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1. Introduction

In the last years there has been a considerable effort in the weakening of
the concept of balance law in Continuum Mechanics through many directions,
from the point of view of the stress fields up to the irregularity of the boundary
of the (sub)bodies. After a first important step made by Gurtin, Williams and
Ziemer [11], who introduced the class of sets with finite perimeter as somehow
“optimal” concept for the treating of balance laws (and of the related concept of
flux through a surface), the papers by Silhavy [17, 18] introduced the notion of
almost every subbody and treated some classes of stresses more irregular than

before, such as LP-tensor fields with divergence in L?. Subsequently, our paper

1

1oc-tensor fields with

[6] pointed out how it was possible to obtain results for L
divergence measure on normalized subsets with finite perimeter by requiring
the balance property to hold true on a very simple class of subbodies (almost all
cubes), thus showing that those simple subsets are enough to qualify Cauchy’s
tensor field and the validity of the balance law. On the other hand, from
[10, 8, 9] we were becoming more and more convinced that the balance of power
could provide a more general and nice setting of the whole problem, since it
contains the possibility of treating, in a natural way, higher grade materials and
it is more intrinsic from an analytical point of view, especially when working
in a non-Euclidean framework. In papers [14, 15, 2], some of the authors
extended what was known in the case of fluxes to the more distributional setting
related to powers, and in the paper 7] we studied materials of grade 2 and the
corresponding (weak) form of the balance law. At the same time, Silhavy [20,
21] generalized many of the properties of a flux to objects which are extendable
to the case of subbodies having boundary with infinite Hausdorff measure, as
the case of fractals, which are some flat chains in the sense of Whitney, and
Harrison [12] developed a theory of still more irregular objects, called chainlets,
to which some properties of fluxes and powers may extend. Also, in the same
years, Chen and Frid [4, 5] showed some applications of this area of interest to
conservation laws.

We start here from the belief that a body could (or should) be in general
modeled with a function, which may tend or not to the characteristic function
of a set in the simplest cases (see the notion of presence in [3]). This has,
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from one side, no logical complication like fuzzy sets, since the subbody is
simply a function, and on the other side this seems to be the most common
and natural case when several scales are taken into account. In fact, a quite
general setting of the concept of power expended on a velocity field is possible
and natural, and it also gives rise to an interesting definition of what a contact
power is. Moreover, it is also a powerful analytical tool, since it allows us to
state sufficient conditions to pass to the limit to a characteristic function, i.e.
to localized subbodies.

Once a sufficiently general representation for the power is granted, the next
step is the following: in the case of first order contact powers, the volume in-
tegrals in the representation formula can be seen as a definition of a particular
distribution of order one, but in some cases they may define a distribution of
order zero, supported by the topological boundary of the set. We investigate
here some sufficient conditions in order to ensure that this distribution is in-
deed of order zero, that is, a measure, and therefore we find natural extensions
of Gauss-Green formula on arbitrary open sets and, in particular, a generalized
notion of normal trace for measures with divergence measure. Results in the
same direction have been obtained in [4, 5, 20, 21|. Finally, we turn our at-
tention to a very special case of subbodies, namely the rectangles in the plane,
and apply our results to obtain a more explicit expression of what the trace
of a measure on a side or at a vertex may look like. This is not merely an
exercise, since there are many different ways to state a trace result, depending
on what is known on the fields (for instance, if the trace is calculated from
inside or from both sides of the rectangle). It is however clear that, with some
technicality, these results hold also for locally regular sets. The real application
we show is the famous Flamant solution for the stress in an elastic body with a
vector-valued Dirac measure exerted at the boundary (see Podio-Guidugli [16]
for an extensive treatment of the topic): again, this is not at all linear elastic-
ity, as it may appear at a first glance. Flamant’s solution is a stress solution
and therefore it is not restricted to whatever elastic material: it’s pure balance.
We then recover the trace of the stress solution in an anlytical way, using the

notion of (generalized) vector potential.
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2. Virtual powers on diffused subbodies

Let 2 C R™ be an open set and denote with 9({2) the set of positive Borel
measures finite on compact subsets of {2. Given an integer N > 1, we introduce

the finite dimensional linear spaces Sym, := RY and
Sym; :=={f: (R")? — RN :  fis j-linear and symmetric}
for 7 > 1. In particular,
Yo € O (2;RY) Yz € 2 vOy(z) e Sym; ,

where V@Wu denotes the j-th derivative of v. We denote with Sym; the dual
space of Sym,.
We define the collection of diffused subbodies of {2 as

O2)={9elCy(2): 0<I¥<1on 2}.

Definition 2.1. A power of order k € N is a function P : ©(2)xC> (;RY) —
R such that

1. for every v € C>®(2;RY), P(9,v) = P(¥1,v) + P(d2,v) whenever
’19,’1917192 € 6(0) satisfyﬁ = +192,

2. for every ¥ € ©(12), P(4,-) is linear;
3. for every compact set K C (2 there exists cx > 0 such that for every
¥ € ©(£2) with suptdy C K and for every v € C(2;RY),
k .
|P(’19,’U)| < ek Z Hv(j)vHomsuptﬁv
j=0
where |V v||o s := sup{|VWv(z)| : z € S}.

