)u+ F(u) — F(tou + o)
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_ b = L Ok (ks wg)] [(1 — to)u — 3]
L1 - Ly g LERS ) [(21 — to)u — Y]
=0.
The proof is completed. O

4. PROOFS OF THE MAIN RESULTS

In this section, we are going to focus on showing the detailed proofs of Theorems 1.1, 1.2 and 1.6,
respectively.

According to Section 3, under the assumptions (V1) and (V5) — (Vg) as well as (g1) — (g4), by the
settings (E, || - |g) = (Xo, |- |,), Y = Xy, Z = X and ¥ = Jy, in Proposition 1.5, there is a (C)
sequence {u,} C X at the level

(4.1) cy2 inf inf  sup Jy(h(d,1)).
X\\Xy hel(w) e (u)

Speaking it clearly, the sequence {u, } satisfies
(4.2) Ix(up) = ¢y and (14 HunHLx)HJ;\(Un)HX;l — 0 asn — oo.

First of all, we shall show that the mountain-pass value ¢y can be controlled by a positive constant
which is independent of A > Ags.

Lemma 4.1. Soppose 1t € (ijy, tjo+1) and (g1) — (ga), then

1
%13—\/5(%—1)253’

A>A3 30 2
where Ag > 0 is determined by Lemma 3.3.

Proof. Without loss of generality, we are assuming that 0 € Q and By(0) C Q. Let ¢ € C§°(R?) be a
cutoff function with its support set located in By (0) such that 0 < ¢(x) <1 and ¥(z) =1 on B1(0).
It is well-known that S > 0 in (2.4) is achieved by U.(z) = (3¢)'/4(e + |z|>)~'/2, where £ > 0. Then,
set u.(z) = ¥(x)U:(x) € H}(RQ), inspired by [11], one can obtain the following estimates

(4.3) Vuelio =52 +0(2), luclfo = 52 +0(2), luf3o = O(c2),
and for some constant Ky > 0 with s € (3,6) such that
(4.4) uclSq = Kee' 1.
Thanks to the Cauchy inequality and Diamagnetic inequality (see e.g. [30, Theorem 7.21}),

1 1
/\us\ dx—/V¢u5V\u5\dx< /]VqﬁuE]de—i— /ywey dz
which together with (4.3) gives that

/N%ﬁm>z/wﬂmj/ww%x
Q Q Q

(4.5) = 52 + O(e2).

To continue the proof, we define

1 1
= / V| 2dz — // [u@Pl)P dy — /G(u)dw— / lulSdz, Yu € HE(Q).
2 /o lz —yl Q 6 /o
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We claim that max Ig(tu:) < ¢* if e > 0 small enough. Indeed, it is standard to find a constant
€ [Ty, T] such that I (t.u.) = max Io(tu.), where Ty, T? € (0, +00) are two constants independent
of € > 0. As a consequence, it follows from (4.3)-(4.4) and (g4) that
2 y t o 2 12
Ig(teue) < §|Vu6’2,9 ’v¢us’29 ’Ue’()g (A|t€‘ |U€|r,Q — Blt.| |U€|2,Q)

t2 10 6-r 1
< max{2|Vu5|g — 1—O|V¢ua\% — 6u5]g} - C (O(s 1) — 0(52)> )

t>0

In view of [18, Lemma 3.4], we can apply (4.3), (4.4) and (4.5) to conclude that
(4.6) max Ig(tue) < c* + 0(5%) - CO({;‘%) <c

if € > 0 is sufficiently small since r > 4. So, the claim is true.
Finally, for any v € X; C H(Q) and all ¢ > 0, it easily concludes from (V3) that

1 tue + v|° [tue + v[°
In(tue +v) = 2/ (|V(tu5—|—v)\ —p|tu5+v\ dx — // [bue |x| | y|€ | dxdy
0 —

1
—/G(tug—i—v)dx—/ |tue + v|0dx
Q

2 410 5
< / |Vue|*de — — // |1’La| |u£|| dxdy —/Gtus )dx — — /]uelﬁdx
r—y

< In(t = Iq(t
r{l;xgc a(tue) = Q( clUe) < 7,
where we have made use of [13, Proposition 4.2] in the first inequality and (4.6) in the last inequality,
respectively. In view of the definition of ¢y in (4.1), the proof concludes. ]

Next, we mainly focus on verifying that the variational functional Jy satisfies the (C')., for some
suitably large A > 0. Before proceeding it, we shall deduce that any (C')., sequence of .Jy is uniformly
bounded for all A > Ajs.

