CONCENTRATING SOLUTIONS FOR FRACTIONAL
SCHRODINGER-POISSON SYSTEMS WITH CRITICAL GROWTH

LIEJUN SHEN AND MARCO SQUASSINA

ABSTRACT. We consider a class of fractional Schrédinger-Poisson systems with critical growth

(=AY u+ AV (@)u+ du = f(u) + |[u|*2u, zeR>

(7A)t¢ = u27 T € R37
where s,t € (0,1) with 2s + 2t > 3, A > 0 denotes a parameter, V : R? — R admits a potential well
n: intVfl(O) and 2% £ 3_62S is the fractional Sobolev critical exponent. Under certain assumptions on
f, we obtain the existence and concentrating behavior of nontrivial solutions using variational methods.
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1. INTRODUCTION

1.1. Overview. In this article, we investigate the existence and concentration of nontrivial solutions
for the following fractional Schrodinger-Poisson system with critical growth

(1.1) { (—A)u+ AV (@)u+ ¢u = f(u) + [u*2u, zeR

(At = u?, r € R3,

where s,t € (0,1) with 2s + 2t > 3, A > 0 denotes a parameter, V : R> — R admits a potential well
Q£ intV=1(0) and 2} £ 3% is the fractional Sobolev critical exponent. On the potential V, we shall
firstly make the following assumptions

(V1) V € C(R3,R) with V > 0 on R?;

(V) there is ¢ > 0 such that the set ¥ £ {x eER3:V(x) < c} has positive finite Lebesgue measure;

(V3) © = intV~1(0) is nonempty with smooth boundary with Q = V=1(0), V=1(0) £ {z : V() = 0}.
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2 L. SHEN AND M. SQUASSINA

In celebrated papers, Bartsch and his collaborators initially proposed the above hypotheses to study
the nonlinear Schrodinger equations, see [5,6]. As we all know, the harmonic trapping potential

Viz) = wilz|? + walwel® + wilzs|? —w, if [(Vwrzr, Jwame, wszs)* > w,
0, if |(Vwrz1, /waxa, /wszs)]* < w,

with w > 0 satisfing (V1)-(V3), where w; > 0 is called by the anisotropy factor of the trap in quantum
physics and trapping frequency of the ith-direction in mathematics, see e.g. [7,12,24]. Indeed, the
potential AV, instead of V', with assumptions (V})-(V3) can be read as the steep potential well.

Over the past several decades, there was considerable attention to the standing, or solitary, wave
solutions of Schrodinger-Poisson systems of the type

6 ~
(12) {;f = MG W)+ o+ G0, inRE xR
_A¢ = W}’Qv in Rg,

where 1) : R3 x R — C is the time-dependent wave function, W : R? — R stands for the real external
potential, ¢ represents an internal potential for a nonlocal self-interaction of wave function and nonlinear
term g(v) £ §(|¢|)1 describes the interaction effect among particles. By inserting the standing wave
ansatz ¢ (z,t) = exp(—iwt)u(r) with w € R and x € R? into (1.2), then u : R3 — R satisfies the
Schrédinger-Poisson system

(1.3) —A¢ = u?, in R3,

where and in the sequel W (x) = W () + w for all z € R3. We refer the interested readers to [8,9] and
the references therein for more about the physical background of (1.2). There are many interesting
works about the existence of positive solutions, positive ground states, multiple solutions, sign-changing
solutions and semiclassical states to system (1.3), see e.g. [2,4,15,16,28,29,38,46] and their references
therein.

In [18], Jiang and Zhou firstly applied the steep potential well to the Schrédinger-Poisson system
and proved the existence of nontrivial solutions and ground state solutions. Subsequently, by using the
linking theorem [27,42], the authors in [45] considered the existence and concentration of nontrivial
solutions for the following Schrodinger-Poisson system

—Au+ AV (2)u+ K(z)du = |ulP~%u, = € R3,
~A¢ = K(x)u?, z € R3,

under the following conditions:

{ —Au+ W(z)u+ ¢u = g(u), in R3,

(1.4)

(V) V € C(R3R) and V is bounded from below;

and (V3)-(V3) with some suitable assumptions on K : R?* — R for 4 < p < 6. It is worth mentioning
that, in particular, they investigated the existence and concentration of nontrivial solutions to (1.4) by
the monotonicity trick due to Jeanjean [17] under the conditions (V1)-(V3), K € L (R3) N L?(R?) and

loc

(V) V(z) is weakly differentiable such that (z, VV') € LP'(R3) for some p; € [3, oc], and
2V (z) + (z,VV) > 0 for a.e. z € R3,

where (-, -) is the usual inner product in R3.
(K) K(z) is weakly differentiable such that (z, VK) € LP?(R?) for some ps € [2, oc], and

2 —
MK(;c) + (x, VK) > 0 for a.e. z € R>.

p
Whereas, the related researches on fractional Schrédinger-Poisson systems like (1.1) are not as rich
as the classic Schrodinger-Poisson system (1.3). Actually, we shall reach the system (1.1) by supposing
s=t=1and K(x) =1 for each x € R? in the system (1.4). As a consequence, one of the aims in this
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paper is to generalize the corresponding results obtained in [45] to the fractional case which makes the
studies interesting.
When it comes to the fractional order operators, the following fractional Schrodinger equation

(1.5) (=A)u + V(z)u = f(z,u), z € RY,
is usually used to study the standing wave solutions 1 (z,t) = u(z)e~*? for the equation
0
S = (=AY + W) — f(z,0), = € BY,

where £ is the Planck’s constant, W : RV — R is an external potential and f a suitable nonlinearity.
Because the fractional Schrodinger equation appears in problems involving nonlinear optics, plasma
physics and condensed matter physics, it is one of the main objects of the fractional quantum mechanic.
The equation (1.5) has been firstly proposed by Laskin [20,21] as a result of expanding the Feynman
path integral, from the Brownian-like to the Lévy-like quantum mechanical paths. In [11], Caffarelli and
Silvestre transformed the nonlocal operator (—A)® to a Dirichlet-Neumann boundary value problem
for a certain elliptic problem with local differential operators defined on the upper half space. This
technique is a powerful tool to deal with the equations involving fractional operators in the respects
of regularity and variational methods, please see [1,15] and their references for example. When the
conditions (V7)-(V3) are satisfied, Yang and Liu [43] established the multiplicity and concentration of
solutions for the following fractional Schrodinger equation

(—2)%u+ AV (2)u = f(z,u) + g(z)|ul]""*u, = € RY,

involving a k-order asymptotically linear term f(z,u), where s € (0,1), 2s < N, 1 < k < 2 —1 = N+2s

N-—2s
and g € Lﬁ(RN ) with 1 < v < 2. There exist some other meaningful results in [3, 10, 34] and their
references on fractional Schrédinger equations.

Recently, Teng [39] contemplated the existence of ground state solutions to the following fractional
Schrédinger-Poisson system

(=A)u 4+ V(z)u + ou = [ulP~2u + plu|>2u, =€ R3,
(_A)t¢ = U2, S Rga

where the potential V : R® — R satisfies some technical assumptions, y = 1 and 2 < p < 2%. Later
on, Shen and Yao [37] improved the corresponding results for the case u = 0. In the meanwhile, the
authors in [41] disposed of the semiclassic ground state for the following fractional Schrédinger-Poisson
system
2 (=A)u+ V(z)u + ¢ou = f(u) + |u/*2u, zcR3,

{ 2 (=AY = u?, r € R3.
Other meaningful results on fractional Schrodinger-Poisson system could be found in [14,19,22,23,32,
33,36,37,39,41,44] and their references therein.