The set C* (Q; RN ) is the space of test velocities. In the standard frame-
work, N = n in Continuum Mechanics and n = 1 in Thermodynamics, but

indeed N can be arbitrary, for instance in the presence of hidden parameters.
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2.1. Integral representation

We will prove now an integral representation for P. For a fixed ¢, the linear
functional P(4,-) is a distribution on {2 of order k and such a representation is
a standard result in the theory of distributions. The point here is that we find

measures which are independent of .

Theorem 2.1. For every power P of order k there exist k + 1 measures ji; €
OM(£2) and k + 1 Borel maps Tj : {2 — Symj such that |T}| = 1 pj-a.e. and

k
(2.1) W9 e O(R), Yoe C(&LRY):  P(0,v) = Z/ 9Ty, VD) dy
j=0"4

Moreover, the tensor-valued measures T;du; are uniquely determined.

PROOF — Let us first treat the case N = 1.
In the first step, we extend the definition of P to every ¥ € Cy({2), obtaining
a bi-linear functional. Let 9 € Cy(£2), ¥ = 0. Given h € N such that 27 "9(z) <
1 for all x € £2, we set
P9, v) :=2"P(27"9,v).

This definition is easily seen to be independent of h. In this way ﬁ(, v) is an
additive function defined on every ¥ > 0. Moreover, for every compact set
K C 2 and every ¥ € ©(£2) \ {0} with supt¥ C K, we can take h € Z such
that 2" =1 < ||9]| s < 2", obtaining

Yo e C2(2):  |P(W,v)| =2"PR2"0,v)

k
< 2th Z ||V(j)'U||oo,supt 9
(2.2) §=0

k
<2k [0lloo D IV 0] oo supts
=0

Now we define P : Cy(£2) x C*(£2) — R by setting

P(9,v) := P(9,v) — P(9~,v).
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In view of (2.2), P satisfies

k

(2.3) 1P, v)] < dex 9]l S IV 0l oosupts
7=0

for every ¥ € Cy(£2) with supt ¥ C K and for every v € C*(£2).
Let us denote again with P such an extension and write cx instead of 4ck .
We claim that P is linear in 1. Indeed, to prove additivity notice that

(W1 +92)T + (97 +95) = (1 +92)” + (9 +93)

and that all terms in parentheses are positive. By adding and subtracting the
term P(Y] + 95 ,v), from the above identity it follows

P91 + 09,v) = P((91 4+ 92)T,v) — P((91 + 92) ", )
2.4) = P} +95,v) — P(9] + 95 ,0)
= P(97,v) + P(¥3,v) = P(97,v) — P(V;,v)
= P(t1,v) + P(92,v).

It remains to prove that P is homogeneous of degree 1 in . By additivity, it
is easily seen that P(q¥,v) = ¢P(9,v) for every ¢ € Q. For A € R, let (g) be
a sequence of rational numbers such that ¢, — A. Then

[P(AJ,0) = AP(9,0)| < [P((A = gn)0,0)| + [A = gn|P(9, 0).
In view of (2.3), the right-hand side vanishes for h — oo, hence P is bi-linear

on Cy(£2) x C*>(90).
In the second step, define my, = card{a € N" : |a| < k} = (”ﬁ’“) and

It is clear that

0 if 8; > «; for some 1 <i<n.
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In particular, D®n, = 1 and the my x my matrix [D?n,] is non singular (indeed
det[DPn,] = 1). This uniquely defines m;, linear maps A, : Co(£2; R™) —
Co(£2) such that for every w € Cy(£2; R™*) one has supt A, (w) C supt w and
wg = Z Aa<’w)Dﬂ77a,
|| <k

where wg denotes the §-th component of w. Then we can define the linear

functional
0 Co(R™) =R, p(w) =Y P(Aa(w),1a)-
lal|<k

Let ¢ > 0 such that [|Aq(w)]|co < Collw]|so. Taking a compact set K C 2 and
supt w C K, by the properties of P we find

k
lp(w)l < ex Y IIa(w)lloe Y IV alloo i

la|<k j=0
k

= lwlo [ ex Y D callVPnalloe,x
loo| <k j=0

which shows that ¢ is a distribution of order zero. In particular, there exist
my measures v, € MM(2) and my bounded Borel functions p, : 2 — R such
that

(2.5) Yw € Co(2;R™*) 1 p(w) = Z / WaDo AV
lal<k 7€

Now fix v € N™ with |y| < k and ¥ € Cy(f2), and take the special case
g = ¥DPn,. Since

> Aa(@)DPne =g = 9D,

|| <k
it follows that

Ay (W) =7, Ap(w) =0 for a # 1,

so that (2.5) yields

P(ﬁvn’y) = Z ‘/QﬁDan'ypa dl/ou

|l <k
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which is the claim in the special case v = 7, = Q By linearity, the represen-
!

tation formula holds for all polynomials with degree at most k and, switching

to the tensorial notation,

k
V) — Dy duss
(2.6) PO =3 R

for every polynomial v with degree at most k.

