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The Extra-Cellular Matrix

- a complex set of macromolecules, essentially composed by collagen
- a natural complex scaffold cell adhere to

- anisotropic and heterogeneous fibrous medium

Types of motion:

Ameboid motion: Mesenchymal motion:

4 Amsharbl
ol Mesrooiymal

- high deformation of cells - strong adherence
- weak adherence to the surrounding tissue - ECM degradation by enzymes (MMP)
- no degradation of the ECM - fibers deformation and/or rupture

- high migration speed - low migration speed
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The Kinetic Framework

Two populations

Fibroblasts

Moving cells ® — [ cukocytes

.

Metastases
Fixed oriented fibers of the ECM / \
Collagen
/
/ — Elastin
n Fibronectin

Hillen, J. Math. Biol., 53, 585616 (2006).
Chauviere, Hillen & Preziosi, Netw. Heterog. Media, 22, 333-357 (2007).
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Statistical representation

Cells: Distribution density p(f., X, V)
3
o Posion X €D C R

e Velocity V €& V C R‘g
Fibers of the network: Distribution density '?’?"?,.(t._, X, Il)

e Non-oriented fiber direction "= ] & Si

m(t,x,n)  forn e S%
e m°(t,x,n) =
m(t,x,—n) forn e S
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The cell movement equation

w==)> (Chemotactic effect f(C’ ) c R? depending on a chemical profile C(tn X)
e £(C) = AVyC

. _ Mass conservative interactions
mmmd (Cell-cell interactions

e Operator J¢ ° f Vv J c dv = (

mmm) (Cell-ECM interactions

o [ Ty dv =0

e Operator Jm

Transport equation for cell movement:

(0}; TV vXp + vv . [f(c)p] — Jm, + Jc
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Macroscopic quantities

Moments of the distribution function:

Zero-th order: cell number density plt,x) = p(t,x,v)dv

pt, X, v)vdv

First order: momentum p(f. X)U(f, X) —
Pressure tensor:

P(t,x) = /1 pt,x,v)|v—-U(t,x)| @ |[v —U(t,x)| dv
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Macroscopic description of the fiber network

Fiber number density:

e M(t,x)= / m(t,x,n)dn = — / m-(t,x, n)dn
f..,l

a

I‘_"l-.‘_ o '1-'J
[ + L

-_“=

Orientation tensor:

Symmetric and positive tensor

3 '
_ m(t.X.n)n  ndn

° D(t,x) =

_ 1 _
Visualization: By the ellipsoid X - Dx =1
The eigendirection r_ of the maximum eigenvalue A

—> the main fiber network direction

Isotropic case:

£
_ 1Y

e m(t,x,n) = m(t,x) d
N/
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Macroscopic description of the fiber network

One only direction:

o m(t,x,n) = m(t,x)5(n — ng) ////

0)\m=2

General case:

( cos?(0) cos(0)sin(0)
o D=2
cos(6)sin(0)

‘I‘m:no

A L4

J

-
—

sin2(0) )

[
»

i

~
(_
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Macroscopic description of the fiber network

A particular case for two directions:  (typical of arteries)

e m(t,x,n) = m(t,x)[6(n—ng)+d(n —nq)]

2
cos<(6p) 0

.90:

3 e
SR ROE
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Macroscopic description of the fiber network

m e

llllllllll

Diffusion Ellipsoid
Surface is an
isosurface of the
probability of diffusion

Jagersand, Murtha, Beaulieu, 200

FIG. 1. RGE ookor maps of the tensors principel
diffusion directions, Laft: teansor with no chamgs in
tumor cell difusdon anisotmopy comparsd to waler
antactiopy r = 1. Right: Tensor with change in
tumor el anlsotropy & = 10

Jbabdi et al. 2005



Moment expansions

Integration of the transport equation over V:

/ P gy + / V- Vipdv + / V- (fp)dv = / T, dv + / J. dv
v JV JV

- ~ 4 ~ 7
N ' '