Lemma 4.2. If p € (fjy, jo+1) and (g1) — (ga) hold, suppose that {u,} C Xy is a (C)., sequence
of Jx for any X\ > A3, then {uy} is uniformly bounded in X).

Proof. Suppose it by contradiction, we would suppse that ||u, || x, — +00asn — co. Let v, = oo
n A
passing to a subsequence if necessary, there exists a v € X, such that v,, = v in X, v, = v in
LP (R3) with p € [2,6) and v, — v a.e. in R3. Firstly, we claim that v = 0 a.e. in R3. Otherwise,

loc
the set T = {z € R3 : |v(z)| > 0} possesses a positive Lebesgue measure and so |u,| — +0o on T as

n — oo. It follows from (g3) and (g4) that

(4.7) liminf/ Wmﬁd:c = +o0.
T mn

Since {u,} C X, is a (C)., sequence of Jy, we apply (g3) to obtain

, 1
ex = limsup [Jx(un) = 53 (un) (un)]
n—oo

2 1 1
= lim sup {5 /R3 bu, [tin|*dz + 5 /]RS [9(un)un — 2G(uy)]dz + 3 /RS |un|6da:}

n—o0

1
> —limsup [N (upn) + |un|g]
3 n—oo
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which together with Lemma 4.1 indicates that {N(uy)} and {|un|e} are uniformly bounded for every
A > Ay, Consequently, we have
!

J n n . . n n
0 = limsup Salun) (un) <C3 - hmlnf/ M|vn|2d$,
R3

oo Junll%, n—00 |un?

a contradiction to (4.7), where Co > 0 comes from Lemma 2.3. Thereby, v = 0 a.e. in R3. Because
dim X} < +oo, v, — 0, where v, = P, v, € X, and v;) = P}fv, € X{. According to Lemma 2.3,
without loss of generality, we can suppose that [|v;" H%A + ||v, H%A = 1, then it permits us to see that
HfquH%A - Hv,j”%A > 1 for some sufficiently large n € N. Taking (g3) into account, then

cy = limsup [J,\(un) — ;Jf\(un)(un)]

n—0o0
Y {n
= lim sup
n—0o0
1 1 1
+/ g(up)uy, — nG(uy, dfc+<—>un6}
- [ ot = G+ (= 5l

, n—2 ) 11 11 6
> 10(=-—- =N -
> lisogp{ 1 |unllz, + <?7 10 (un) + 076 | g

+ o0

1

—9 _ 1
ol e 1, i 1)+ 10( 3 = 5 ) V)

which is impossible, where we depend on Lemmas 2.3 and 4.1 as well as the facts that {V(uy)} and
{lun|6} are uniformly bounded for all A > As. The proof is completed. O

Lemma 4.3. If i € (pjo, ftjo+1) and (g1) — (94) hold. Let X > A3 and {u,} C Xy be a (C),
sequence, then there exist v € (2,6) and og > 0, independent of X, such that |u,|, > oo, for alln > 1.

Proof. First of all, by Lemma 4.2, the sequence {u,} is uniformly bounded in n € N for all A > As.
Motivated by the counterparts in [37,39], let us divide the proof into intermediate steps.

STEP I: Let A > Az and {u,} C X be a (C)., sequence, then there are r € (2,6) and o = g(\) > 0
such that |u,|, > o, for all n > 1.

Suppose, by contradiction, that u, — 0 in L"(R3) for every r € (2,6). Owing to the boundedness
of {u,} in X, we conclude that {u,} is uniformly bounded in L(R?) for all ¢ € [2,6), too. As a
consequence, one simply invokes from (3.1) that

(4.8) lim g(up)updr =0 and lim G(up)dz = 0.

n— o0 R3 n—oo R3

In view of (2.2), by using the Holder’s inequality, we have

0 S/ Vi (%) |un |*da :/ Vy (%) |un|*dz < ,u/ |y, |2da
R3 Br(0) Br(0)

2
(4.9) < ;L|BR(O)|S:2 (/ |un|sdx> N 0, as n — oo.
Br(0)
According to (4.8)-(4.9) and ILm J3\(un)(un) = 0, it holds that

(4.10) lunll%, = 10N (un) — |unl§ = o0n(1).