1.2. Main results. Motivated by all the works above, particularly by [19], we shall focus on the
existence and concentration results for (1.1) with steep potential well. Because we are interested in
positive solutions, without loss of generality, we assume that f € C°(R,R) vanishes in (—oo,0) and
satisfies the following conditions

(f1) f €COUR,RY) and f(z) = o(2) as z — 0, where R* = [0, +0c0);

(f2) 1£(2)] < Co(1+|2|771) for some constants Cy > 0 and 2 < g < 27;
(f3) there are some p € (421?72;‘), it >0 and po > 0 such that F(2) > izP — ppz? for all z € RT;
(f1) there is a v > 22 such that zf(z) — yF(z) > 0 for all z € RT, where F(z) = [7 f(s)ds;
(f5) the map z — % is nondecreasing on z € (0, 4+00).

z S

Our first main result can be stated as follows.
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Theorem 1.1. Let s,t € (0,1) satisfy 2s + 2t > 3. Suppose that (V1)-(V3) and (f1)-(f5) as well as the
following conditions

(Vy) V is weakly differentiable and (VV,x) € L®°(R3) U L%(R‘g) satisfies the inequality below
(s+t)(v—2)V(z)+ (z,VV) > 0;

(V5) the map 6 v+ 025[(2s + 2t — 3)V (0x) — (VV (0z),0x)] is nondecreasing on 6§ € (0,+0c0) and
(25 + 2t — 3)V(z) > 2(VV,z) > 0 for all v € R3.

If one of the following assumptions on p and p appearing in (f3) holds true

3
(M) :s> 13, 34_83_82: p < 2% and for all i > 0;
(1.6) (I1) : s > " 87_” <p< P and for all sufficiently large i > O;
s — 25
3 4 2t
(IH):§<3§ 1 %<p<2: and for all i > 0,

then there exists a A > 0 such that the system (1.1) admits at least one positive ground state solution
for all A > A.

Remark 1.2. There exist many functions f that satisfy the assumptions (f1) — (f5) above, for example
f(2) = |z|7722 for all z € R* and f(z) = 0 for all z < 0. Obviously, it would occur that v < 4 which
results in some unpleasant difficulties. As to the potential V', without loss of generality, we are indeed
assuming that it is of class C' at almost everywhere point in R? and provide an example as follows

0 if || <1
v { © i af <1

B i |2 > 1
The reader is invited to infer that the restriction (1.6) is just used to restore the compactness. Moreover,
we prefer to believe that the example on V' above is not sharp, but it reveals that the existence result
in Theorem 1.1 seems reasonable.

||

Inspired by the results in [5,45], we get the following concentration result:

Theorem 1.3. Let (uy, ¢u,) € H*(R3) x DY2(R3) be the ground state solution obtained by Theorem
1.1, then uy — ug in H*(R3) and ¢, — ¢y, in DV2(R3) along a subsequence as X\ — +o0, where
ug € H§(Q) is a ground state solution of

(1.7) (=A)u+e </ |z — ‘3 2t ) w= f(u)+ [u[*?u, nQ,
u =0, on 0f).

Here ¢; > 0 is a constant given by (2.8) below.

As pointed out in Remark 1.2, the assumptions on f and V required in Theorem 1.1 are somehow
restrictive. It is natural to ask that whether the existence result remains true when (f5) and (V5) are
absent. Thus, our next main result shows an affirmative answer.

Theorem 1.4. Let s,t € (0,1) satisfy 2s + 2t > 3. Suppose that (V1)-(Va) and (f1)-(f1). If one of the
assumptions in (1.6) holds true, then there exists a A > 0 such that the system (1.1) has at least one
positive solution for all A > A.

Remark 1.5. It is worth pointing out here that even if we only consider the case s =t = 1 in Theorem
1.4, in contrast to [45, Theorem 1.3], there are three main contributions:
(1) Firstly, the more general nonlinearity is dealt with and it needs some more careful calculations;
(2) Secondly, the critical term in the nonlinearity is involved and so we have to take some deep and
delicate analysis to restore the compactness;
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(3) Last but not the least, we do not assume a weight function K in the front of the Poisson term in
(1.1). Actually, if we follow the arguments adopted in this quoted paper, the weight function K with

6
K € L7523 (R3) seems indispensable. So, we can relax the constraint assumption in this direction.

Proceeding as the same way in Theorem 1.3, we can also derive the asymptotical behavior of solutions
obtained in Theorem 1.4. More precisely, we shall demonstrate the following result whose detailed
proof is omitted.

Theorem 1.6. Let (uy, ¢y, ) € H*(R3) x DY2(R3) denote the positive solution in Theorem 1.4, then
uy — ug in H¥(R3) and ¢y, — du, in DH?(R3) along a subsequence as A\ — +00, where ug € H§ ()
is a positive solution of (1.7)

As far as we are concerned, the main results in this article seem new by now. Alternatively, it should
be mentioned that this paper could be regarded as a continuation of our latest work in [35], where the
existence and concentrating results of planar Schrédinger-Poisson equation with steep potential well
were established. Whereas, there are two essential differences: On the one hand, due to the different
geometry structures of the two variational functionals, we must take advantage of sone new techniques
to restore the compactness; On the other hand, since we consider the existence of ground state solutions
in Theorem 1.1, a suitable constraint minimization argument will be used, instead of depending on the
mountain-pass theorem in [35]. Finally, when the critical term |u|? 2w in the systme (1.1) disappears,
one may be curious about the case that the potential is strongly indefinite according to [26]. Of course,
we are also working hard in this direction and it would be contemplated in our further studies.

The paper is organized as follows. In Section 2, we mainly introduce some preliminary results. In
Sections 3 and 4, we show some crucial lemmas and exhibit the detailed proofs of Theorems 1.1, 1.3
and 1.4, respectively.

Notations: From now on in this paper, otherwise mentioned, we ultilize the following notations:

C,C4,Cy,--- denote any positive constant, whose value is not relevant and RT £ (0, +00).

e Let (Z,| - ||z) be a Banach space with dual space (Z71,|| - ||z-1), and ® be functional on Z.

e The (PS) sequence at a level ¢ € R ((PS). sequence in short) corresponding to & means that
®(x,) — cand ®'(x,) — 0in Z~1 as n — oo, where {z,} C Z.

e | |, stands for the usual norm of the Lebesgue space LP(RY) for all p € [1, 4+0o0], and || | e ()
denotes the usual norm of the Sobolev space H*(RY) for a € (0, 1).

e For any o > 0 and every z € R?, B,(z) £ {y e R? : |y — 2| < o}.

e 0,(1) denotes the real sequences with 0,(1) — 0 as n — +oo.

e “— 7 and “ — 7 stand for the strong and weak convergence in the related function spaces,

respectively;

2. PRELIMINARY STUFF

2.1. Variational setting. In this section, according to the explorations about the fractional Sobolev
spaces in [25], we first bring in some necessary variational settings which permit us to treat the problems
variationally. Denote the fractional Sobolev space WP (]RN ) for any p € [1,400) and «a € (0,1) by

