EXISTENCE OF NORMALIZED SOLUTIONS OF A HARTREE-FOCK
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ABSTRACT. In this paper, we are concerned with normalized solutions in H,} (R*) x H}(R?) for
Hartree-Fock type systems with the form
—Au+ apyou = Mu+ [u* 2 u+ B || |u|T? u,
{ — AV + aduv = Xov + |07 20 + Blul? [v]T % v,
ng |u|2dac =a, ng \v|2dx = az,
where

(bu,v (.T) = /IRB u (y) +v (y) dy c D1,2 (RS) )

|z — yl

Here a, 8 > 0,a1,a2 > 0and 1 < g < g By seeking the constrained global minimizers of

the corresponding functional, we prove that the existence of normalized solutions to the system

above for any aj,a2 > 0 when 1 < ¢ < % and for a1,a2 > 0 small when % <g< % The

nonexistence of normalized solutions is also considered for % <g< g Also, the orbital stability
of standing waves is obtained under local well-posedness assumptions of the evolution problem.

1. INTRODUCTION
1.1. Background. The Hartree-Fock type system
AU+ o[z T (U3 4+ 03) | Wy = 0,0y + U PRy o+ B W[,
(L1) —Ag o+ |[a] T (W] UE) | Wy =0, Wy + Vo2 Wy 4 B[U |7 W72 Wy,
V=0, (x,t) €C,(2,t) eR3xR,j =1,2,

has received a lot of attention in recent years. For instance, it appears in the basic quantum,
chemistry model of the small number of electrons interacting with static nuclear, see [9,24,25] and
the references therein for details. This system consists of two Schrodinger equations, in which
there are Coulomb interaction terms. The constant 8 € R describes the interspecies scattering
lengths. When S > 0, it indicates interspecies attraction and g < 0 indicates interspecies
repulsion.

Such problem was initially introduced by Hartree in [22] by employing a set of specialized
test functions, without explicitly considering the Pauli exclusion principle. Subsequently, Fock
in [17] and Slater in [27] addressed the Pauli exclusion principle by selecting a distinct class of
test functions known as Slater determinants. By doing so, they derived a system of N-coupled
nonlinear Schrodinger equations
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h
1D g At Vet | [ ol IZ 05 P dy | v+ (Vo) = B,
where 1, 1 R? - C,k=1,...,N, Vi is a given external potential, and

(Vix ij w]( )dy

R3 ‘90 - y\

is the k-th component of the crucial exchange term and Ej is the k-th eigenvalue. For more
details about the Hartree-Fock method we refer to [8,13,18,26] and references therein.

In this paper, our main interest is focused on the case of N = 2 and assume the external
potential has the following form

(Vi) = < 01272 2y + Bl |72 bl )

a9 % 4py + B [1h1]% [h2] 2 g

which is consistent with the assumptions in [15]. It leads us to investigate the system (1.1). Since
we are mainly interested in the existence of standing wave solutions to (1.1), namely, solutions
having the form of

(1.3) Uy (2,t) = e PMly (), Uy (2,1) = e 20 (2), A, \a € R,
it suffices to consider the following coupled elliptic equations with nonlocal interaction

{ —Au+ adyu = Mu+ [ul TP u 4 Bl u|T %y in RS,

1.4
(14) — AV + a0 = Ao v + 02720 + Blu? |7 %0 in R,

where ) )
U +v
R3 |z =y
is the unique solution in D2 (R?’) of
—Apy,y =4 (u2 + v2) in RS
System (1.4) is called a Schrédinger-Poisson type system, see [16].

In [15], the authors first studied the system (1.4), where A1, A2 € R are fixed parameter. They
dealt with the functional

1 1 o
T (u,v) :§y|w||§ + §HVU||§ + 1 /R3 (u2 + vg) Oupde

= 5 (ol + e o) = 5 (Il + Nel3g) = [ it
and looked for its critical points in H!(R3) x H!(R3). In that direction, mainly by variational
methods, they showed the existence of semitrivial and vectorial ground states solutions depending
on the parameters involved. In addition, the authors in [11] considered the least energy solutions
of Hartree-Fock systems when the nonlinearities are subcritical. However, nothing can be said a
priori on the L?-norm of solutions.