Without loss of generality, we could suppose that H“””%Q — [ as n — oo. Obviously, we conclude
[ > 0. Otherwise, HunH?XA — 0 which indicates N(u,) — 0 and |u,|$ — 0 by Lemma 2.5-(ii) and
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(2.4), respectively. Combining these facts and (4.8), it reveals that ¢y = lim Jy(uy,) = 0, which is
n—o0

absurd because of Lemma 3.3. Now, we suppose that 10N (u,,) — 1 and |u,|$ — lo. By the Cauchy
inequality and Diamagnetic inequality (see e.g. [30, Theorem 7.21]), one has

541 51
/ \un\%;:/ Vo, Vg |de < V5 + / \Vqﬁu”y?derL / Vi, |2da
R3 R3 R3 4 R3

4
541 5—1
= V5 + / bu, |tn|>dz + V5 / Vo, |2da
4 R3 4 R3
which implies that
1 —1
(4.11) Iy < \/g+ i+ \/g l.
4 4
Recalling [ = I3 + l2, we apply (4.11) to reach I; > 3*27‘/51. So, by (4.11), there holds
11 1 11 13—-+/5
412 — i D)= ol — oy = 4 — >~V
(412) er = Hm J(un) = 5= ph gl = 3l 5h 2 =55

In view of (2.4) and (2.16), by (4.10), one has
1 <SP+ 5737
yielding that 12 > @53 since [ > 0. Whereas, with the help of (4.12), we reach
13- V5 (VE-1\2
cy > Sz,
30 2

which contradicts with Lemma 4.1. The proof of this step is done.

STEP II: Conclusion.

Let r € (2,6) be as in Step I. Suppose by contradiction that the uniform control from below of
L"(R3)-norm is false. Then, for all k € N, k # 0, there exist A\, > Az and a (C)cAk sequence {uy,,}
such that

1
[Upn|r < o definitely.

Then, by a diagonalization argument, for any k > 1, we can find an increasing sequence {n;} in N
and up, € X, such that

Tany, (Wny) = e+ 0k(1), (L [unllzy, DA, Wn)llxor =0, fun, | = ok (1),
g
where o (1) is a positive quantity which goes to zero as k — +00. Then, we are able to arrive at a

same contradiction in the Step I with Lemma 4.1, again. The proof is completed. O

Lemma 4.4. If n € (1o, ftjo+1) and (g1) — (ga) hold. Assume X > Az and {u,} C Xy is a (C)e,
sequence, then there is a constant A* > A3 such that Jy satisfies the (C)., condition for any A > A*.

Proof. Let {u,} be a (C)., sequence of Jy, then {||uy| x,} is uniformly bounded by Lemma 4.2 for
each A > Aj3. Passing to a subsequence if necessary, there exists a u € X such that u, — u in X},
up — win L (R3) with p € [2,6) and u, — u a.e. in R®. To show the proof clearly, we shall split

it into several steps:

Step 1: Ji(u) = 0 and Jy(u) > 0.
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To show J4 (u) = 0, since C§°(R?) is dense in X, then it suffices to exhibit that J4(u)(¢) = 0 for
every ¢ € C5°(R3). Thanks to Lemma 2.5-(iii), it is a direct conclusion. Because u is a critical point
of Jy, according to (g3), one has that

Talw) = Jy(u) — 5.4 (u) () > 0.

Step 2: Define v, £ u, — u, then there is a A* > A3 such that v, — 0 in L¢(R?) for all ¢ € (2,6)
along a subsequence as n — oo when A > A*.

Actually, since {v,} is uniformly bounded in n € N for all A > Ag, then we have one of the
following two possibilities for some r > 0:

(i) lim sup/ v, |2d2 > 0,
r ()

n—o0 y€R3
(ii) lim sup / o |2da = 0.
"0 yeRr3 J Br(y)
As a consequence, the conclusion would be clear if we could demonstrate that the case (i) cannot
occur for sufficiently large A > 0. Now, we suppose, by contradiction, that (i) was true. Proceeding
as the very similar way in Lemma 4.3, there is a constant § > 0 independent of A > A3 such that

lim sup/ ]vn|2d:v >4
(v)

n—oo y€R3 B

for some r > 0. Since {uy,} is uniformly bounded in X, without loss of generality, we can assume that
lim Hun”g(A < O for some O € (0,400). Clearly, there holds lim anﬂgﬁ < 40. Recalling v,, = 0in
n—oo