WeP(RYN) = {u e LP(RY) : / / )|pd:ﬁdy < 400
RN JRN ’33 - ’Nmp

equipped with the natural norm

1
_ (y)P v
llwllwermry = (/ /]RN |x—y|N+aP — =" dxdy + ox lulPdx
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In particular, the fractional Sobolev space W2 (R™) would be simply relabeled by H®(RY) if p = 2.
As a matter of fact, the Hilbert space H*(R™) can also be described by the Fourier transform, that is,

@) = fue Y [ eI + ao)Pds < +oc .

where @ denotes the usual Fourier transform of u. When we take the definition of the fractional Sobolev
space HY(RY) by the Fourier transform, the inner product and the norm for H*(R") are defined as

(4, V) pra(r) =/ [€2a(€)D(E) + a(€)o()de, Yu,v € HY(RY).

and )
lullrequry = ([ P REOP + @€ Pde ), o € HoEY)
Thanks to the Plancherel’s theorem, we have |u|y = [@]2 and |(—A)Zu|s = ||€|*Tl|o. Hence
1
(2.1) fullreguny = ([ 1-A)TuP 4 uPdz ), vu e oY),

It infers from [25, Proposition 3.4 and Proposition 3.6] that

-ayoh = ([ teperae) = (s [ [ MOt

showing that the norm in (2.1) makes sense for the fractional Sobolev space. Moreover, we introduce
the homogeneous fractional Sobolev space D%2(RY) by

2N
N — 2«

D¥Y(RY) = {u e L% (RN) : |¢|*a(e) e L%(RN)} with 2f = and N > 3,

which is the completion of C§°(RY) under the norm

fullpessny = ([ 1-atubae)” = ([ ispeiaepac) " vue poae).

Taking into account the imbedding theorem H®(R™) < L"(RN) for every r € [2,2%), there exists a
constant C). > 0 such that

(2.2) ull gra gy < Crluly, Yu€ H*(RY) and 2 < r < 25,
Also there exists a best constant S, > 0 (see e.g. [13]) such that

—A)zu|?dx

(2.3) Sy = inf Jeux I( .
ueD*2(RN)\ {0} (I]RN |u‘23d‘r)g

Throughout this paper, for s € (0,1) and the dimension N = 3, we define the space

E 4 {u c H'(R?) : [ V(x)u’dr < +oo} .

R3

By using (1), it is easy to verify that it is a Hilbert space equipped with the inner product and norm

wo)s = [ (=4)

NI

1
S S 5
u(—A)2v + V(z)uvdr and ||jul|g = </R3 [(—A)2ul? + V(w)qua:)
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for any u,v € E. Particularly, one can deduce that the imbedding F < H*(R?) is continuous. Indeed,
combining (V2) and (2.3), one has

2
2;_2 * ﬁ
/ qum:/ u2dm+/u2d$§ 1/ V(:L‘)qux+|Z|2§</ |u|25daj>
R3 R3\X by C JR3\Z by
1 _ 22
< max {125 f .

where |Y| stands for the Lebesgue measure of a Lebesgue measurable set ¥ C R3. As a consequence of
(2.2) and (2.3), there exists a constant d, > 0 such that

(2.4) lul, < dy||ullg, Yu € E and 2 <r < 27.

For any A > 0, define the Hilbert space E\ = (E, || - ||g,) with inner product and norm given by

(s, = [ (=2

for all u,v € E. Obviously, if A > 1, one sees ||u||g < ||u|/g, for all u € E. Using (V3) again,

1

s 2
v+ AV (z)uvdx and |ul|g, = </ [(—A)2ul + )\V(x)\u|2dm>
R3

(NI
(NI

u(=4)

2% 2

2% _o
/ uffdr < 15175 <[5 ST ul2,,

1 1 1
2 2 2 2
< — AV < — ANV (x der < — .
|u|“dx )\C/S\ ()|ul*dx < /\6/3 (z)|ul = )\CHUHEA

R3\%

From which, for any r € [2,2?], there holds

25-r r
252 N 2¥ 2
/ lu|"dx < (/ \u|2d:c> (/ \u!Qde>
R3 R3 R3

2i-r * r=2
_ 237:2 1 2¥—2 _2 ox \ 252
< (max {sim S L p, )™ (50 )
Hence, for all r € [2,2}], we reach
25—r _r 252
(2.5) / lu["dz < || 25 S5 ?[Jul|z, whenever A > BT E S,
R3

When the work space FE) is built, we turn to find the variational structure of system (1.1). Following
the classic Schordinger-Poisson system, it can reduce to be a single equation. Actually, according to
the Hélder’s inequality, for every u € H*(R?) and v € D%?(R3), one has

342t 3-2¢
2 _12 6 6
/ u vdr < (/ \u|3+2td:c> (/ |U|32td$>
R3 R3 R3
_1
(2.6) < 877 [ull2ge sy 10l by < Cllule g 1ol prages),

where we have used the continuous imbedding H*(R?) < L%(RS’) since 4s 4+ 2t >3 and t € (0,1).
Given u € H*(R3), one can use the Lax-Milgram theorem and then there exists a unique ¢!, € D"?(IR3)
such that

(2.7) / (—A)' ¢l vdr = / (—A)2¢ (—A)2vdr = / wvdz, Vv € DY (R?),
R3 R3 R3
showing that ¢!, satisfies the Poisson equation

(—A) el =u? xR



8 L. SHEN AND M. SQUASSINA

In view of [25], its integral expression can be characterized by
u*(y)

2.8 o (x :c/ — 7 _dx, x € R?,
( ) u( ) t R |117—y‘3_2t
which is called t-Riesz potential, where

s o, (2 —2t)

— a—59-22\2
T
It follows from (2.8) that ¢! (x) > 0 for all z € R3. Taking v = ¢, in (2.6) and (2.7), we derive
(2.9) 1941l pr2msy < CllullFrs gy
Substituting (2.8) into (1.1), one can rewrite (1.1) in the following equivalent form

(2.10) (=A)su+ AV (2)u+ ¢Lu = f(u) + [u)®*2u, z € R>.

The variational functional Iy : Ey — R associated to the problem (2.10) is given by

1 1 «
(2.11) I(u) = 7HUHE,\ / Pt udr — / F(u)dw—/ u|?s de.
R3 2% R3

S

It would be simply verified that I, is well-defined in E and belongs to C*(E),R) whose derivative is
given by

B = [ [A)u(-a)

N|w

v+ AV (z)uv|dr + / ¢t uvdr — / (f (u) + |u)*2u)vdz
R3

RS

for any u,v € E). It is clear to see that if u is a critical point of I, then the pair (u, ¢!) is a solution
of system (1.1).

2.2. Basic lemmas. It is similar to the proof of [39, Proposition 2.1] that we can derive the following

Lemma 2.1. (Pohozaev identity) Let u € Ey be a critical point of the functional I, then the identity
Py (u) = 0 holds true, where the functional Py : Ex — R is defined by

3—-2 s 1 2t +3
Py(u) £ 5 i ](—A)2u|2da:+2/ BV (z) + (VV,z)]|u] dw+T+ 3¢tuu2d3:

—3/ dw—/ |u|% da.
R3

Now, let us define the functional N : Ey — R by

N(u) = /1@3 Pt udr, Yu € E.

We gather the results in [37, Lemmas 9 and 10] to introduce the properties associated with N below.