In recent years, the study of normalized solutions has attracted considerable attentions, that
is, the desired solutions have a priori prescribed L?- norm. Let us introduce some related results
about the Schrédinger-Poisson equations

—Au+ yu — [ufP?u=wu  in R3,
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where ¢, (z) = [gs lﬁ«y)@/'\ dy satisfies —A¢, = 4mu’. In the last decades, the existence and
stability of normahzed solutions have been studied by many authors. We refer the reader
to [5—7,23,28] and the references therein. The usual way in studying such problem is to looking

for the constrained critical points of the functional

1
J (u) = / |Vu|? do + = / / 2) Fluly) —————>—dz dy — / |ulP dx
R3 JR3 ’9«“— D Jrs

on the constraint
S(c) = {u € H' (R : / lu? da = c} .
R3

In [28], the authors proved the existence of minimizers when p = %, and ¢ € (0, ¢p) for a suitable
co > 0. When p € (2,3), it was shown in [7] that a minimizer exists if ¢ > 0 is small enough.
In [6], J. Bellazzini and G. Siciliano obtained the existence and stability only for sufficiently large
L?-norm in case 3 < p < %, in case p = % for sufficiently small charges. In [23], L. Jeanjean and
T. Luo gave a threshold value of ¢; > 0 for existence and nonexistence by a detailed study of the
function ¢ — m(c) := infyeg, J (u) in the range p € [3, 1)]. Also, they gave a nonexistence result
of normalized solutions when p = 3 for all ¢ > 0 and when p = 1—3? for ¢ > 0 is small enough. In
addition, when p € (%, 6), m(c¢) = —oo for all ¢ > 0. In [5], the authors considered the mass
supercritical case p € (%, 6). By virtue of a mountain-pass argument developed on S (¢), they
showed that for ¢ > 0 small enough, J admits a critical point constrained on S (¢) at a strictly
positive energy level and it is orbitally unstable.
As for the existence of normalized solutions to nonlinear Schrodinger system

—Au+ Mu = p |[ulP%u + afu/*?|vfu in RV,
—Av + Agv = po|v|72 v + Blul*v[f~20  in RV,
Janw? =0, [pwv? =10

we refer to [1-4,10,14,19,21]) and point out that no nonlocal terms are involved. In [29], J.
Wang and W. Yang studied the coupled nonlinear Hartree equations with nonlocal interaction
2
—Au+ Vi(x)u = Mu+ fRN B (y‘)Q dy|u+ <f]RN %dy) u, =RV,
2
—Av + Va(z)v = Aav + g fRN ﬁdy v+ (fRN %dy) v, xRN,
In addition to prove the existence and nonexistence of normalized solutions, they also obtained
a precise description of the concentration behavior of solutions to the system under certain
type trapping potentials by proving some delicate energy estimates. Due to the influence of

nonlocal terms, we should emphasize that it is more difficult to estimate the energy and obtain
the compactness of the (P.S) sequence, which also leads to less research on such problems.

1.2. Main results. Motivated by these recent works above, we consider the existence of
solutions to (1.4) satisfying the conditions

(1.5) / luldz =a; >0 and / lv]? dz = ag > 0.
R3 R3

Define
S (a1, az) = {(u,v) e H' (R x H! (R®) : [[ull? = ay, 0] = a2}
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and a solution (u,v) € H} (R¥) x H}! (R3) of (1.4)-(1.5) can be obtained by seeking a critical
point of the functional

1 1 o 1 2 2\ _ B
I (u,0) = 5||Vull3+ S IVoll + /R (u* +0%) fupde — o (1Hll35 + lvl13g) - 4

|ul|v["dz
R3

constrained on S (a1, ag). The parameters A1, A2 € R are no longer fixed, but appear as Lagrange
multipliers. I is a functional of C'-class and bounded from below when 1 < g < g Let

1.6 m(ay,as) = inf I (u,v).

(1.6) (a1,a2) T . (u,v)
In the present paper, by analyzing the compactness of the minimizing sequence of the related
constraint problem, we obtain the existence of the normalized solutions of system (1.4). The
orbital stability and some nonexistence results are also considered.

We state the main results as follows.

Theorem 1.1. Assume o, 5 >0 and 1 < ¢ < g

(i) When 1 < ¢ < %, problem (1.4)-(1.5) admits a normalized solution for any ai,az > 0.
(ii) When
(iii) When 3 < q < 2, problem (1.4)-(1.5) admits no normalized solution for ai,as > 0 small.
(iv) When ¢ = 3,1 < o < 87 and 0 < B < a, problem (1.4)-(1.5) admits no normalized

solution for any ay,as > 0.

< g <3, problem (1.4)-(1.5) admits a normalized solution for ay,as >0 small.

NOICOCO s

Next, we consider the orbital stability of the set of minimizers.
Definition 1.2. Let
G (a1,a2) = {(u,v) € S(a1,a2) : I (u,v) =m(ar,a2)}.

G (a1,a9) is called orbitally stable, if for every e > 0, there exists § > 0 so that if the initial
datum (¥ (+,0), W5 (+,0)) in the system (1.1) satisfies

(W1 (-,0), W2 (-,0)) = (u,0)|[ g1 <6,

inf I
(u,w)eG(a1,a2)

there holds that

inf (U1 (,2), P2 (1) — (w,v)|jn <&, VE>0,
(u,w)eG(a1,a2)

where W; (-, t) i = 1,2 is the solution of (1.1) with initial datum (V1 (-,0),¥s (-,0)).

Theorem 1.3. Let q € (1,3). Then the set G (a1, az) is orbitally stable.