L;IOC(R3) with ¢ € (2,6) and |A,| — 0as p — +oo by (2.2), where A, £ {z € R3\B,(0) : V(z) < Mo},
we can determine a sufficiently large but fixed p > 0 to satisfy
(4.13) lim sup/ [on |2da < 0
n—r00 JBy(0) 4
and
.
o\’
4.14 —
where S; > 0 comes from (2.6). Combining (2.6) and (4.14), one sees that
. 2 . % ﬂ 2 E S
(4.15) lim sup |vn|“dx < lim sup lon|dx | [Apl e <4OS A T < .
n—oo JA, n—00 Ar 4
Let us choose A* = max {1 As, @} then for all A > A, we reach
1 0 4
(4.16) li7rzn_>sol<1>p/8 o |2da < 117ILI1_>S£p )\Mo/ AV (z) — p] Jon|Pde < —— N <7

P

where B, £ {z € R¥\B,(0) : V(z) > Mp}. We gather (4.13), (4.15) and (4.16) to derive

6 < lim sup/ v |2da < hmsup/ v, |2dx
Br(y)

N0 cR3 n—00
9 3

= limsup (/ v, |2 d +/
n—=o0 \JR3\B,(0) B,(0)

P
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which is impossible. The proof of this step is done.
Step 3: Passing to a subsequence if necessary, u, — u in X, as n — oo.

Since v, £ u, — u, by Lemma 2.5-(iii) and the Brézis-Lieb lemma, one has
(4.17) In(vn) = Ia(un) — Ja(u) 4+ on(1) and J3(v,) = J3(un) + on(1).
According to Step 2, we take advantage of (3.1) to deduce that

lim g(vp)vpdr = 0 and  lim G(vp,)dx = 0.

n—oo R3 n—o0 R3

A similar argument in (4.9) provides us that

lim Vy (@)|vn|?dz = 0.

n—oo R3
The above two formulas together with Lemma 2.5-(iii) and the Brézis-Lieb lemma indicate that
on(1) = J;\(un)(un —u) — J;\(u)(un —u) = HUTLH?)Q — 10N (vp) — |Un|g‘

If ||lun|lx, — I > 0, proceeding as the very similar calculations in STEP I in the proof of Lemma 4.3,
we are able to apply the Step 1 and (4.17) to get

1
. 13-V5 (V5 -1\2 s
(4.18) ey > ey — Ia(u) = 71151;0 Ix(vp) > 30 ( 5 > Sz,
which is absurd because of Lemma 4.1. Therefore, [ = 0 and it is the desired result. The proof is
completed. O

Now, we are in a position to show the detailed proofs of the main results in this paper.

4.1. Proof of Theorem 1.1. First of all, due to the discussions in Section 3, there is a sequence
{un} C X, satisfying (4.2) for all A > As. Then, we are derived from Lemma 4.2 that {u,} C X} is
uniformly bounded in X for all A\ > A3. So, passing to a subsequence of necessary, there is a u € X
such that u, — v in X, u,, — u in LfOC(R?’) for all 2 < p < 6 and u, — u a.e. in R3. Recalling
Lemma 4.4, there is a A* > A3 such that u,, — v in X for all A > A*. As a consequence, we have
that Ji(u) = 0 and Jy(u) = cy, with ¢y given by (4.1). As to the positivity of u, it is trivial and we
omit it here. The proof is completed.

4.2. Proof of Theorem 1.2. If in addition (gs) is supposed, we conclude that (As) holds true by
Lemma 3.5 and so ¢y < dy. The proof would be done if ¢y > Jy(u). Actually, since u, — u in X
for all A > A*, we see that ||u, — u||r, — 0 by Lemma 2.3. Thereby, for u,, = P;Lun + Py u, with
Pu, € X) and Py w, € X}, it holds that ||Pyfu, — Pyfu L, — 0 and ||Py u, — Py ul|z, — 0. So,
combining (g3) and the Fatou’s lemma,

1
C\ = hnrgg.}f [Jk(un) - ng\(un)(un)]

o (n=2 ) iy 11
= tmint { "2, )+ 10(; - 35 ) V)
w2 [ ot~ G un))do+ (5= & ) uals
— glUun)Un — 1 Un X - — = Un
n Jrs n 6 6

> 12 1 = ) + 105 = g )N+ [ ot i) ds

1 1
()
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1
> Ja(u) — HJﬁ(U)(U) = Jx(u)
finishing the proof.