Lemma 2.2. Let s,t € (0,1) satisfy 4s + 2t > 3, then the following properties are true:
(1) For all u € Ey\ and we set ug(-) £ 05Ttu(0-) for 6 € RY, then N(ug) = 0423 N (u);
(2) ¢Z(.+y) = ¢! (-+y) for all y € R3.
(3) If up, — win Ey, then N(uy)—N(up—u)— N(u) = 0,(1) in Ex, N'(up)— N'(up—u)— N'(u) =
on(1) in (Ey)!

We conclude this section by the following Vanishing lemma associated with the fractional Sobolev
space.
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Lemma 2.3. (See e.g. [31, Lemma]) Assume (uy,) is a bounded sequence in H*(R3) with o € (0,1). If

lim sup/ | |2 dz = 0
"0 yeR3 J By (y)
for some ¢ > 0, then u, — 0 in LY(R3) for all 2 < p < 2%.

3. EXISTENCE AND CONCENTRATION

In this section, we focus on the existence and concentration of ground state solutions for (1.1). First
of all, to look for a ground state solution, we shall consider the following minimization problem

3.1 £ inf I
(3.1) ma S inf Ii(u),
where My = {u € E\\{0} : Gx(u) = 0} with the functional G : Ey — R defined by

G (u) = % /R (—A)3ul2de + ;/R (25 + 2t — 3)V (@) — (VV, 2)]uda

4 2t — 3 2%( t) x
+ % /R3 Pl utde — /R3[(8 +t)f(u)u — 3F (u)]dx — (s + / |2 dz.

Recalling the functional Py in Lemma 2.1, one sees that Gy (u) = (s + t)I/\(u)u — P\(u) for all u € E).
In other words, if u € F) is a critical point of Iy, then we are derived from Lemma 2.1 that G(u) = 0.
As a consequence, the set M is a natural constraint and we then begin showing some properties for it
and the minimization constant m).

Before exhibiting them, we need the following elementary facts:
1 — plst2t—3

(32) f(@,:ﬁ) 2 V(x) — 025+2t_3V(9_1x) o m

(25 + 2t —3)V(z) — (VV,2)] >0

for all (0, x) € (0,+0o0) x R? and

a 1— 945+2t—3
(3:3) 0:2)= a3

for all (6, z) € (0,+00) x RT.
Actually, since V' is weakly differentiable by (V}), one uses (V5) to see that
0 (25 +2t - 3)V(0~1x) — (VV (0~ 'x),0 12)
00 92s

(s +1)f(2)z — 3F(2)] + 0 3F(0°T2) — F(2) >0

—£(0,x) = st {[(23 +2t-3)V(z) — (VV,2)] —
{go,ﬁaemﬁ]
>0, iffell,+00).

Hence, the function § — £(6, x) is decreasing on (0, 1) and increasing on (1, +o00) for all z € R? which
indicate that £(0,x) > %11515(9,36) =¢(1,2) = 0 for all (6, z) x (0,+0c) € R3. Similarly, we are able to
>

apply (f5) to derive

869 0,2) = 074[(5 + ) (05T )05t 2 — 3F(05F2)] — 94”2“4[(3 +1t)f(2)z —3F(2)]
pioraa ez [ DFE B~ 3POH) (s +0)f(2)z — 3F(2)
(fs+tz) st L

>0, iffel,+o0).
It therefore infers that (6, z) > reniglé(ﬁ, 2) =((1,2) =0 for all (6,z) x (0,400) € RT.
>

{gO,ﬁGe@J]
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Lemma 3.1. Let s,t € (0,1) satisfy 25 + 2t > 3. Assume (V1) — (V3) with (Vy) — (V5) and (f1) — (f3)
with (fs), then for any nonzero u € Ej, there is a unique 0 = 0(u) > 0 such that ug = 05Ttu(0-) € M,
for suitably large X\ > 0, where I)(ug) = max Ix(up). In particular, there holds

>

=dy £ inf I .
my = dy uegi\(())%lfg{ A(ug)

Proof. For any u € E)\\(0) and 6 > 0, we define 7(6) = I)(up), where

fAs+2t=3 s f2s+2t=3 PAs+2t=3
7(0) = |(—A)2u|2dx + / AV (0 tr)uPde + / oL udx
3 2 R3 R3

2 4
925 (s+1)=3
— 073 | F(05Ttu)dx —
R3 2% R3
It is simple to observe that

% dx.

7(0) =0 <= 071G\ (ug) = 0 <= G (ug) = 0 <= uy € M,.
Since 4s + 2t < 2¥(s +t) and 91_i>%l+ O=3F(0°Ft2) = 0 for all z € R by (f3), we can derive 91—i>%1+ 7(0) > 0.
Without loss of generality, we are assuming that 0 € Q in (V3) and thus GETOO Jgs AV (0~ z)ude = 0.
Adopting 4s + 2t < 2%(s+t) and (f3) again, it holds that lim 7(8) = —oo. As a consequence, with

0—+o0

the above two facts in hands, we take advantage of 4s + 2t < 2%(s 4+ t) and (f3) to demonstrate that
7(0) possesses a critical point which corresponds to its maximum, that is, there exists a constant 6>0
such that 7/(f) = 0. We next verify that 6 is unique. Arguing it indirectly, we would assume that there
exist two constants 61,60 > 0 with 61 # 6, such that ug, € M, for i € {1,2}. It concludes from some
elementary computations that
gls+2t=3 _ 9;18-&-215—3

I)\(u91) - IA(U92) - (418 T of — 3)94s+2t—3 G)x(u91)
1

025+2t73 9 0
— 1/ I3 012 ) uldr + 673 ¢ 2 L0 ) dx
2 (91 R3 01

4s42t—3
* 0
025(s+t)—3 ] — (%)

5 2% (s+t)—3
2% t) — 3]+ -1 %d
— | B -+ () [ e

4s+2t—3 4s+2t—3
0 — 6

and

I\(ug,) — Ix(ue,) — )12 G(ug,)

(4s + 2t —

925+2t—3 91
:2/‘geﬂ: wldz + 65 /) eﬁf dz
2 0y

0 4s+2t—3
2% t)— — (&
92S(s+ -3 |1 (02>

[\ 203
2* t -1 2% da.
- (s 1) 8+ <9> | ufas

s

_l’_

In view of (3.2) and (3.3), combining the above two formulas with G (ug,) = 0 for i € {1,2}, we arrive
at a contradiction if 81 # 5. Finally, the result dy < m) is a direct consequence of the inequality

_ pAs+2t-3
(34) I)\(U) — I)\(ug) — mG/\(U) > O, Yu € E)\ and 6 > 0,
we immediately finish the proof of this lemma. O

The following results can be found in [40].
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Lemma 3.2. Let u. be defined by (3.10) in the proof of Lemma 3.3 below, then

(3.5) )b e < S 4 O(32),
and
(3.6) /Rd e Zdz = S5 4+ O(e).
For all g € [2,2%), there holds
0 53_¥q> , for g> ﬁ,
(3.7) /}R3 lue|9dx = O eglloge\) , for q= 33237
0O 53_228q> , for ¢ < 3—325'

According to Lemma 3.1, we know that M is a nonempty set for some suitably large A > 0. The
following lemma ensures that the minimization constant m) would be well-defined. More precisely, we
further show that mj) is uniformly bounded from below and above by some positive constants which
are independent of some suitably large A > 0..