Now we want to prove that the formula (2.6) extends to all of C*°(£2). Let
us fix v € C*°(£2). By (2.3), P(-,v) is a distribution of order 0 on {2, hence
there exist p, € M(f2) and a Borel function p, : 2 — R such that [p,| =1

ty-a.e. and

VI € Co(S2) : P,v) = | Yp,du,.
7

Now fix also ¥ € Cy(£2). For h € N consider a finite collection {Ij m}m
of disjoint open n-intervals in {2 such that for every h € N, {In41.m}m is a

refinement of {Ij, m }m,

supt ¥ C UIh,m C 0, max {diam (I}, ,,)} < 27"

and every boundary 91}, ,, is negligible for the measures p, ..., p, &, . Then
for every h,m € N consider two functions ¢p, m,¥n.m € C5°(Ih,m) such that
0 < Sﬁh,mﬂ/}h,m < 1;

(u1+---+uk+uv)<{$69= > onm < 1}) <27

and ¥p,,m = 1 in a neighborhood of supt ¢, ,,,. Finally, denote with T, ,,, the

Taylor approximation of v of order k£ around the center of Ij, ,,, and recall that

(2.7)

M-

<
Il
o

(max [ V9w = Tt ) — 0 s b oo,
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Then one has
P (19 Z Ph,m, U) = Z P(ﬁﬁphmu Th,m)

+ Z P(ﬂ@h,ma (U - Th7M)wh’m)
(2.8) .
= Z P(ﬂ@h,?ru Th:m)

+P (19 Z Oh,m, Z(’U — Th,m)wh,m) .

m

Now set Kj = supt (9, ¢nm) and K = supt?). By applying (2.3) on the
last term of the right-hand side of (2.8) one gets

P93 @rms Y0 = Ton ) )
<enloEonn] 3 |0 uin]
m j=1 m

00, Ky,

k
< elWlloo Y (max [V (0 = Thn) .t ) -

j=1

Taking into account (2.8), (2.7) and the representation (2.6), it follows

P(W,v) = hlim P(ﬁz gphﬁm,v) = hlim ZP<19S0h,m7Th,m)

k
Z/ 19<Tj,v(j)1}> d,Uj,
Jj=0 §2

which ends up the proof in the case N = 1.

In the general case, for every i = 1,..., N, we can define a power P; :
O(2) x C*(2) — R of order k by P;(¢,v) = P(9,ve;), where eq,...,eyn is
the canonical basis in RY. Since

N
PWv) =Y P(Wv), v=(vi,...,vn),
i=1

the assertion follows from the previous case. O
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Remark 2.1 - One can ask if a similar representation holds if assumption 1 is

weakened as

4. for every v € C* (Q;RN) and every 1,92 € O(f2) with suptd; N
supt s = &,
P(’l91 +’l92,’0) = P(1917'u) +P(’192,’U)

namely, if the additivity holds only for “well-separated” bodies. However, such

an assumption is too weak, since for instance the functional
k
P(9,v) := Z/ PV dgn
j=079¢

satisfies 4, 2, 3 but cannot be represented by (2.1).

Remark 2.2 - If a power of order k satisfies the property

5. there exist Ao, ..., Ap € M(£2) such that
k .
|P(0,v)| < Z/Qwv@m d\;
j=0

which is stronger than 3 of Definition 2.1, then it can be proved that each p; of
Theorem 2.1 is indeed absolutely continuous with respect to A;. Hence there
exist k+1 bounded Borel functions T} : {2 — Sym}f uniquely determined Aj-a.e.
such that

k
P(¥9,v) :Z/Qw:rj,v(j)v) dx; .
7=0

2.2. Weak balance and contact powers

Definition 2.2. A power P is said to be weakly balanced if for every compact
set K C (2 there exists cx > 0 such that for every ¢ € ©(2) with supt¥ C K
and for every v € C*°(£2;R") with (1 —9¥)v = 0 on 2, one has

1P, )] < cxc[0llooic
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In particular, P is said to be a contact power if
P(Y,v) =0 whenever (1 —9)v =0 on {2.
A power is said to be a distance power if it has order zero.

Of course, contact and distance powers are automatically weakly balanced.

On the other hand, a decomposition theorem holds.

Theorem 2.2 (Distance-contact decomposition). A weakly balanced
power P of order k can be decomposed in a unique way as a sum of a dis-

tance power P9 and a contact power P(®).

PRrROOF — By Theorem 2.1 one has
k .
P, v) = Z/ AT, VDo) dy
j=0"%
for every ¥ € ©(£2) and v € C>(2;RY).

Given a compact set K in 2, let ¥ € O(£2) with 9 = 1 on K. If v €
g (Q; RN ) has support in K, the weak balance yields

k
PO = |3 [ (3,990 | < ol
j=0"9
hence the left-hand side is a distribution of order 0,
k .
(2.9) Yv € C(‘)X’(Q;RN) : Z/ (T, VI v) dpj = / (B,v)dv,
=/e Q

where v € M(2) and B : 2 — (RY)* is a bounded Borel function. We set by
definition

P(d)(ﬁ,v):/ IB,v)dv, PO v)= P, v)—PYDW, v).
2

The first is clearly a distance power. Moreover, if we take 1 and v such that
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(1 —¥)v =0, then

P, v) = zk: /

Suppose now that
P = p@d 4 ple) — pld) 4 ple)

For every v € C§°((2;RY), taking ¥ € ©(£2) such that ¥ = 1 on suptv, one

has in particular that (1 — ¢)v = 0, hence, with obvious notation,

/(B,v) dv = P9, v) = PO, v) = / (B,v)dv.
2 (%}

Therefore B dv and B dv denote the same vector measure and P(¥ = P(d), By

difference, the identity of P(®) and P is also proved. O

Up to here, a diffused subbody ¥ was merely a continuous function. If one
wants to say more, a possibility is to suppose ¢ more regular. Let’s therefore
suppose ¥ € O(2) N Ck(0).