1.3. Main difficulties and ideas. The main difficulty of the problem is the compactness of the
minimizing sequence with respect to m (a,az). In order to overcome this difficulty, the method
in [19] is adopted. We consider the problem in H!(R3) x H!(R3). By establishing a weak
subadditive inequality, the strong convergence of the minimizing sequence is obtained. For the
non-existence results, we mainly obtain it by a delicate estimate of the nonlocal term and applying
the fact that any critical point of I(u,v) on S(a1,as) satisfies the identity Q(u,v) = 0, where
Q(u,v) is defined in (2.9). In addition, through the scaling transformation ug (z) = 6%u (),
vg (z) = 0%v (A), compared with the case of a single Schrédinger-Poisson equation, a new similar
L?-critical index ¢ = % appears in our study. That is, when 1 < ¢ < %, m (ay,a2) < 0 for any
a1, a9 > 0, but when % <qg< %, m (a1, az2) < 0 only for sufficiently small a1, az, when % <qg< %,
m (a1,az) < 0 only for sufficiently large a1, as.
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1.4. Notation.
e Denote the norm of LP (R3) by

1
p
fulli= ([ laPac) " 1 <<
R

o H! (]R3) is the usual Sobolev space endowed with the norm

1
2
ull g = (/ |Vu2dx+/ \u|2d:r>
R3 R3

H! (R3) = {u e H' (]R3) cu(z) =u(lz])}.

and

[NIES

e D2 (R3) := {u € L* (R3) : Vu € L? (R®)} with the norm (ng |Vu|? dx) nd
D}? (R?) := {u e D" (R?) s u(z) =u(|z|)}.

Denote by’ =" and ' —' weak convergence and strong convergence, respectively.
C represents various positive constants which may be different from line to line.
The symbol 0,(1) is used to denote a quantity that goes to zero as n — +oo.

This paper is organized as follows. In Section 2, some preliminaries are introduced. Particularly,
some results in [15] are recalled that will be used to get compactness. We also give the variational
setting for our problem. Section 3 is devoted to the proof of Theorem 1.1, which is about the
existence and nonexistence of normalized solutions of (1.4). In Section 4, the orbital stability of
the set of minimizers is established.

2. PRELIMINARY RESULTS

Flrstly, let us observe that the C'* functional I (u,v) is well-defined in H! (R3) x H' (R?).
l<g< 3, thanks to the Holder inequality, there is p > 1 with 2 < gp, ¢p’ < 6,p’ : Ll, hence

/ lul? o] de < ||u|| ||qu , <oo foruveH* (]R3)
RS

We now give an upper bound estimate for the nonlocal term.

Lemma 2.1. There exist constants C1,C,C3 > 0 independent of w and v, such that for all
u,v € H? (R3),

/W (w4 %) G < C Jull§ HUIls T Co ol HvHs +Ca [l HUHS ol el

|00 Wi

Proof. Since ¢, (z fRS = y‘ dy € D'? (R3) solves the equation
(1.1) —A¢, = 4ru? in R,
multiplying (1.1) by ¢, () and integrating, we obtain

47r/ uzqﬁudx—/ IV |* .
R3 R3

L@?mm<mmmw

Recall the following inequality

wloo wloo
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/RS v2p,da < (/RS |¢u\6dx>é </RS 0| dx>2
<o([ worar)’ ([ ).
:2\/7?C</ u2¢udm> (/ |v\sdx>

O lull3 HUH3 ol ol -

then we have

W00 Wl

Thus,

/ (u2+v2) QSU,vdm:/ u2¢udx+/ vijvdx—i-/ u2¢vdx+/ ’Uggbudx
R3 R3 R3 R3 R

< O Jull§ HUIId T Co ol HUH‘* + Gy ulls HUIlé lol3 [o]]5 -

O

Next, We begin to show that the following properties hold, which are important for proving
the convergence of the minimizing sequence (u,,v,) with respect to m(a,az).

Lemma 2.2. (see [15] Lemma 3.2) Let q € (1,3) and {(un,vn)} C HY(R3) x H}(R3) be such
that (up,vy,) — (u,v) in HY(R3) x H}(R3) as n — +oo. We have, as n — +00,

(Z)un,vn — d)uv m D1’2 (RS)

/ (2 + v )¢un,vndxﬁ/ & 4 0%) fuda,

/ |un\q|vn|qdm—>/ |u|?|v]|9dz.

As it is usual for elliptic equations, the solutions of (1.4) satisfy a suitable identity called
Pohozaev identity, which can be found in [15, Lemma 3.1]. Benefiting from this Pohozaev
identity, our nonexistence results are obtained.

Lemma 2.3. If (u,v) is a solution of (1.4), then it satisfies the Pohozaev identity

1 3 Do
Prya (,0) = 5 ([ Vullf + HWH%) =5 (ullal + 2o 013 + 2 [ (2 +02) 600
- 5 (Il +11o1g) =2 [ fulepovao
= 0.