4.3. Proof of Theorem 1.6. Suppose {uy,} C X, to be a sequence satisfying J,/\,L(UAn) =0 and
Iy, (uy,) = €y, . Passing to a subsequence if necessary, we are derived from Lemmas 3.3 and 4.1 that

(4.19) 0< o< lim Jy (uy,)= lim ¢, £cq<c
An—00 An—00

Adopting (4.19), we can argue as the proof of Lemma 4.2 to prove that {uy,} is uniformly bounded
in X, . Up to a subsequence if necessary, there exists a u € H!(R3) such that uy, — u in H'(R3),
uy, — uin LfOC(R?’) with 2 < p < 6 and uy, — v a.e. in R3. Then, we are ready to prove u = 0 in
Q¢ = {x: x € R®\Q}. Otherwise, there is a compact subset ¥, C Q¢ with dist(2,, 9Q¢) > 0 such
that v # 0 on ¥, and by Fatou’s lemma
(4.20) lim inf/ uldr > / uldz > 0.

R3 u

n—oo

Moreover, there exists €9 > 0 such that V(z) > ¢¢ for any x € 3, by the assumptions (V;) and (Vj).
Combining (g3), (4.19) and(4.20),

-2 — 10 —6
> lim inf [” / DV (@) — plud, do — T——=N(uy,) — u,\n|g]
R3 ] 67

n—o00 2n

> ((0_292)60/ uzdx> liminf A, — C' = +o0,

n—oo

a contradiction because {N(uy, )} and |uy, |8 are uniformly bounded in X,. Hence, by the fact that
Of) is smooth, one can conclude that u € H} ().
For the above u € H{(Q), we denote by 4 € H'(R3) its trivial extension, namely

A Ju inQ
u =
0 inQ°={z:2ecR\Q}.
We now define Jo|q : H}(2) — R as
1 [o(2)*|v(y / 1/ 6
J 2 P@PRGE ;. G(v)de — - da.
) =3 [ (9o~ ) do = g5 [ [ gy - [ Goydn 5 [ oo
Let us claim that Jy|o(u) = 0. In fact, by using (2.22), we have

0= 3, (03, )(0) = [ [Vun, T+ Vi, ()i, el — 10N (un)(g] = [ [gCun) + funl ]
= [ [Vu¥o — puplds = 1080l - | [o(0)+ ululds = Fa(w)(w)(2). Vi € CFE(9),
which shows that J{|q(u) = 0. Next, we define @, = u,, — u — 0, then

/ V,\n(x)\un2da:—/ VAn(a:)|un\2da?+2/ VAn(x)unuda:—i—/ V,\n(x)]u\Qda:
R3 R3 R3 R3

:/ VAn(x)|ﬂn|2d:U—2u/ anud:v—u/ lul2da
/ Vi, ()]t | ?dz — /|u|2dx+on()
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which together with the Brézis-Lieb lemma and (2.21) gives that
Inn () = Jola(u) + Jx, (n) + o(1) and Jy (un)(un) = J}, (n)(tin) + Jolo(u)(u) + o(1).
On the other hand, since {@,} is uniformly bounded in H'(R?), by (2.2), we have

1
lim [ [@,|%dz = lim |t |*dz < lim / Vi, ()]t | daz
n—oo R3 n—o0 RS\BR(O) n—oo nMO —ILL RS\BR(O)
1 lan 1% c
< 1 + — 2 < 1 An : —
< AnMo — p Jgs Vo (@)linlde < s Ay — = mo00 MMy — o v

which indicates that @, — 0 in LP(R?) with 2 < p < 6 as n — oco. Hence, (4.8) and (4.8) hold true
for {u,}. Combining li_)m Jy, (un,)(uy,) = 0 and Jgla(u)(u) = 0, we obtain

. _ . 1 _ 1 _
e la(u) = fim Ay, (o) = i (Gl -~ @) - glo )

and

0= lim J3 (ir,)in, = lim ([fanl%,, — 10N (an,) — n,[6)

Due to (g3) again, one easily sees that Jo|q(u) = Jolo(u)— 3J§|o(u)(u) > 0. Repeating the arguments
explored in Lemma 4.4, we immediately derive that uy, — u in H'(R3).
If in addition (g5) is supposed, we can further conclude that ¢g = cq, where

A .
= inf J
o= B, Tole)

with Mg = {u € H}(Q\ X, : J|a(uw)(v) = 0 and Jj|o(u)(v) = 0 for any v € X }. Since the proof
would be easier, we omit the details. The proof is completed.
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