Theorem 2.3. Let P be a weakly balanced power of order k. Then for every
¥ € ©(2) N Ck(12) and every v € C*(£2;RY) one has

k
@ (. 1) — U0 (90)) dis
(2.10) P (9, ) Z/{;TV (90)) di;
k
(2.11) PO, v) :Z/ (T, 0V D — VO (90)) dy; .
j=17%

PROOF — If we replace v with Yv in (2.9), we get

k
o) dy — IO (G0 dus
/Q<B,ﬂ>d ;O/Q@v (00)) du,

and the proof is straightforward. O
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It is worth noting that the expression 9V v — V1) (Yv) vanishes whenever
¥ = 0 or ¥ = 1 on an open set; it means that the contact part of a power
is supported by (the closure of) the region where 0 < ¢ < 1, which can be
interpreted as the “boundary” of the subbody.

In particular, in the case k =1 from (2.11) and (2.9) we have

V9 € ©(2)NCH(N), Vv € C(5RY)

(2.12)

P, v) = —/ (Ty,v @ VI) duy ,
2

(2.13) Yo € Cg° (2;RY) /Q<T0,v> dpo + /Q<T1,Vv> du; =0,
where the tensor product is defined in the usual way
(a®@b)ec:=(b-c)a.
In the case k = 2 we find
PO, v) = /Q (Ty,9Vv — V(0v)) dps
+/Q(T2,19VV'U — VV(Jv)) dus

(2.14)
- 7/ (T1,v ® Vo) dyus
(9]

— /Q(Tg,v ® VVI 4+ Vo @ V) dus
where for S € Lin(R";R"), T € Lin(R"%;RY), a € RN and u € R™ we set
(a®8)ijk =a;iSjr, (T®u)ijk = Triu; + Tijuk .
2.3. The case of localized subbodies

After proving the existence and uniqueness of the tensor-valued measures
T;du;, the standard theory of localized subbodies, i.e. subbodies which are
subsets of the body, can be recovered by setting

k
v) = e dus
(2.15) P9 =) JCACE
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for every Borel subset M with compact closure in {2 and every v € C* (Q; RY )
Moreover, the following approximation result can be easily deduced by the

Dominated Convergence Theorem.

Theorem 2.4. Let M be a Borel subset with compact closure in {2 such that
pi(0M) = 0! for j = 0,...,k. Let (95) be a sequence in ©({2) such that

¥ — Xam as h — oo pointwise pj-a.e. for j =0,...,k. Then
Yo € O (2;RY) Jim P(9p,v) = P(M,v).
—00

Such a sequence (9;,) can be obtained, for instance, regularizing by convo-
lution the characteristic function s .

In particular, in [7], under suitable conditions on the set M and the measures
ttj, a representation formula involving the boundary of the subbody is given
for the cases k =1 and k = 2.

3. Normal traces of measures with divergence measure

The representation of a contact power as a boundary integral (by means of
some generalized Gauss-Green Theorem) is one of the key links between the
theory of powers and the usual approach by forces and stresses in Continuum
Mechanics. Let us consider the classical situation of a power P of order one.
Given an open subset M with compact closure in §2, (2.15) yields the integral

representation

P(M,v) :/M<T0,v> dpo—l—/M(Tl,Vv) dpy

for any v € C*°(2;R"Y). If P is a contact power, it follows from (2.13) that

T1 11 has divergence measure, indeed
div(Tip1) = Topo  in the sense of distributions.

For simplicity, we drop the subscript from 7} and p1, meaning that 7" is a Borel
(N x n)-tensor field with |T'| < 1 and p € M(£2). Moreover, sometimes we will

IThe symbol 0.2 denotes the measure-theoretic boundary of §2, see for instance [6].
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denote with T the resulting tensor-valued measure 7T'u. Hence we can write

(3.1) P(M,v) = /

M

v - div(Tp) +/

T~V’udu:/ v-divT+ Vv dT.
M

M M

In this section we focus on a fixed open set M with compact closure in
(2. For this reason, we denote M by (2 and investigate some conditions under
which a general tensor-valued measure with divergence measure T on {2 admits
a trace of its normal component on the boundary.

More precisely, we assume that {2 is a bounded open set in R™ and T =T
is a tensor-valued measure on {2 whose distributional divergence in {2 is still a
measure. Moreover, both T and div T are assumed to have bounded variation

in £2, i.e.

|T|(Q):/ T|dp < 400, | divT|(R2) < 400,
(9]

but we do not require any smoothness on 9f2.
In the following, we will denote with Lip(2; R™V) the space of all Lipschitz
functions on the closure of (2.

We can now introduce Tn|gp, the distributional normal trace of T to 0f2.

Definition 3.1. We denote with the symbol Tn|sg, the (vector-valued) distri-
bution on R™ defined as

Yo € C5° (R RY) (Tn|39,v>:/ Tchdqu/ v-div(Ty).
7 7

It is clear that Tn|s is a distribution of order at most one with support
in 02. We denote with the same symbol also the natural extension to any
v € Lip(2;RY) N CL(; RY).

Definition 3.2. We say that a function ¥ € Lip(£2) N C1(§2) is relative to the
open set (2, if

0<dx)<1 forxe 2,

Hxz) =0 for x € 012.

For every open set (2, without further assumptions, such a function does

exist. Indeed, it is a classical result of differential topology that there exists
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¥ € C°°(R™) which is strictly positive in §2 and vanishes in R™ \ §2 (see for
instance [13, Exercise 2.2.1]).