3. PROOF OoF THEOREM 1.1

Before proving the main theorem, some Lemmas are in order. The next lemma shows that
the functional I (u,v) is bounded from below on S(a1,az) when 1 < ¢ < 2.

Lemma 3.1. If1 < g < %, then for every ay,as > 0, the functional I (u,v) is bounded from
below and coercive on S (a1, az).
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Proof. The Gagliardo-Nirenberg inequality

N(p—2) _N(-2)

lullp < CnpllVaully ™ lull, ™ forue H' (RY),
which holds for 2 < p < 2* when N > 3, implies for (u,v) € S (a1,a2),

3(pg—2) 3(p'q—2)

7
/R3 Jul?fo]?da < [ul|g,[lv]lg, < ClIVully ™ [[Voll,

where p > 1, }%—I-%:l,?qu’qplfﬁ-
So we obtain

1 1 o 1 B
(o) = SIVall + 5Tl + 5 [ (04 0?) duace = o (g + ol5) = 2 [ jupofras
1 1 1 2 2 p
> IVl el = o (1l +1leli3y) = [ ultleftaz
1 (=1 3(g—1) 3(P2q 2) 3(17;4172)
> SVl + 3190l = o (ComlITuE™ + Cona 1901 = EZ 1wl 190, >

3(pg—2) 3(p'q—2)

1 1 3(g— 3(g— 7
= SIVull3 + S11Voll3 = ClIVully ™ = Call Vol = Cal|Vully  [IVoll, *

Asl<g< 3, it followes that 0 <3 (¢ —1) < 2,0 < (pqp 24 (p;]) 2 < 2, which ensures the

boundedness of I (u,v) from below and the coerciveness on S (a1, az). O

Hereafter, we use the same notation m (a1, ag) for a1,as > 0 with either a; > 0 or ag > 0,
namely, one component of (a1, az) maybe zero.
In what follows, we collect some basic properties of m (a1, az).

Lemma 3.2. (1) Let 1 < q < %, for any a1,as > 0 with either a; > 0 or ag > 0,

—oo < m(ag,az) <0

(2) If% < q < %, there exist p1,p2 > 0 such that —oco < m(ai,az) < 0 for all
a; € (0,p1),a2 € (0,p2). If% < q< %, then there exist ps,ps > 0 such that
—oo < m (a1, az) <0 for all a; € (p3,+00),a2 € (p4, +00).

(3) m (a1, az2) is continuous with respect to ay, az.

(4) For any a1 > by > 0,a2 > by > 0,

m(a1,a2) < m(by,ba) +m (a1 — b1, ag — ba).

Proof. (1) It follows from Lemma 3.1 that I (u,v) is coercive and in particular m (a1, as) > —oc.
We define us () = e%u(esx), vs (z) = e%v(esx), so that [us (z)]3 = |lu ()3, ||vs (z)]|5 =
|v ()3, then we have the following scaling laws,

IVus ()13 = € [ Vu (@)]3

s () 155 = >0 Jlu () Iz .

[ s @ o @) = 0 [ @) o @)l da,
R3 s
[ [0 @+ 0] b 0= |

R3

{u (x)2 +o (x)ﬂ Gup () de
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Thus
e* 2 2 ae’ 2 2
1 (ug,v0) =5 (IVull3 + [1V0]3) + = | (42 +0%) du0 (@) da
R
3s(g—1) 3s(g—1)
€ 2 2 Be
- (g ol3g) = 2= [l o
2q q R3

We notice that 0 < 3s(¢g—1) < sfor 1 < ¢ < %, thus, for s — —oo, we have I (ug,vs) — 07,
which prove the first claim.

(2) When % < g < 3, weset ug(z) = 925y (), vo () = 923"y (£). so that [lug (a:)||§ =
0 ||u ()]3, ||vg (z)||3 = 6 ||v (x)]|3, then the following scaling laws can be obtained,

IVug (2)5 = 6" [ Vu ()]l3

2
lug (@) 155 = 8974 |u () Iz,

/RS lug (2)|7 |vg (2)|7 da = g1 —3r)at3r /]RB (@) o (@) da,
/R3 [(“0 ()% + (v (x))ﬂ Gug g (2) d = HQ_T/

R3

[u (;zc)2 4+ v ($)2:| Gup () dz

Therefore
Lo 2 2 Qo 2 2
I (ug,vg) ==0 Vull; + [|[Voll5) + —6 (u* 4+ v%) Pup (z) dz
2 4 R3

1
([ R ) I / ul? o] dz.
2q q R3

Note that for r = —1 , we get
1 o
1 (g, ) =56° (190l + [9012) + 56° / (i + 0?) oy (2) do
R
1
= o0 (1l + 10132) = 2572 [ Jup ot aa.
q q R3

Since 49 — 3 < 3 for % <gq< %, there holds for 8 — 0, I (ug,vg) — 0~. Thus, there exist
p1,p2 > 0 such that —oo < m(ai,a2) < 0 for all a; € (0,p1),a2 € (0,p2). If % <qg< %, we
have 4g — 3 > 3, then for § — +oo, I (ug,v9) — 07. Thus, there exist ps, ps > 0 such that
—o00 < m(a1,az) <0 for all a; € (p3, +0),as € (ps,+00). The second claim is completed.