Lemma 3.3. Let s,t € (0,1) satisfy 2s + 2t > 3. Assume that (V1) — (V5) and (f1) — (f5), there is a
p > 0 independent of A > Ag such that

3.8 inf >
(3.8) Jnf ma 2 p,

2% -2
where Ag = max{1,c71|%|” 2 Si}. If in addition one of the assumptions in (1.6) holds true, then

3
(3.9) sup my < fSSQS.
A>Ao 3

Proof. For all u € My, we are derived from (f;) and (VV,z) > 0 for all z € R3 in (V3) that

I(u) = In(u) — WGA(U)
_(s+t)7_(48+2t) —A)zul3 ; S — T z)] u’dx
~ 2[(s+1)y—3] I(=4) |2+2[(s+t)7_3] /RSA[( +1)(y = 2)V(2) + (VV,2)]u'd

*

25 - 2%
[ s = 2P @]de + 52Tl

(s+1t)y — (4s + 2t) t 9 s+t
4[(s +t)y — 3] /R3 dude + (s+t)y—3
(s +t)y — (4s + 2t)
2[(s+t)y — 3]
It follows from (f1) — (f2) and (2.5) that

lullZ,

254+ 2t -3
[ 6+ 00 = 3P(de < ZE= 2l + Gl

From which, combining (2s + 2t — 3)V (x) > 2(VV,x) > 0 for all z € R? in (V5) and (2.3), we see that
25 +2t -3

4

yielding that ||u||g, > C3 for some Cy > 0 independent of . So, we arrive at (3.8).
On the other hand, we begin verifying (3.9). Without loss of generality, we are assuming that 0 € 2.
Because (2 is an open subset of R3, it holds that B,,(0) C 2 for some ry > 0. Given a constant 7o > 0

2
—or o
lullf, < Cillullly, +Ss * lullg,, Yu e My,
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which will be determined later, we choose a cutoff function ¢ € C§°(R?) in such a way that ¢ (z) = 1

if |z] <7 and ¥(z) =0 if |x| > 27. For all € > 0, we define

(3.10) us(x) = (x)Us(x), Vo € R,
3—2s u I/SS%
where Us(z) =7 2 u* (%), u*(z) = —oTE and U(r) = —"—5—; with k 20 and 7 > 0. Due
2s (7-2+|$|2)T

to Lemma 3.1 and (3.8), there exists a 6. > 0 such that

0 <my < maxIy(up) = In((ue)s. )-

Next, we shall prove that there exist two constants 6., * > 0 such that 0, < 0. < 8*. First, we claim
that 6. is bounded from below by a positive constant. Otherwise, there is a sequence &, — 0 such that

6, — 0. Then, we conclude that (uc, )., — 0 in Ey. So, we have
0 <my < In((ue)o.) — Ix(0) =0,

a contradiction. Taking some similar calculations in the proof of Lemma 3.1, one has lim I\((uz)s.) =

6 —+o00
—oo which is absurd, too. Thus, we conclude the claim. Letting 7y = %6*7“0, then
/ V(0 2)uldr = / V(0 r)ude +/ V(0 z)uide =0
R? Boery (0) R3\ By, r, (0)

from where it follows that

04s+2t—3 R 5 043—0—215—3 9
Do) = g [ 1eaufar+ B [ g
2 R3 4 R3
g2i(s+t)—3 .
—073 | F(6*u)dr — —— / |ug | de.
R3 23 R3

3
Clearly, the proof of (3.9) would be done if I)((ue)g.) < 55¢° for some suitably small € > 0
adopt the useful estimates in Lemma 3.2 and apply (f3) to reach

_ t)2* -3
9;15+2t 3 0£5+) s > 3

In((ue)o.) < - S +0(%7%) + Clucl3 + Cluc* 12 — Cpifucl?
2 2% 342t

s 2 A
< 35¢ + O(*7) + Clucls + Cluc| s — Cpifucp,
342t

where we have used the following inequality

/ gi)zeuzd:c <C (/ |u€|3J1r22tdx>
R3 R3

To continue the proof, we divide the following three different cases.
3

342t

Case 1. 2 < 55 which is equivalent to s > % Then,
I <288 + 0 ) + Clucl'yy — Cilucl?
A((we)o,) < SSF -+ 0(E2) 4 Clulbis — Cifucl,
Case 2. 2 = 3—7325 which is equivalent to s = %. Then,

3
I((ue)o.) < 559 + O loge]) + Cluclys — Caluclp.
+2t

Case 3. 2 > 35’25 which is equivalent to s < %. Then,

3
L((ue)s.) < 258 4+ O(e®) + Clusl‘% — Cilucly.

[GUNVA

. Let us
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35+t 2s . 3 3 3s+t 2s _ 3 3
We note that <35 < 325 = 375 1 for any s > % and ot 2 395 — 335 1 for any s < §. Thereby,

(a) If s > 2 in Case 1. It follows from (3.7) that

O (€4s+2t73)

: _ 12 3
f? al_lf(% el 3+2f ~ 3-2s
Ue| 12 _ 3+2t
lim : 342t 1 O(€4S+2t 3)‘ log E| 3 0 12 3
cootr 32— ) L o325 =Y 3y T 3280
2(3—2s
lim O )) =0 AL < 3
c0+  g3-2s ) 342t S 3—2s
Moreover, since 325 <p< ﬁ gives that 2s — %p < 0, one infers from (3.7) again that
0(5373722519) 4 6
o _ s
lim f 32 % 3o35 <P < 3g
3—2s
O3~"2 P)
. ~ 3 4s
~ P lim j—————= <p<
. ffuelp c0+ 325 3-2s S P = 3795
lim ——= = 3_3-2s
e—0+ € y _O(e”” 72 P)|loge| 3
1 3—2s v P= 379
e—0t 5 26
— 4S8
O(e 2 P)
: ~ 4s+2t 3
61_13%& G PR s+t <P < 3755

Choosing fi = £72¢, then the above three unknown limits would also be +oo.
(b) If s = 3 in Case 2. Since % > 2 — =2 there holds

’Ua ’4 12 454+2t—3
L 3121 O(e )

0+ e2s|loge| — 0t e2s|log e|

By 73_325 =2 < 4542t p, for any i > 0, we have that

s+t
- 3_3=2s)
) | uelh . O™ 2P 4s + 2t 6
lim ———— =limjig————= =400, —— <p< .
=0+ £25]log £ ot e2s|loge| s+t P39
(c) If s < % in Case 3. Since :S—i))ﬁ IS (%, 2), then 3i22t > 3—325 and 3325 < 4§It2t <p< 3f25. Hence,
|ue|? 1 O(ehs+2t-3
T €
lim 23+2t S lim % =0
e—0+t €48 e—0+ g=s
and for any i > 0, there holds
. 3_3-2s,
. puely . 0T P) 4s + 2t 6
lim = lim j—————= = 400, <p< .
es0t g28 S%OM g2s s+t p 3 —2s

At this stage, we will apply Point-(a) to Case 1, from (I) and (II) in (1.6); Point-(b) to Case 2 and
Point-(c) to Case 3, from (III) in (1.6); there exists a sufficiently small € > 0 to arrive at the desired
result. The proof is completed. O

As a byproduct of Lemma 3.3, we conclude that m) is well-defined. Before looking for a minimizer for
it, we shall derive the following result which permits us to show that the weak limit of the minimizing
sequence of my) is nontrivial.

Lemma 3.4. Let s,t € (0,1) satisfy 2s + 2t > 3. Assume that (V1) — (V5) and (f1) — (f5). Let A > Ao

and (up) C Ey be a minimizing sequence sequence of my, then there exist r € (2, 3?53;2)) and og > 0,

independent of \, such that |uy|, > og, for alln > 1.
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Proof. First of all, we can show that (u,) is uniformly bounded in n € N for all A > A, see e.g. Lemma
3.5 below in detail. Let us divide the proof into intermediate steps.