In the next result we show that the distributional normal trace Tmn|gp
can be characterized also by a limiting procedure. The assertion should be
compared with [19, Theorem 8.1(i) and Proposition 7.4|, where the question
is treated in the setting of flat measures, which allows to drop the assumption
that v € C1(2;RY).

Theorem 3.1. Let {2 be a bounded open set and let ¥ be relative to {2. Then
for every v € Lip(£2;RY) N C1(£2;RY) one has

(Tn|sn,v) = — lim f/ v- (TVY)du.
2n{o<o<r}
Moreover, for every v € Lip(£2;RY) N C(£2;RY) it also holds
v=0 ondf? = /T~Vvdu—|—/v~div(Tp):O.
I7; 7}

PRrROOF — For every r > 0, let §, €]0, 1] be such that

u({xEQ: 0<19(x) <§T}><r2,

u({x69:1—5r<@<1})<r2.

Then consider a function g, € C*°(R) such that 0 < g < 1, g(z) = 1 for every
x € [0r,1 —6,] and g(x) = 0 for every = < ¢6,/2 and > 1. Let G, be the
primitive of g, satisfying G,.(0) = 0, and define

In particular,
1 /9(x)
Vi, () = - T(—)w
() =+ (") vo(e)
and ¥, € C3(£2;R) with suptd, C {9 > §,/2}.
Now, since 9,v is a Cl-function, from the definition of distributional diver-

gence one gets

/ ¥Vo - Tdqu/ Ipv - div(Tp) = 7/ (TVY,) -vdu.
9] 9] 9]
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Figure 1 — The function g, .

By the Dominated Convergence Theorem, as r — 07 the left-hand side tends

to
/ Vv-Tdu+/ v-div(Tp),
o) 2
which is the definition of (Tn|sq,v). The right-hand side writes
1
—/(TVz?r)ﬂvdu:—f/ (TVY)-vdp
(9] T Jon{o<v<r}

1
+f/ (l—gr(M))(Tvmmdu.
T Jon({o<2<s, u{1-6,<2<1}) r

By the choice of §,, the last integral vanishes as r — 0%, and the first formula
is proved.

Assume now that v = 0 on 9f2. Arguing by components, we may assume
without loss of generality that NV = 1.

Let us first treat the case in which
(3.2) {z € 2: v(z) =0} is p-negligible.

Let ¢ : R — [0,1] be a C*°-function such that ¢ = 0 on [—1,1] and ¢ = 1
outside | — 2, 2[. For every k > 1, let 93 : R — R be the smooth function such
that 15, (0) = 0 and ¥}, (s) = ¢(ks). Since ¥y (v) € C}(£2), we have

/lD;C(U)T'Vvdqu/ Y (v)div(Tu) =0.
o o
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On the other hand, (¢ (v)) is convergent to v uniformly on 2 and (¢} (v)) is
convergent to 1 pointwise p-a.e. in 2 by (3.2). Passing to the limit as k — oo,

we get

/T~Vvdu+/vdiv(Tu):0.
2] 7

In the general case, let w € C*°(R™) be such that w > 0 in {2 and w = 0 in
R™\ £2. Since the sets

{x € 2: v(z) +ew(z) =0}, e>0

are pairwise disjoint, there exists £ > 0 such that {z € 2: v(z) + ew(z) = 0}

is p-negligible. From the previous step, we infer that
/ T~V(v—|—€w)du—|—/ (v+ew)div(Tu) =0.
o) Q
Again from the previous step we also deduce that
/ T V(ew) du +/ (ew) div(Tp) = 0,
Q Q
as the set {z € 2: ew(x) = 0} is empty. By subtracting the two equations,

the assertion follows. O

Remark 3.1 - By the previous result, the distribution Tn|g, can be extended

to
{ue COZRY): u= U’BQ for some v € Lip(2;RY) n C' (2;RY)}
by setting
(Tnlog,u) = / T Vo du—l—/ v-div(Tu).
2 2

The previous theorem ensures that the definition is independent of the choice

of v.

It is of great interest the case in which the distribution Tn|sg, is a measure,
i.e. it is of order zero as a distribution in R™. In the following theorem we give

a sufficient condition, already considered in [19, Theorem 8.1(ii)].
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Theorem 3.2. Let {2 be a bounded open set and let ¥ be relative to §2. If

1

(3.3) lim sup f/ |TVY| dp < +o0,
r—o0t T Jon{o<d<r}

then Tn|gq is a distribution of order zero in R™ with support in 92, so that

the pairing (Tm|pgq,v) has a natural meaning for any v € C(002; RY).

Moreover, for every v € C(£2;RY) one has
(Tnfspo,v) = — lim 7/ (TVY) - vdu.
2n{o<v<r}

PROOF — The proof relies on some standard facts of Measure Theory. Let
(7,) be the family of measures on (2 defined by

1

(yr,v) = —f/ (TVY)-vdu.
T Jon{o<y<r}

By Theorem 3.1 we know that
Yo € Lip(2;RY) n CH(2;RY) lim+<fyr,v> = (Tnlsqn,v) .
r—0

Moreover, by (3.3) the measures 7, have uniformly bounded total variation,
hence there exists a measure v such that v, — ~ up to a subsequence. Since
Lip(£;RY) N CH(2;RY) is dense in C(£2;RY), it follows that v = Tnlsq,
hence the normal trace is a measure, and the full sequence converges. Then

the proof is complete. O

4. The rectangle

In Theorem 3.2 we gave a sufficient condition and a limit formula in order
to find the measure normal trace on an open subbody. In the present section
we want to study the very particular case of n = 2 and 2 =la, b[x]c,d], i.e. a
two-dimensional rectangle. We will find the expression of the normal trace of

a tensor-valued measure T by means of the so-called Disintegration Theorem.
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Theorem 4.1 (Disintegration). Let ;1 € 9(§2). Then there exist \; € M(R)
and, for every © € R, v, € M(R) such that v,(R) =1 and

{x = / f(z,y) d%(y)} is Aj-measurable,
R

/fxyd/wy /(/fxyd% )dh(w),

for every Borel function f : R? — [0, +oc].