(3) We assume (af,ay) = (a1, a2) +o,(1). From the definition of m (af', a}), for any € > 0, there
exists (up,vy) € S (af,ay) such that

(2.1) I (un,vn) <m(al,a3) +e.

1
Setting w, := Hun”2a1, Uy 1= Hv H a2, we have that (uy,,0,) € S (a1,a2) and
(2.2) m (a1, az) < I (Up, V) = I (Un,vy) + 0n(1).

Combining(2.1)and (2.2) we obtain
(2.3) m(a1,a2) < m(ay,ay) + e+ on(1).

Similarly, from the definition of m (a1, as2), for any € > 0, there exists (u,v) € S (ai,a2) such
that

(2.4) I (u,v) <ma1,a2)+e.
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Let u := ”;‘”2 (a?)%, U= LG (ag)%, then (u,v) € S (a},ay) and
(2.5) m(a},ay) < I(@,0) =1 (u,v)+ on(1).
Combining(2.4)and (2.5) we deduce that

(2.6) m(al,a3) <m(a1,a2) + €+ on(1).

Therefore, since € > 0 is arbitrary, according to (2.3) and (2.6) we deduce that
m(al,ay) =m(a1,a2) + € + op(1).

The third claim is obtained. o o
(4) By density of C5° (RY) into H' (RY), for any ¢ > 0, there exist (&), (51,52) c

C5° (RY) x Cg° (RY) with [|&|)2 = b:,||é; z = a; — b; for i = 1,2 such that
(27) I (51752) S m(blvbQ) + %7
(2.8) 1(51,52) Sm(al—bl,az—bz)Jr%-

We may assume that
(supp€r U suppés) N (suppél U suppfg) =0,

and

L @@+ @) (W +E®) o
/ (512 + §22) be, g, dr = / / ( <
R3 RB ]RS

[z =y a
then for i = 1,2
It follows that m (a1,a2) < I (51 + 61,6 +£2>. Set & = & + & , we have H&Hg =aq; fori=1,2.

and

2
QIbZ‘—i—(CLi—bZ‘):ai.

2 ~ 2
el

(0%

1616 = 5 (V6B + 19&l3) + § [ (6 +8) dq ado
-5 (16l +lelts) - 2 [ el e as
=5 (IvalE+Ival) +§ [ (67 +&") og qao
- 5: (lalBs+ 1eliz) - 5 [ 16 el as
ey (Ival,lval,) «§ [, (6 &) os e
1 ~ 1124 ~ 129 I3
g (el +el) - L.

. (/]Rd (62 +87) o, gy + /Rs (& +8) %@dw)

<T(6.&)+1(6,&)+e

TIPaY
‘51‘ ‘52’ dz
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Combining (2.7) and (2.8), we obtain
m (a1,a2) < I(&1,&) < m (b, b2) +m(a; — b1, az — ba) + 2,

thus
m(al,ag) < m(bl,bg) +m(a1 — bl,az — bz).

This completes the proof of the Lemma. ([

Remark 3.3. Note that if we set us (z) = e%u(esx), s € R then
3s 5,112
e’ u (e
¢us (I’):/ Mdy:es(bu(esx).
R |2 — Y
To obtain our nonexistence results, we use the fact that any critical point of I (u,v) restricted
to S (a1, az) satisfies @ (u,v) = 0, where
a 3(g—1 2 2
@ u,0) Va4 17013+ 5 [ (02 +02) e — 202 (i + o)

2q
_3,8((]—1)/ |u|9|v]9da.
q R3

Indeed, we have the following Lemmas.

(2.9)

Lemma 3.4. If (ug,v) is a critical point of I (u,v) on S (a1,as2), then @ (ug,vg) = 0.

Proof. First, we denote

1 1 Al 2 )\2 2 (0%
iy 0,0) =3 IVl + S0l = S [l = Z ol + 5 [ (02 +0%) e

1 2q 2q B/ q q
_ _ = d ,
2q(|\ﬂ|lzq+llvllgq) 7 Jes ul?|v]*da

here A1, A2 € R and Iy, ), (u,v) is the energy functional corresponding to the equation (1.4).
Clearly,

A1

2

A2

2 2
Jall3 = 22 113

Iy y, (u,v) = I (u,v) —

and simple calculations imply that

Q (1,0) = 5 (T (0,0) (1,0)) = Pr, s, (1,0).