STEP I: Let A > Ag and (uy,) C E) be a minimizing sequence of my, then there exist r € (2, 3§i§?>

and 0 = g(\) > 0 such that |u,|, > o, for all n > 1.

Suppose, by contradiction, that u, — 0 in L"(R3) for each r € (2, 3?():::)) Due to the boundedness

of (u,) in E), we see that (u,) is uniformly bounded in L4(R?) for all ¢ € (2,2%), too. As a consequence,
one simply arrives at

(3.11) lim ¢l uidr =0, lim f(up)updz =0 and lim F(up)dz = 0.
R3

n—00 n—00 Jp3 n—00 Jp3
Without loss of generality, we could assume that ||un||%EA — [ as n — oo. Obviously, we derive [ > 0.
Otherwise, H“n”QEA — 0 and hence \unlgg — 0 as n — oo by (2.3). Combining these facts and (3.11), it

holds that my = lim I)(u,) = 0, which is absurd because of (3.8). Now, we claim that lim \un\gg =1
n—o0 n—oo s

Indeed, according to Gx(u,) = 0, (3.11) and 2£2=3 = 2:(S;t)_3 with (V5), we obtain the desired

2% *

_Zs 2% 3
result. Using (2.3) again, then | < Ss 212 which gives that [ > SZ°. So, it follows from (3.11) that
1 1 s 2
= 1 — - > 2s
my nh_g)lob\(un) (2 2;> > 35'3

reaching a contradiction with (3.9).

STEP II: Conclusion.

Let r € (2, 3?(3_2?) be as in Step 1. Suppose by contradiction that the uniform control from below of

L"(R?)-norm is false. Then, for every k € N, k # 0, there exist A\ > Ag and a minimizing sequence
(uk,n) of my, such that

1
[k |r < T definitely.

Then, by a diagonalization argument, for any k£ > 1, we can find an increasing sequence (ng) in N and
Up, € EAnk such that

Uny, € My, Iy (Un,) = CAn,, T ok(1), [un,lr = o(1),

where og(1) is a positive quantity which goes to zero as k — +oo. Then, we are able to arrive at a
same contradiction in the Step I with (3.9), again. The proof is completed O

Lemma 3.5. Let s,t € (0,1) satisfy 2s + 2t > 3. Assume that (V1) — (V) and (f1) — (f5) with one of
the assumptions in (1.6), then there is a A > 0 such that my can be attained for all A > A.

Proof. Let (u,) C M) be a sequence satisfying I)(u,) — my as n — oo. First of all, we claim that
(uy) is uniformly bounded in E) with respect to n € N for all A > Ag. Indeed, since (u,) C M, gives
that G (u,) = 0 and so

2 Galun) + on(1)

(s+t)y
(s +t)y — (45 +2t) AV
- 2[(8—}-75)’)/—3} |( A) n|2+

my = I\(un) + on(1) = Ix(un) —

1
2[(s +t)y — 3] Jrs

M(s+t)(y —2)V(x) + (VV, z)] uldz
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(8+t) 43+2t 9 s+t
* A[(s +t)y — 3] /%n Unde + 5+ 1)y — 3/RS [un f(un) = vF (un))dz + 0, (1)

2 _ .
s n sd TL]-
+2§[(s+t)—3}/Rs|“| T+ on(1)

(s+t)y — (4s + 2t)
2[(s +t)y — 3]

which together with (3.9) implies that |(—A)2u,|s is uniformly bounded in n € N for all A > Ag. By
means of the interpolation inequality, for ¢ € (2,2%), we combine (2.3) and (2.5) to derive

(3.12)
(s +t)y — (4s +2t)
4(s +t)y — 3]

|(=2) 2 un|3 +

/ oL, uzdz + 0, (1)

2 1
[unl? < un 3 funl5:" ™ < Cllull, Junla ™

(3.13) < CH“RHEAK_A)%U%E_V < CllunlE;,

where v = g}::g € (0,1). Therefore, using (f1) — (f2), it follows from (3.13), (2.3) and (3.9) that
1 el 2%
mx = In(un) + 0n(1) = Lllunll, — Clunlf = Cl(=A)2unly’

1
> llunliy, = Cllunl,

yielding that (uy,) is uniformly bounded in E) with respect to n € N for all A > Ag since £ € (0,1). So,
up to a subsequence if necessary, there is a u € F) such that u, — u in E), u, — u in LfOC(R?’) for all
2 < p<2tand u, — u ae. in R3.

Secondly, we shall find a suitable large A > 0 such that u 7 0 for all A > A. Owing to the above
discussions, we know that HuanEA < C* for a suitable C* > 0, for any n > 1 and A > Ag. Let r > 2

and oo > 0 be given as in Lemma 3.4, recalling (V3), there is a sufficiently large constant R > 1 such
that,

(3.14) / lup|"dz < 2%, for all A > Ag and for all n > 1.
B2(0) 4

Since V(x) > c on X¢ by (V3), we have

1 C*
/ |up|?dx < / AV () [up|?de < —
< (0)n%e Ac ) Be (o)nze Ac

It easily infers that

/ |up|"dx < / |y, |2dx
BE(0)Nse < (0)nxe

and so one can find a A > A such that

[SIES
\
"\
G
)
\g!
)
=
3
T
I
=
U
8
N——
[SIES

(3.15) / up|"dz < 2%, for all A > A and for all n > 1.
Be (0)nse 4

Finally, we fix A > Ay, if u,, = u = 0, we can deduce that

(3.16) / |un|"dz < %, for all n sufficiently large.
=(0)

Clearly, (3.14), (3.15) and (3.16) are in contradictions with Lemma 3.4.
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Finally, we conclude that u, — u along a subsequence as n — oo for all A > A. Define w,, = u,, — u,
then thanks to Lemma 2.2-(3) and the Brézis-Lieb lemma,

(3.17) Jim Ty (wn) = lim [Ix(un) = In(u)] = my — Ix(u)
and
(3.18) nh_{r;o Gi(wy) = nh_}rr;o [Ga(un) — GA(u)] = —G(u).

We claim that Gy(u) < 0. Otherwise, it has that 1i_>m Ga(wy) < 0 by (3.18). Without loss of generality,

we are assumimg that G (wy) < 0 for all n € N. From which, one knows that w, # 0 and so Lemma
3.1 permits us to determine a 6, > 0 such that G((wy)p, ) = 0. Combining (3.4) and (3.17)-(3.18),

1 1

7 v = lim [Iy(wn) — ————— G (wn
mx )‘(u)+43+2t_3G’\(u) n1—>r<(>lo[ Mwn) 4s+2t—3G’\(w )
94s+2t—3
> lim [Ix((wn)s,) — mGA(wn)] > lim Iy((wn)e,) = ma,

which gives that
1

I -
) 3
It is similar to (3.12) that we would get a contradiction. Hence, we have arrived at G\(u) < 0. Adopting
Lemma 3.1 again, there exists a # > 0 such that up € M. Owing to (3.4) and Fatou’s lemma,

G,\(u) < 0.