A similar assertion holds swapping x and y, yielding measures Ay and 7,.

PROOF — See [1]. O

Remark 4.1 - Consider the one-dimensional Lebesgue measure .Z' and the
Lebesgue decomposition

_ e

M=o 2N
d)\2 s

=T LAY,

where d\/d.#! denotes the Radon-Nikodym derivative of the measure A with
respect to Z! and A(®) the singular part of A with respect to .Z'. Then one

can also write

Je,d]

T ) (g
+ /W< Y dmw) A ()

(X,
:/C (dim(y) ]a’b[f(x,y)dvy(x)> dz(y)

T X (‘S) .
+ /}{( [ iy >> i (y)

We recall here the definition of Lebesgue point for a function.

b
[t it = | (j;(x) f(x,y)d’yz(y)> 4" (@)
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Definition 4.1. Let f : R — R" a Borel function. Then we say that z € R is
a right Lebesgue point for f, if there exists £ € R such that

lim f/ F(€) — 1]dL'(€) = 0.
Jz,xz+r]

We say that (¢ is the right Lebesgue value of f, and analogously for the left
Lebesgue point and the left Lebesgue value.

Given such a Borel function f, it is well-known that Z'-a.e. = € R is a
right (left) Lebesgue point for f with ¢ = f(x).

Theorem 4.2. Assume that

r—o+ T

1
i, Timsup - / Tz, y)es| du(,y) < +o0,
Ja,a+r[x]e,d|

o L)
1 - =0
i lim 2037 (a et r) =0,
iii. for every v € C([c,d];RY), 2 = a is a right Lebesgue point for

d\1

(4.1) T oo

v) /M o(y) - T(x, g)er dyu(y)

Let ¢, denote the right Lebesgue value of the function (4.1), i.e.

1 a+r
Yp = lim —
r—0t 1T J,

Then there exists a finite vector-valued measure v, on [c,d] such that

A
a7\

) / o(y) - T(x,y)er dyaly)| 2 (@).
le,d[

. 1
(4.2) / V-V, =— lim f/ v(y) - T(z,y)ei du(z,y) = —po
le,d] la,a+r[x]e,d|

r—0+ T
for every v € C([c,d]; RY).

In particular, the normal trace v, is given by the right Lebesgue value
of (4.1), which is strictly related to the measures v, and A\; that come from
the Disintegration Theorem.

With a similar construction we can define vy, v. and vy, paying attention
to taking the right Lebesgue value for a, ¢ and the left Lebesgue value for b, d.
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PROOF — Let v € C([c,d];RY) and let ¢, as in the theorem. Then by
Remark 4.1 one has

L/1 v(y) - T(z,y)er du(x,y)
la,a+r[x]ec,d]

Tl dA 1
:/a [dgll (x) /]Cd[v(y) T(x,y)e d%(y)] 4.2 (z)

+ [ ( [ oW 7@ve d%<y>> RIER
Ja,a+r| le,d]

Now divide by r and let r — 0%. The last integral vanishes in view of ii and the
boundedness of the integrand and the measure 7y,. Hence one gets the second
identity in (4.2). The fact that ¢, is indeed a distribution of order zero follows
easily by i. O

Remark 4.2 - It can be proved, by an approximation procedure, that condition
iii can be required only for any v € C§° (R; RN )

Indeed, suppose that iii holds for every v € C§° (R; RN ) and consider w €
C([c,d]; RY). Hence

L[] d)

}?]C d£t

1 a+r
< —
r a

1
+||w—'U||oo*/ [T (x,y)er] du(x,y) + |pw — Pol -
T Na,a+r[x]c,d[

A2 ()

() /M w(y) - T(a,y)er dva(y) — v

dM1

() /M v(y) - T(x,y)er dva(y) — @o

Since the property holds for v and it can be chosen arbitrarily close to w in
the uniform norm, keeping into account i the right-hand side can be made

arbitrarily small.

The following theorem assures that a normal trace can be found for almost

every rectangle (in the sense of one-dimensional Lebesgue measure).
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Theorem 4.3. For Z'-a.e. a,b,c,d € R the conditions i, ii, iii of Theorem 4.2
are satisfied and

Vo=~ @T (@, e
vh = SO0, )er

e =~ 2 (OT(es .
va= SR @T( d)esa.

iz

PROOF — We prove the theorem for a, the other cases following in the same
way.

Since )\gs) is singular with respect to the Lebesgue measure, it is clear that
ii holds for a.e. a € R.