Now from Lemma 3.1 of [15], we know that Py, ), (u,v) = 0 is a Pohozaev identity for
the Hartree-Fock equation (1.4). In particular, any critical point (u,v) of Iy, x, (u,v) satisfies
Py, x, (u,v) = 0. On the other hand, since (ug,vp) is a critical point of I (u,v) on S (a1, az),
there exists a Lagrange multiplier A1, Ay € R, such that I’ (ug, vo) = A1 (ug,0) + A2 (0,vp). Thus,
for any (1, p2) € H' (R3) x H! (RS) , we have

<I$\1,)\2 (UO’ UO) ) (9017 902)> = <I/ (UOa UO) -\ (uO, 0) — A2 (07 UO) ) (901’ 302)> =0,

which shows that (ug,vo) is also a critical point of Iy, x, (u,v). Hence Py, x, (uo,vp) = 0 and
<I,,\17)\2 (U(), UO): (u07 Q]0)> = 07
Q (up,vo) = 0 follows then. O

Now, a delicate estimate of the nonlocal term is given, which is available to control the
functional I (u,v) and Q (u,v).
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Lemma 3.5. When % < q <2, for any € > 0, there are constants C1, Co > 0 depending on q,
e, such that for any (u,v) € S (a1,as2) ,

2, 2 1 2 2 [lu H4 5 lv H4 &
R? (W4 0) unde 2~ ([IVullz + IV0llo) +C) 3Gy 23 e 3293 208
IVully ™ fully™ [Vl flolly™
Proof. When < ¢ < 2, by interpolation, we have
3(4—2q) | 114(2¢—3

(2.10) el < Mlul3* 7 327
Since the ¢y, (z) € D2 (R?) solves the equation

(2.11) —A¢yy =4m (u2 + 1)2) in R3,

on one hand, multiplying (2.11) by ¢, , (x) and integrating, we obtain

2 .2 _ 2
(2.12) 47 /R3 (u® + v?) pypdz = /R3 Vo (z)|” da.

On the other hand, multiplying (2.11) by |u| + |v| and integrating, we get for any n > 0 ,

oy [ (0 +0%) (Jul + o) dz = = | A¢uy (2) (Ju] + |v]) dz
(2.13) /RS /

=1 [ V6us () Yl + l)do
It follows from Young inequality that for any € > 0,
2
(2.14) 47m/ (u® +v°) (Jul + |v]) dz < e/ Vuw ()] dz + ”/ IV (u+v)[* da.
R3 R3 4e R3
Thus, taking n = 1 in (2.14), combining (2.12) and (2.14), we obtain
1
(2.15) 47r/ (v +v%) (lu] + |v]) dz < 47re/ (u® + v?) ypdr + / IV (u + v)|* dz.
R3 R3 4e R3
Clearly, we observe that
(2.16) / (e + %) (Ju] + o]) dz > / (juf + [0/?) d
R3 R3
Then, from (2.15) and (2.16),
(2.17) Hqu + Hng < 5/ (u? +v?) Py pda + / |Vu + Vo|* dz,
R3
is obtained. By (2.17)
/ (U2 + U2) ¢u,vd$ >
R3

>

(lall + 110113) - i = [ Tu veP s

3 3
(el + I013) - 5
Now, using Gagliardo-Nirenberg’s inequality, there exists a constant C; > 0, such that
(2.19) el < €y IVl flull*.

Taking (2.19) into (2.10), we obtain
(4—29) (29-3) ||. 112q—3
(2.20) lull38 < Co llull3 > [Vull3 %) lull37.

(2.18)

7 (IIVull3 +[[Vl]3) -

M= O
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Thus,
3 Cyllu H4 &
(221) HUHS Z 3(2q 3) 2¢—3 °
Va7 Jlufly
It follows from (2.21) and (2.18) that
_2q
4—2q / 4 2q
2 9 Cy llull3, 7 vl 1 5 5
/]R3 (u +v )ﬁbu,vdx > 3(2q23) 203 3(2q23) 203 ) (HVUHQ + HVUH2)
elVaull, "™ Jull; ™ elVoll ™ (ol
q q
Ch [lullz ™ Ca [|v[l5, 1 ) )
3(2q23) 203 3(2q23) 203 T 8ne? (HVUH2 + vaHz)
[Vally 2 fully™ Vol ol

Then, the proof is completed.

The estimate on the nonlocal term leads to a lower bound on @ (u,v).

Lemma 3.6. When % <q< % and a, 8 > 0, for any € > 0, there are constants Cs (e, q, a,

Cy(e,q,,B) >0, such that for any (u,v) € S (a1, as),

(2.22) Q (u,v) >

32me?
32me?

2 (IVulB+11Voll3) - Cs [ Vul

5)7

1 1
5af — Ci[[Vol3a3.