. . 1 1
my = lim Iy(up) = lim [Ix(un) — me(Un)] > In(u) — mG/\(u)
ghs+2t—3
>1 - >7 >
= In(ug) = =5 =5 Galw) = I(ug) 2 my,

which yields that u,, — u in E)\. Consequently, I(u) = m) and G(u) = 0. The proof is completed. [

4. PROOF OF MAIN THEOREMS

4.1. Proof of Theorem 1.1. Now, we are in position to show the proof of Theorem 1.1.

The proof would be done if u obtained in Lemma 3.5 satisfies I} (u) = 0 in E} '. Motivated by [30],
we argue it indirectly. If I{(u) # 0, there exists a ¢ € C§°(R?) such that I} (u)p < —1. Let € > 0 be
small enough and satisfy

1
(4.1) I&(ue +70)p < —5 for |60 — 1]+ |7] < e.

Let x € C§°(R, [0,1]) be a cut-off function satisfying x(0) =1 for every |6 — 1| < § and x(¢) = 0 for
all | — 1| > e. For any 6 > 0, we define

'y UQ, lf |0—1’2€7
n(0) = { ug +ex(0)p, if |0 —1| <e.

Obviously, n € C(E)) and one can fix ¢ > 0 sufficiently small such that ||n(0)||g, > 0 for | — 1| < e.
By (4.1), it is easy to show that

I .
Ig;ié( A(n(0)) < my

Proceeding as the proof of Lemma 3.1, we have G\(n(1—¢)) > 0 and Gx(n(1+¢)) < 0. Since G (n(6))

is continuous, there exists 6y € (1 — &,1 + ¢) such that Gx(n(6p)) = 0 which is n(6y) € M. Therefore,

my < Ix(n(6y)) < max Iy (n(0)) < my, a contradiction. As to the positivity of u, it is standard and we
>

omit it here. The proof is completed.
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Next, we will deal with the concentrating behaviour of ground state solutions obtained in Theorem
1.1. For any u € H(Q2), we denote by @ € H*(R?) its trivial extension, namely
A Ju inQ
u =
0 inQf={zr:2eR\Q}.
We now define Iy|o : H3j(Q2) — R as

2 2 1
. g q//u(w)u(y)dd_/ d_/
olou /| Mytupar+ G [ [ S vy~ [ gz — o [ o

and consider the minimization problem

% dx

m0|95 1nf IO’Q()
uEMola

where
Mola = {u € Hg(@)\{0} : Gola(u) = 0}
denotes the corresponding manifold and Golq : Hj(2) — R is given by

48+2t 48+2t
Golo(u) = /| A)zul*dz + //Q|x_ 3= 2td zdy

—/[(s+t)f(u)u—3p(u)}d 2* 5” /y 2 dg.
Q

We note that, up to the above trivial extension, there holds that Mola € M, for all A > 0.
For each A > Ag, we denote by uy € E) a ground state solution of system (1.1), that is, I{(uy) =0
and Iy(uy) = m). Then, we prove Theorem 1.3 as follows.

4.2. Proof of Theorem 1.3. Let A, = 400 as n — +oo and (uy,) C E), be a sequence of ground
state solutions of system (1.1), that is, I} (uy,) = 0 and I, (uy,) = my,. Up to a subsequence if
necessary, by (3.8) and Myl C M, for all A > 0,

(4.2) 0<p< lim Iy, (uy,) 2 mo < molg < +oo.
n—oo

Clearly, (uy,) is bounded in H*(R3). Thereby, up to a subsequence if necessary, there is a uy € H*(R3)
such that uy, — ug in H*(R3) and uy, — up a.e. in R3. By means of Lemma 2.2-(3), we conclude
that Ip|,(ug) = 0. We claim that u = 0 in Q°. Otherwise, there is a compact subset ©,, C ¢ with
dist(©y,, 9Q¢) > 0 such that uy # 0 on 6, and by Fatou’s lemma

(4.3) lim inf / uldx > / up’dz > 0.
R3 o

n—o0o
uo

Moreover, there exists g9 > 0 such that V(z) > ¢¢ for any = € ©,,, by the assumptions (V1) and (V).
Combining (f1) with v > 2 and (4.2)-(4.3), we reach

_2 4 *
cq > liminf i / AV (z)u2 7 |/ ¢UA An ’y/ |un, | % da
n—00 2y R2 " R3
-2
> (q)so/ up?dz liminf A, — C' = +o0,
2(] 0. n—o0

a contradiction, where C>0is independent of n € N. Therefore, ug € H§(2) by the fact that 09 is
smooth and Iy|g,(up) = 0. Similar to the proof of Lemma 3.5, one knows ug # 0. Proceeding as the
proof of Lemma 2.1, it holds that Go|q(up) = 0. In view of (4.2), by ug € Hj(2), we use the Fatou’s
lemma to obtain

1

> mgq = liminf | ] -
mola 2 e =il b lon) = 53

G, (ux,)
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1
4s +2t -3
yielding that uy, — ug in H*(R3) and Iy|q(ug) = mo|q. The proof is finished.

> Ipla(ug) — Gola(uo) = Iola(uo) > mola

4.3. Proof of Theorem 1.4. In this section, we are going to contemplate the existence of positive
solutions for system 1.1 with a wider class of V and f. Without (V5) and (f5), one could not take
advantage of the minimization constraint manifold method explored in Section 3. Whereas, because of
(f1), it seems impossible to prove that the (PS) sequence is uniformly bounded. As a consequence, we
shall depend on an indirect approach developed by Jeanjean [17].

Proposition 4.1. (See [17, Theorem 1.1 and Lemma 2.5]) Let (X, ||-||) be a Banach space and T C R*
be an interval, consider a family of C' functionals on X of the form

Dy(u) = A(w) — pB(u), VpeT,
with B(u) > 0 and either A(u) — 400 or B(u) = 400 as ||u|]| = +o00. Assume that there exists two
points vi,v9 € X such that

¢y = inf sup ®,(y(0)) > max{®,(v1),®,(v1)}, VpeT,
€T peo,1]
where
I'={y € C([0,1], X) : 7(0) = v1,7(1) = v2}.
Then, for almost every u € T, there is a sequence (un(p)) C X such that

(a) (un(p)) is bounded in X;

(b) ®p(un(p)) — ¢y and @L(un(u)) — 0

¢) the map u — ¢, is non-increasing and left continuous.
m

Letting T' = [0, 1], where § € (0, 1) is a positive constant. To apply Proposition 4.1, we will introduce
a family of C'-functionals on X = E\ with the form

1 s
@y D =g [ I8P V@ [ dtalds - / Gl
R3
where and in the sequel G(z) = F(z) + |z]2s for all z € R. Define I ,(u) = A(u) — uB(u), where
Au) = 1/ [[(=A)2ul> + AV (@) |u)?]dz + / Pt udr — 400 as ||ul|g, — +oo,
2 R3 4 R3
and
B(u) = G(u)dz > 0.
R3

Clearly, I, is of class C'-functionals with

Bt = [ [=8)ku(-4)

for all u,v € Ey, where g(z) = f(2) + |2/% 2z for all z € R.
For simplicity, from now on until the end of this section, we shall always suppose the assumptions in
Theorem 1.4 when there is no misunderstand.

N|w

v+ AV (x)uvldr + / ¢t uvdr — ,u/ g(u)vdx
R3

R?)