Let us now study iii. Since Cy(R;RY) is separable, it admits a countable
and dense subset Y. Let a € R be a right Lebesgue point for the function (4.1)
and such that the right Lebesgue value is

d\
b= @ [ o) Terdu)

for every v € Y and ¢,d € Q. It is well-known that this is true for .#'-a.e.
a R
Take w € Co(R;RY) and let ¢ > 0. Then there is v € Y such that

lw — vl < € and

1 a-+r d)\l
r / w(x)] {[ (v —w)(y) - T(x,y)e1 dva(y)| dL" ()

L[ d\ L
<fo-wley [ @)L @)
which vanishes as 7 — 07, so that we can replace Y with Cy(R; RY ).
Moreover, let ¢ € R be a Lebesgue point for d\y/d.#! and such that ii
holds. For r > 0, consider 0 < 6, < r2 be such that ¢+ §, € Q. Then for every
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w € Cp(R;RY) one has

1 a+r
3

<

dM
@) /]C,Cm”(y) T(, g dra(y)| AL ()

[wlloop(la; a + r[x]e, e+ 6r)

<

Sl= 3=

1
lwllocAa(le, e+ 6,[) < —llwllocAa(le, e +72))

and the right-hand side vanishes for » — 0. Hence we can replace ¢ € Q with
a.e. ¢ € R, and of course the same holds for d € R.
The proof for property i is similar. O

Now we compare the trace introduced in Theorem 4.2 for a rectangle with
respect to the general theory of Section 3. In particular, we will prove that,
if a,b, ¢, d satisfy the assumptions i—iii, then the trace Tn|gys is given by the
measures Vq, Vp, V., Vg and, in particular, the Gauss-Green Theorem holds for
such a rectangle.

Hereafter we will assume that 2 =]a, bx]c,d[ with a,b,c,d satisfying the
conditions i, ii, iii of Theorem 4.2.

Theorem 4.4. The distribution Tn|sg has order zero.

PROOF — Let @ = [0,1] x [0, 1] and consider the function f : @ — R defined
by

sin(rz) sin(7y)
\/sin2 (mx) + sin?(7y)
Then f € Lip(Q) N C(int Q) with Lipschitz constant L = 7; moreover, there
exist k1, ko > 0 such that

f(x,y) =

{(z,y) €Q: flz,y)=r} C{(z,y) € Q: kir <d((z,y),0Q) < kor}

(indeed, it is enough to choose k; < 1/7 and kg > V/2/7).

Define now
r—a y—c
ﬁ(mvy):f<b_a,d_c> :

Then ¥ is relative to the set 2 =|a, bx]c, d[ and, for suitable constants L, k > 0,
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Figure 2 — The function f.

1
limsupf/ |[TVY| du
r—0+ T Jon{o<d<r}

< limsup —

/ Tes|dp
r—0t T J(la,a+kr[x]c,d[ U]b—kr,b[x]c,d])

L
+ lim sup —/ |Tes|du < 4+00.
r—0t T J(a,b[x]c,c+kr[U]a,b[x]d—kr,d[)
Hence (3.3) holds and we can apply Theorem 3.2. O

Lemma 4.1. Let v € Lip(£2;RVM)NC(2;RY) be such that v(a,y) = v(b,y) =
0 for every y € [c,d]. Then

(Tnlon,v) = / v(-,c) v, +/ v(-,d) vg.
Ja,b] Ja,b]
PROOF — For every r > 0, let 6, €]0,7[ be such that
,u({(:c,y) €eN:ic+r—o, <y<c+r}) <r?,
u({me(): d—r<y<d—r—|—(5,«}> <r?.
Let f,. € Lip([e,d]) N C*(Je,d]) be such that f.(c) = f.(d) = 0, f.(z) =1 for

c+r <ax<d—rand f is linear in [c,c+r —¢,] and [d — r + 0., d] (see
Figure 4). Let v € Lip(£2;RY) N C1(2;RY). Then the function f,(y)v(x,y)
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c /: c'+7' df:r :\ d

c+r—2o, d—r+96,

Figure 3 — The function f; .

vanishes on 92 and, by Theorem 3.1, one has
/ frv - div(Tu) +/ frVou- Tdqu/ (v Vf.) Tdu=0.
0 Q 0

Now, the first two integrals converge to (T |y, v) as 7 — 01 and last integral

writes
1 1
/ (vV f.)T du = —7/ (v®eq) T du+f/ (v®es) T du+o(r)
(9] T Na,b[x]c,c47| T Jla,b[x]d—r,d]
as 7 — 07. The proof ends up by applying (4.2). O

Theorem 4.5 (Gauss-Green). Let v € Lip(2;RY) N C(2;RY). Then

(Tnloa, v) :/]a o(-,0) ~uc+/]a v(-,d>-ud+/[c v<a7->-ua+/ v(b,) v

7b[ 7b[ 7d] [C,d]

:/ v(, ) ~uc+/ v(~,d)~ud+/ v(a,) v, +/ v(b,:) vy
la,b] [a,b] Je,d[ Je,d|

In particular, v.({a}) = v,({c}) and the same holds for the other vertices.