Proof. By Lemma 3.5, for any € > 0, there are constants C; > 0, Cy > 0 depending on ¢, ¢, such

that, for any (u,v) € S (a1, as2),

a, 8 > 0, there holds

321e? — o 9 9 ||l H4 &
Q(u,v) ZW (||VUHQ—|— HVUHQ) +aCy 3(2q 3) 2¢-3
2.23) [Vl ™ g
o3, ™ 30— (8 +1)
Hal—— ity = = e ([l + Illl3g)
90l olly ™

To obtain (2.22) from (2.23), we introduce the auxiliary function

32me? — o

Jriko (21, 22) = 397me?

3(2¢—3)

with D; = 4 (k;?(“q) ‘a

1 1
1 —1
(k1 + ko)+aDyz{ > +aDoxy > — 3 (g 2) (B+1) (r1+x2), 1,72 >0
q
2g-3 \ —1 3(29-3) 2g-3 \ ~1
2<42q>) ,and Dy = Cy <k2<42q) -a2(472q> The study of the

auxiliary function will provide us with an estimate independent of ||ul ]2q, Hszq Clearly,

82

Ofiwie (e1,0) o 3(g-1)(B+1)
ox; 4—2q¢ 0 2q ’
o 2 — 3 fat ,
4—2q.4—2q.Di ;7% >0, form,ze>0,i=1,2.

aTc?fkl,kQ (x1,22) =
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3(g=1)(B+1)(4—29)

For convenience, we set M := . Therefore, fy, k, (1,22) has the unique global

2q
minimum at
4-2q 4-2¢
[f x_] _ M 2¢—3 M 2¢—3
b2l Ole ’ aDQ ’
and
1 1
32me? M \ 23 M\ 24—
01, X ——— (k1 + k D Dy | ——
Thi ko (71, T2) = 39722 % (k1 + ko) + aDy (aD1> +aDsy (aD2>
3(g—1)B+1) [/ M %Jr M\ 28
2q aDq aDsy
32me? 2q—4 1 1
_71{; k D1)2¢-3 . M2¢—3 . (1 —
32me? (k+k2) + (aD)= ’ ( 4—2q>
2 1
(QDQ)zq 3 M2q 3 . <1 — 4_2q>
32me? — o q=4 ~ 1 2¢—3 3 1
_W(kl—i_l{a)_a% 3C1.M2q73.4_2q k12 .a12
2q—4 ~ 1 2q—3 3 1
— 0423*302 . M2q1—3 . 4(]_ 5 k22 .a22
32me? g 1 5 1
W S (IVulB+1[Vol3) - CsIVul3ai — Ca[[Vol)3a3.
Because of fi, i, (1,22) > fi, &, (1, 22) for all z1, 22 > 0, we get (2.22). O

Next, we are ready to give the proof of Theorem 1.1.
Proof of Theorem 1.1. Assume that (u,,v,) is a minimizing sequence with respect to m(aq, az),
then I (un,v,) = m(a1,a2) + o, (1). By the coerciveness of I (u,v) on S (a1, az2), the sequence
(tn, vy) is bounded, and so, (un,v,) — (u,v) in H}(R3) x H}(R3). By the compactness of the
embedding H}! (]RN ) c rL? (RN ) for 2 < p < 6, Lemma 2.2, and the weak convergence, the
following formulas hold
Up —u in L2 (]R3) ,

vy — v in L% (]R?’)

/ (ud +v)¢unvndx—>/ u? +0%) ¢y pda,

/ |un\q]vn|qu—>/ |ul?v|?dz,

(2.24) m(ay,a2) = lim I (up,vy) > I (u,v).

n—oo

thus we have

Assume that (un,v,) — (u,v) = (0,0) in H}(R3) x H}(R3), it follows that m (a1, as) > 0 which
contradicts with m (aj,az) < 0. Note that if ||ull3 = a1 and [[v]|5 = a2 we are done. Indeed,
from the definition of m (a1, az2), we deduce I (u,v) > m (a1, as) this moment, this together with
(2.24) leads to

(2.25) m (a1, a2) = I (u,v).
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Therefore, combined with I (uy,v,) = m(ai,a2) + o, (1), the strong convergence of (uy,vy,)
in H} (]RN ) x H} (RN ) then directly follows. Otherwise, we assume by contradiction that
Hqu = by < ay or HU||§ := by < ag. By definition I (u,v) > m(b1,by) and thus it results
from (2.24) that

(2.26) m (bl, bg) S m (al, CLQ) .

At this point, by Lemma 3.2, in case 1 < g < %, m (a1 — bi,as —be) < 0. In case % <qg< %,
then there are p1, pa > 0 such that m (a; — by, a3 — by) < 0 for all a; € (0, p1),a2 € (0,p2). So
we get

m (a1, az) > m (b1, b2) + m (a1 — b1,a2 — b2),
which is a contradiction to Lemma3.2(4) and Theorem 1.1 (1),(2) is proved.