Assumption:

Mass conservative interactions

mmmp  Mass conservation equation:

0
p+vx (pU) =0
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Moment expansions

Integration, over V, of the transport equation multiplied by v:

[ 2 ovyavt [ Iv-Vaalvavt [ 19y @) vav =[5+

Cell-ECM interaction force

Im /V Jm v dv
\J
Cell-cell interaction force
Using
o= / Jevdv
Vv -(Ep)lv = Vv - (vefp) —fp-[VyV] v

= Vv-(v®fp) —fp

Finally /V Vv - (fp)] vdv = pf(c)
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Moment expansions
Integration, over V, of the transport equation multiplied by v:

[ 2 ovyavt [ Iv- Vaplvavt [ 9y @) vy = o +ic

mmmdp  Momentum balance equation

%,
5, (PU)+Vx:(pU @ U) = —Vx-P+pf (c) +jm+Jc

and using the mass conservation equation

ou
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Cell-cell interaction modeling

Main hypothesis:

The transition probability density does not depend on the incoming velocities

» - L -
"l;":lf’ . ( (V"? V{) —> V) — "l;"ﬁl,? c (V) - "l;":'f-’c ("U’)

T

x/l
Collision operator:

J.=mn / /p )p(vl)dv' dv, — n.p(v )/p(v’r) dv’,
— p(v)].

= n.plp.
Mass preserved: / Jodv =n.p / pe(v) —p(v)]dv =0
JV JV

Momentum contribution Jo = / J.vdv =mn.p / [p?_,.-:’?f_,(VJ v—=p {:VJ V] dv
is a drag: JV SV

= —.p U,
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Cell-ECM Interaction

Before interaction After interaction

/
(x,v") \ (x, V)./ Main hypothesis:

indipendently of the incoming velocities
(X7 n) / /

. . 1 » N
U (Vi) — v) =, (" v) =, (v) 3[{Hﬂ — V) +d(n" + V)]
1
Collision operator: g = N, {O{;I‘m{s yme(v) — Mp(v )}

Mass preserved: / ,]m dv =1 I P [ / . (..{,_.).{,_.2 du - 5 / me (V) dv — 1 f} _

Momentum contribution o = / T vdv = —n,, MpU
1s a drag: Jv
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Transport equation and moment expansion

op o \_ _,
i + v -Vxp+ V- (fp) = neplpte(v) — p(v)]
+ M 3;}?_,.-5:,” (v)m°(v) — Mp(v)

Mass conservation equation: % + VYV, - ('pU'} _ 0
Jt | |

Momentum balance equation:

ou '
0 ({Tf 1+ U. TXU> = —Vx P4+ pf(C)— (n,,M +n.p)pU
(

H—I ~— -
'
Pressure tensor Drag forces due to:

- Cell-cell interaction

System not closed: - Cell-ECM interaction
The pressure tensor depends on the distribution
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Diffusion limit
Parabolic scaling: 7 =2t £ =ex f=¢f

~>O0p

n—)> 6 8— —|— 8V£ (pV) —l— €VV (fp) —_ Jm + JC
T

Hibert expansion: pe = pg + €p1 + 0(82)

0ec¥: Jn+Jo=0 wm Equilibrium: po = po(7,&,V; po)

0=n,, |:1f.}[]'f.u (v)m®(v) — Mpo(v }] + NepPo [PD?#'?‘C{V} —PD(V)}

_ P0o [T?m_h N € () L / }
pﬂ(vj ?}mﬂf ¥ 100 9 Wi (’L)?H {V} TePol C(V)
— V) dv
PO /V po(V)
1
Ug=— /[ po(v)vdv =20
pPo VvV
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Diffusion limit

el .
Ve - [po(v)v] + Vy - Fpg(v)] = W [%pl-r;';m (v)m®(v) — Mp, (v)]
+ N [Pl (2p0%e(V) — po(v)) — PDPI(V)]
1 . T
pi(v) = Y [_VE [po(v)v] =V - {f}?ﬂ(")]