Lemma 4.2. The functional I, possesses a mountain-pass geometry, that is,
(a) there exists v € Ey \ {0} independent of pu such that Iy ,(v) <0 for all p € [6,1];
(b) exp = infﬂ sup Iy (v(n)) > max{I) ,(0), 1), (v)} for all p € [6,1], where
€l gclo,1]

I'={n e C([0,1], Ex) : n(0) = 0,n(1) = v}.
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Proof. The proof is very similar to the calculations on finding the existence of critical points in the
proof of Lemma 3.1, so we omit the details. O

Repeating the arguments explored in Lemma 3.3, there is a constant p > 0 such that

3
(4.5) p < inf ¢y, < sup ¢y, < %Sﬁs, Yy € [6,1].
A>Ao A>Ag 3/1' s

Lemma 4.3. Let (uy) be a bounded (PS) sequence of the functional I, at the level ¢ > 0, then for

. 3 - .
each M € (c, %Sﬁs , there exists a A = A(M) > 0 such that (u,) contains a strongly convergent
3ILL 2s

subsequence in E) for all A > A.

Proof. Since (uy,) is bounded in E), then there exists a u € F) such that u, — w in E), u, — u in
LP (R®) with p € [1,2%) and u, — u a.e. in R?. To show the proof clearly, we shall split it into several
steps:

Step 1: I} (u) =0 and I, ,(u) > 0.
To show I} (u) = 0, since C§°(R3) is dense in E), then it suffices to exhibit that I A (e =0 for every

¢ € C5°(R?). Thanks to Lemma 2.2-(3), it is a direct conclusion. Because u is a critical point of I ,,
according to Lemma 2.1, there holds Py ,(u) = 0, where

A3—25

2t 4+ 3
PA#(U) =

s 1
(—A)2u|?dx + / [3V () + (VV, z)]|u*dx + / ol udx
2 R3 4 R3

—3u/ F(u)dw—'u/ lu|? .
R3 2% Jps

s

2 R3|

Moreover, one easily sees that I} H(u)u =0 and so

Iy u(w) = Iy, (u) — ( [(s + t)If\,M(u)u — PA,M(u)} >0

s+t)y—3
proving the Step 1. R R
Step 2: Define v, = u,, — u, then there exists a A = A(M) > 0 such that v, — 0 in LI(R3) for all

q € (2,2%) along a subsequence as n — co when A > A.
Actually, since (vy,) is uniformly bounded in n € N for all A > Ag, then we have one of the following
two possibilities for some r > 0:

(i) lim sup/ v, |2d2 > 0,
By (y)

n—o0 y€R3

(ii) lim sup o |2da = 0.
O yeR3 J By (y)

As a consequence, the conclusion would be clear if we could demonstrate that the case (i) cannot occur
for sufficiently large A > 0. Now, we suppose, by contradiction, that (i) was true. Proceeding as the
very similar way in Lemma 3.5, there is a constant § > 0 independent of A > Ag such that

lim sup/ |op|?da > 6
Br(y)

n—0o0 y€R3

for some r > 0. Since (uy,) is uniformly bounded in E), without loss of generality, we can assume that

lim |jun %, < © for some © € (0,+00). Clearly, there holds lim |jv,[|%, < 40. Recalling v,, — 0 in
n—o00 A n—00 A
Ll (R3) with ¢ € (2,2%) and |Ag| — 0 as R — +o00 by (V2), where Ag = {z € R3\Bg(0) : V(z) < c},
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we can determine a sufficiently large but fixed R > 0 to satisfy

(4.6) limsup/ v, |2da < 0
n—00 Bgr(0) 4
and
. 4
05, - 2(25—9)
4.7 Y| 25-2)
(4.7 Ar| < <16@> ="

Combining (2.5) and (4.7), one sees that

H;‘Q'w

n—oo n—oo

2(2% — )
(4.8) limsup/ v |2d2 < lim sup </ \vn\qu> |.AR] q <4®\Z] T 1].,43\ g
AR -AR

Let us choose A = max {1, Ao, %}, then for all A > A, we reach

1 0 4
(4.9) limsup/ v, |2da < hmsup/ V() |v,|?de < —@ -
Br )\ Bgr )\ 4

n—oo n—oo

where Br = {z € R3\Bg(0) : V(x) > c}. We gather (4.6), (4.7) and (4.9) to derive

6 < lim sup/ |vp|2dx < lim sup v, |2da
By (y)

n—oo y€R3 n—oo R3

)
= lim sup / o | d + / v |2dx | < e
n—oo  \ JRI\BR(0) BR(0) 4

which is impossible. The proof of this step is done.
Step 3: Passing to a subsequence if necessary, u, — u in E) as n — oo.

Since v, £ u, — u, by Lemma 2.2-(3) and the Brézis-Lieb lemma, one has
(4.10) Du(vn) = Dyy(un) = Iy p(u) + 0 (1) and I, (vn) = I3 (un) + 0n(1).
According to Step 2, we take advantage of (2.7) and (f1) — (f2) to deduce that

lim qﬁt v2dr =0 and lim f(vp)vpdz =0

n—oo n—oo [p3

jointly with Lemma 2.2-(3) and the Brézis-Lieb lemma indicate that
2*
on(1) = I} (un) (un — u) — I} (u)(up — u) = anHZEA - N|Un‘2§~

Let us suppose that anHQEA — [ and ,u]”unlgg — [ along some subsequences and so

—00 2 2:

1 1
(4.11) c>c—Iz(u) = lim I)(v,) = <—> l,
where we have used the Step 1 and (4.10). In view of (2.3), it holds that
2
(4.12) (1) < 57,

L9s B
If I # 0, that is, [ > 0, then [ > ;f32§ S#* by (4.12). As a consequence, with the help of (4.11), we
3

arrive at ¢ > —£5-592°, a contradiction. Therefore, [ = 0 which is the desired result. The proof is
3,LL 2s
completed. O
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Let us recall Proposition 4.1, Lemma 4.2 and Lemma 4.3, there are two sequences (u,) C [d, 1] and
(un) C Ex\{0} such that

(4.13) I (un) =0, Iy, (un) = ey, and gy — 17,
With (4.13) in hands, we are able to derive the proof of Theorem 1.4.
Proof of Theorem 1.4. First of all, since ;\ i (up) = 0, we are derived from a similar argument in
Lemma 2.1 that Py ,, (u,) = 0, where

A 3—2s

s 1 2t+ 3
/ [(—A)2u,|?de + / 3V (2) + (VV, 2)]|un|*dz + +/ o ulda
2 R3 2 R3 4 R3 "

P Ayun(u)

2*

S

- 3,un/ F(up)dx — Hn |2 da.
R3 R3

Proceeding as the proof of Lemma 3.5, one sees that (u,) is uniformly bounded in E} for all A > Ay.
Then, we claim that (uy,) is a (PS), , sequence of the functional Iy = Iy ;. Actually, taking into
account p, — 1~and Lemma 4.1-(c),

Tllggo Ini(up) = ( lim Iy, (un) + (pn — 1) G(un)daj) = nlg]go Cojin = CA 15

n—oo R3

where we have used the fact that (G(uy)) is uniformly bounded in L*(R3). Similarly,

o Balw)el 250 (n) 0+ (s = 1) [a 9(un)tdz]
n—co  |[Y| E, n—o0 19 £y
= 1| [os g(un)bd
< tim = U] Jpo g(un)dz — 0, Vi) € Ej.
n—o0 [N

As a consequence, one has that (uy,) is a (PS)c, ; sequence of the functional Iy = I 1.
Finally, combining the above two steps and (4.5), we can apply Lemma 4.3 to finish the proof. O
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