Since there is (u,v) € S (a1,a2) with m (a1,a2) = I (u,v). By the Lagrange multiplier, there

exist A1, Ao € R such that

I’ (u,v) = A1 (u,0) + A2 (0,0).
Therefore, we obtain the normalized solution (A1, A2, u,v) of (1.4)-(1.5) in H}(R?) x H(R3) for
the above several cases.

We consider the non-existence for % <q< g By contradiction, assuming that there are
sequence af C RY, ai C R, with a] — 0, a} — 0, as n — oo, and {(un,v,)} C S (a},a}) such
that (uy,v,) C S (al,ah) is a critical point of I (u,v) restricted to S (a},a%) . Then, on the one
hand, from Lemma 3.4,

«
Q (s v) = [Vl B+ 1900l + [ (034 02) 6

3 (q - 1) 2q 2q 3ﬁ (q - 1)
=55 (el lloall3) = === | Junllen "z
=0.

Since o > 0, 8 > 0 and % <qg< %, naturally, we deduce

3(g—1)(F+1)
(2.27) Va4 1903 < =15 7 (a3 el 57)

We have, from Gagliardo-Nirenberg’s inequality, that for some C; > 0, and Cy > 0,
3— _ 3—q _

(228)  [[Vuall} + IVoall3 < Calaf) =" [Vuall3™" + Colaz) =" [ Va3

Because of 3 (¢ — 1) < 2, we obtain that

(2.29) [|[Vupll2 =0 and ||Vop|l2 =0 as n — oo.

On the other hand, by Lemma 3.6, it follows that there are constants Cjs(g,q,a,f3),
Cy (e,q,, ) > 0 such that

327T€2 — 3 1 3 1
(2.30) 392 (1IVunll3 + [[Vonl3) < C3[[Vualls ()2 + Ca[[Vonll; (a3)?
According to the arbitrariness of €, we can take € > /55—, then (2.30) implies that
[|Vuplla = 00 or |[|[Vugl|la = o as n — 0o,

which are contradictory to (2.29). Thus, we finish the proof of Theorem 1.1(3).

Now when g = %, it is enough to prove that, for any aj.as > 0, there holds @ (u,v) > 0 for
all (u,v) € S(ai,az). Indeed, if @ (u,v) > 0 holds true, we can conclude the nonexistence of
minimizers directly from Lemma 3.4.
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To check @ (u,v) > 0 for all (u,v) € S (ai,a2), let n =2 in (2.13) and € = 1 in (2.14), then
from (2.12) and (2.14), we get

«

(2.31) Z/R (12 + 0?) Gy pde > ‘;/R (12 +%) (ul + o) do = 7o [ (9 (Jul + o] ).

[\][%)

Thus, for any (u,v) € S (a1,a2), ¢ =

« 1 3, 3
QWW%ﬂW%%+HVM%%t/(ﬁ+dﬁ%wm—GW%+HM@—6/'MﬂMMx
4 ]R3 2 RS
> |[Vall 41190l + 5 [ (@2 +0) ful + o) do
RS

«o 1 3, 3
“167 /. (vwwwmﬂm—mwawm®—ﬁ/|mmwm

> (1= 5=) (19wl + V0l + 5= (lalf+11o1) + (0 = 8) [ fulflol .

Since 1 < a < 87, and 0 < 5 < «, we can get @ (u,v) > 0. At this point, the proof is complete.

4. PROOF OF THEOREM 1.3

In this section, we prove Theorem 1.3 following the classical arguments of [12,20].
Proof of Theorem 1.3. First of all, we notice explicitly that G (a1, a2) is invariant by translation,
i.e. if (u,v) € G (a1,a2) then also (u(- —y),v(- —y)) € G (a1,as) for any y € R3. We argue by
contradiction, assuming that there exist a; and as > 0 such that G (a1, az2) is not orbitally stable.
This means that there is a €y > 0, and a sequence of initial (U7} (0), ¥% (0)) C H} (R?) x H} (R?)
and {t,} C RT such that

f \Ian’\I/nO N : —>0
o (0.9 (0) — (1 0)
and

21 il () U (o)) — (0l 2

(u,w)EG(a1,a2)

Since by the conservation laws, the energy and the charge associated with ¥; (,¢) i = 1, 2. satisfies
L(UE(t0), W5 (- t0)) = 1 (VY (+,0), U5 (-,0)), and [UF(, t)[[5 = [[¥7(0 )H2 for i = 1,2. Define

n _ \I];,n(’tn) %

(. t,) = a? for i=1,2,
197 (-, t0)15

we have

197 t)|2 = a,for i =1,2,and I (qﬁf, qu) — m (ar,a2) + on (1).

So we find a minimizing sequence (\I;’f,\ﬁg with respect to m (a1, az). However, according to
theorem 1.1 (1)(2), the minimizing sequence is precompact (up to translation) in H!(R3) x
H}(R3), which contradicts (2.1). The proof is completed.
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