+ py (ﬁ%ﬂjﬂl (1!)-]’71,&({’) + ?}‘E[Q,ﬂﬂﬂf’c(v) — pD(V)]):|

i

1 i
- dv — .. | 2 vd f
L p1(v)vdv DM + 1,00 [ : ﬁ Po(V) v &V v+ po ]
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Pressure tensor at the equilibrium

9,
ﬂ—l—?g- /pl{v}vdVZU
JV

ot

dpo o | Ve FPo—pot

— = Ve¢-

or MM + nepo

[P}” — . Po ('T};,;;,(T;,n_ﬂ[[@ -+ 'T};:(TC‘,()“H)

'T,?m.j‘[ T 1eP0

e Om, Oc . macroscopic coefficients (variance)
Assumption:

i) The intensity of after-interaction velocities does
not depend on the interaction type

a

Om =— O¢

e IT}}?E’{T.LIHII
) P — 5,0 - D —T1)y
V Po 'T,?:rnﬂir + Tle 20 ( JPU
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Dimensionless Equation

. dp pf(c) | _ Vx(p)
= Pk = Vx-
ot M + ap M + ap
Chemotactic advection Isotropic spatially varying diffusion
1 M(@D—-1)p
+Vx - Vx -
M + ap M <+ ap
S
——
Anisotropic spatially varying diffusion due to the fibers direction
e Peclet number
mmmp  Parameters of the model: Pe = FL / o

' az??c/”'?m

e the chemotactic force [
nmmm)p [xternal data: N = Heterogeneity

e the description of the ECM
[) wmmp  Anisotropy
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The stationary solution

Configuration: a radial chemo-repellent force

Exercise: stationary configuration

P@ vX ’

pf(c)

M + ap

= Vx -

1.2

1.4
WL i
il ;
i
Rl 0.8
il 0.6
i 0.4
0.2
0
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The heterogeneous case

® (ase | : Example with symmetry
- uniform initial condition
- homogeneous
- isotropic
® (Case?:
- uniform initial condition
- inhomogeneous
- 1sotropic
® (Case3:
- non uniform initial condition

- homogeneous

- isotropic D(x) =1

p(t=0,x) =C. e snort tirme
M(x) =C. e long tirne
D(x) =1
p(t=0,x) =C. e snort tirne
M(x) # C. e long tirne
D(x) =1

p(t=0,x) #C e short tim
M(X) = (.

v
(qh

e lorg tirme
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The anisotropic case

- uniform initial condition p(t =0,x) = C.
- homogeneous M((x) = C.
- anisotropic D(x) =1

1
D(x) = Cste = ( ;

NIw O
N~ —

+ ]

I'm

=
N

® [rnovie
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Heterogeneous ECM

® Parameters { P = 50

a=1

Eo B L T < | B ]
T T T T T 1
Lo R L N R & e ]
Lo R L N & e ]

0.25

0.4 0.75 1
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Heterogeneous ECM

® Parameters { Pe = 50

a=1

Eo B L T < | B ]
T 1 T T T T 1
Lo R LS S R R & ]
Lo R L N & e ]
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rnovie

Heterogeneous ECM

® Parameters {

7)6:50

a=1

t

L R I R | R ]
T 1 1 1 1

tm

Lo R LS S R R & ]

Lo R L N & e ]

0.25
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Heterogeneous ECM

® Parameters { P = 0.02

a=1

L R I R | R ]
T T T T T T 1
e e R ™ =)

0.4 0.75 1
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Heterogeneous ECM

® Parameters { P = 0.02

a=1

Eo B L T < | B ]
T T T T T 1
o W B M
o W B M

0.4 0.75 1

Dipartimento di Scienze Matematiche



Heterogeneous ECM

a=1

® Parameters { P = 0.02

rnovie

Eo B L T < | B ]
T 1 T T T T 1
Lo R L R R & e ]
o W B M

0.25

0.4 0.75 1
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Anisotropic ECM

® Parameters Pe=1
a= 0.5

D(x, 0
.D(X>:( (z,y) )