PROOF — Let v € Lip(£2;RY) N C'(£2;RY) and consider a function f,. €
C([a,b]) N C*(Ja,b]) as in the proof of the above lemma. Then the function
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w,(z,y) = fr(x)v(z,y) is such that w,(a,y) = w,(b,y) = 0 for every y € [c,d].
By Lemma 4.1, one has

(4.3) /T~VwTdu+/wr-div(Tu):/ wr-uc—l-/ W, V.
0 17 Ja,b[x {c} Ja,b[x {d}

We can write the first integral as

/T-VwrdMZ/ fer~Tdu+/(v®Vfr>~Tdu
(9] (93 2

1
= f,.V'u-Td/H—*/ (v®er) -Tdu
(0} T Na,a+r[x]c,d[

1

—f/ (v@ey) -Tdu+o(r).
T Jlb—r,b[x]c,d]

Taking into account (4.2) and the Dominated Convergence Theorem, letting
r — 07 in (4.3) one gets

(Tnlog,v) = / v(-,c>~uc+/ v(-,d>-ud+/ v(a,~>~ua+/ w(b, ) v
Ja,b] ]a,b] [e,d] [e,d]

which proves the first formula. The second one can be proved by the same

procedure. O

5. Example: the Flamant tensor field

In this last section we apply the above theory to the so called Flamant
tensor field, which is the stress tensor field in an elastic half-plane with a
concentrated load applied perpendicularly to its boundary. Our interest in
this example started with [15] and was further motivated by [16]. Let us also
mention [19, Example 9.2], where a case with similar features was considered,
namely that of a Newtonian force.

We have n = N = 2. If the half-plane is the set H = {(z,y) € R? : > 0}
and the load f = fe; is applied at the origin O of the frame of reference, then
the stress distribution turns out to be the 2 x 2 tensor field

2f T [xQ :Cy]

T(z,y) = — > s
R P ET
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or, in polar coordinates,

7% cos
TP

T(p,9) = e,®e,.

In particular, T € L} .(H;Sym,).

loc
It is worth noting that T' admits a divergence-free extension to all of R? by

2f || 2 ay
T(z,y) = I (22 + 12)2 Lvy y?

setting

or
2f | cos V|
T(p,9) = — =~ .
2 ) T P e, ®ep

Then again T’ € L} (R?* Sym;) and one can prove that indeed divT = 0 on
R? in the sense of distributions.

We will see in a moment that, despite the integrability of T" and the regu-
larity of its divergence, the normal trace of T' on the boundary of a rectangle

passing through the origin is a singular measure (in the present case, a Dirac
delta).

5.1. Singularity on a side

Let now 2 =]0,b[x]e,d[ with ¢ < 0 and d > 0. We want to prove that T
satisfies i—1iii of Theorem 4.2 on §2. In proving this, it may help to consider

that 7' admits a potential g (since divl’ = 0 in the sense of distributions),
indeed

991 99
0 0

=% v
992 _0g2
y ox

where
g= i —arctani - [l e + o]z e € LM(RQ;RQ) .
x ol “a2rg?) Ty

Being T' a C*°-tensor field outside the origin, it is clear that the only side which
can be tricky is the segment {0} x]e,d[. Moreover, since T is integrable, the
Disintegration Theorem is simply Fubini’s Theorem and A\; = Ay = Z*.
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i. One has

d d
/ |T(I7y)61|dy:/

d 0 d
0 0 0
91 + 92 dy 92 dy

991 e 992
dy Ay

dy

g _ -
dy dy 0o Oy

C C

~(91@,d) = 1(2,0)) + (92, 0) = g2(,)) = (92(2,) ~ g2(,0))
which is uniformly bounded in z, whence

lim sup — / / |T(x,y)e1|dyde < +00.

r—ot T

ii. The disintegration is simply Fubini’s Theorem, hence )\(15) =0.
= 0 is a right

iii. For every v € C([c,d];R?), we have to check that x

Lebesgue point for the function
T / T(z,y)e1 dy.

Indeed, as noted in Remark 4.2, it is sufficient to consider v € C§°(R;R?). Let

us perform an integration by parts:

d d
/ 'v(y) ' T(Iay)el dy = / (86‘217/1 + ayvz) dy
(z,d)v1(d) — g1(z, c)vi(c) + g2(x, d)va(d) — ga(z, c)v2(c)

d
- / (910} + govy) dy .
C

Since
lim g(z,¢) = fel, lim g(z,d) = —iel,
rz—0t 2 rz—0t 2
by the Dominated Convergence Theorem one has for the last integral

d d

0
lim v vh)dy = lim / v d lim
(g10n +g2vp)dy = | -givydy+ lm |

z—0t /.
[ [t -0t

g1vy dy
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Therefore

d
, _f
$li,%1+ i v(y) - T(z,y)e1 dy = 5

f

-3 (21}1(0) —v1(e) — vl(d)> = —fv1(0)

(1) +01(0)

and 0 is a right Lebesgue point with Lebesgue value ¢,, = — fv1(0).
Finally, from the previous computation one finds that v, = fedg, where

the right-hand side denotes the Dirac measure on [c, d] concentrated in 0.

5.2. Singularity at a vertex

Consider now a rectangle of the form 2 =]0,b[x]0,d[. With the same
computations of the previous subsection, one can prove that also in this case
T satisfies i—iii of Theorem 4.2 on 2. Let us pay more attention to iii, which
gives us the value of the normal trace. There are now two tricky sides, indeed
{0}x]0,d[ and ]0,b[x{0}. For instance, let us study the first. As above, we
compute for v € C§° (]R; Rz) the limit

d
lim v(y) - T(z,y)e1dy,

z—0t Jo
taking into account that

| f
hm+ g(z,0) = ez

x—0

™

This time we find v, = (%el + 4 62) dg- Again, the measure concentrates on

the vertex (0,0), but now it has also a non trivial component along es.
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