0  2—D(=zy)
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Anisotropic ECM

Pe:].
a= 0.5

o Parameters

in
in

0.75

in
in

in
Y
in

0.8

Lol il AN U AL Y

i
P T Y O,

in

0.25
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Anisotropic ECM

‘ e Parameters Pe=1
movie a=0.5

in
in

0.75

in
in

in
Y
in

0.8

Lol il T AN U L Y

i
P T Y O,

in

0.25
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Biased interactions

JB(t X, V) = nNuM(x) | p(t x)L]J(v)mE(X" V)
mi % V= A Pt M (x)

[1+ B(t,x, v)] — p(t, x. v))

1Bt %, v) = Mep(t, X (p(r. 05+ Bl x 9T it x v))
d
o VS(t, x) - v
B(t,x,v) =4I Bs + St %)
PR TOVS v . [T O
o +kV - p(m =oV.- | P
ot Bs+S M + ap®
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Biased interactions

JB(t X, V) = nNuM(x) | p(t x)L]J(v)mE(X" V)
mi % V= A Pt M (x)

[1+ B(t,x, v)] — p(t, x. v))

W(v)
Vi

JCB(‘[. X, V) = Mep(t, X) (p(t, X) 1+ B(t,x, v)] — p(t, x. V))

14+ 8 (£ x, 6)

l—"T

-

VS, x) - v
Bs +S(t.x)

B(t,x,v) =+I

-m Og-m O n 0

(a) Repellent bias

— 1+6(,x,0)
F 3

ey 2 . - . .'\\
: eS - st —h_‘““‘-\
ex 3 ) 1 - /
2 - > :
e
g \

/ - Og-m B L

(b) Attractive bias
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Glioblastoma

#
= ¥ g .
_____

k=0 k=5 k=10 k=20
k = sensitivity of the cell to directional cues
O = ratio of random turning

¢ = eigendirection

21/« _(cothk 1
DC{X]:;—‘“[({’Fi{] m(c”k” ;2))”
¢

: 3cothk 3 T
) — :
F(1 f](] le | kz){p]{pl]

Painter & Hillen, J. Theor. Biol.; 323, 25-39 (2013)
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Glioblastoma

Painter & Hillen, J. Theor. Biol.; 323, 25-39 (2013)
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ECM Remodelling

* Fibers don’t move
* They are degraded by the interaction with the cells

om o o , ‘ , \.
T;{f- x,n) = —L,, (pt,x,v),n) (m(t,x,n) — my(x,n))
:

[:”1 = [:i*ﬂ(txr Il] - / :'}ﬂ‘}”z]{(_vr I]_) jﬁ)(tX,V) (’ZV
JV

* [f fibers on the way of the cells are cut and
those along the direction of cell motion are
not, e.g.,

K(|v-n|) = pu(l —|v-nl?)
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ECM Remodelling

c(x,0,0); +soV -c(x,6,1)(cosb,sinbd)

s

- —Mc(x,é.r)—l—ﬂ.]T(Q.Q’)C(x, 0", 1)de’

mx,¢,t); = —96 (/ (1 — ¥ |cos(B@ —@)|)c(x,0,1) dQ) m(x,o,r).

| — b m(6) .
Fh—— it 8 € (—m, 0]
T(©.9) = 27 2m
| —b m@ —m) .
b — it 6 € (0, 7]
27T 2m

Painter, J. Math. Biol.,
58,511-543,(2009)
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Macroscopic cell density

Cell onentation

Matrnx orientation

) t =_0 hqurs _

t = 0 hours

1.01

t = 4 hours
- :‘_t e

1.06

oz Painter, J. Math. Biol.,
* 58511543, (2009)
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