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Abstract. We extend a celebrated identity by P. Pucci and J. Serrin, concerning C'? solutions
of Euler equations of functionals of the calculus of variations, to the case of C'' solutions
under the only additional assumption of strict convexity in the gradient. Some particular
cases in which the mere convexity is sufficient are also considered.
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1. Introduction and main result

Let £2 be a bounded open subset of R” with boundary of class C' and outer normal
v. Assume that £(z, s, £) is a real function of class C'* defined on 2 x R x R™ and
f(x) a continuous real function defined on 2.

Let us consider the problem

(P)

—div{VeL(z,u, Vu)} + D L(z,u, Vu) = f in (2,
u=0 on 042,

and recall the celebrated identity proved by Pucci and Serrin [7].

Theorem 1. Assume that the vector valued function V¢ L is of class C Lon 2 x
R x R™ and that u € C*(2) N C%(12) is a solution of (P).
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Then

/ [L(z,0,Vu) — VeL(z,0,Vu) - Vu] (h-v)dH" !
o0

= / [(divh) L(z,u, Vu) + h -V L(z,u, Vu)| dz
2

_ Z /Q [DjuD;h; + uD;a] D¢, L(z, u, Vu) dx (1)

4,j=1

— / a[Vfﬁ(:U,m Vu) - Vu~+uDL(z,u, Vu)] dx
19,

+/Q[h-Vu—|—au]fda:

foreacha € CY(2) and h € C*(2;R™).

Theorem 1 generalizes a well-known identity of PohoZaev [6], which has turned
out to be a powerful tool in proving non-existence of solutions for problem (7). On
the other hand, in some cases the requirement that u is of class C?({2) seems too
restrictive, while C'*(£2) is not (cf. [11] and the problems in which the p—Laplacian
operator is involved [4]). Also the assumption that V¢ L is of class C I excludes the
case of the p—Laplacian, when 1 < p < 2.

The aim of this paper is to remove the C'? assumption on u and the C! as-
sumption on V¢£, by imposing the strict convexity of L(z,s,-). Actually, the
difficult point is to drop the condition on the C? regularity of u. On the contrary, if
u € C1(2)NC?(£2), itis easy to see that the C'! regularity of V¢ £ is not necessary
(see Remark 2) and no convexity assumption needs to be required.

Our main result is the following:

Theorem 2. Assume thatu € C*(£2) isaweak solution of (P) and that the function
{€— L(x,s,€)} is strictly convex for each (z,s) € 2 x R.
Then identity (1) holds for each a € C*(2) and h € C(£2; R™).

The technique of the proof is based on a suitable approximation of problem (P)
with a sequence of problems for which Theorem 1 can be applied.

In more particular situations, the fact that the C'*({2)-regularity of u is enough
has been already observed. By a different approximation technique, Guedda and
Véron [4] have considered the case £L(z, s,£) = % |€|P+(z, s),p > 1, while Pucci
and Serrin [8] have treated by a direct approach the case £(z, s,£) = a(x)3(£) +
~v(x,s) whenn = 1.

Let us observe that the strict convexity of L(z, s, -) is indeed usually assumed
in the applications and it is also natural, if one expects the solution u to be of class
C1(02). In some particular situations (see Theorems 5 and 7), we are also able to
relax the strict convexity assumption on £(, s, -) to the mere convexity. This is the
case if one takes

L(z,s,8) = a(x,s)B(E) +(z,5)

orifn =1.
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Note that, if the test functions a and h have compact support in {2, we obtain the
variational identity also when w is only locally Lipschitz in (2. This seems to be
useful in particular when £(z, s, -) is merely convex, as a C'* regularity of u cannot
be expected.

Finally, we refer the reader to [2,4,6—10] for various applications of the varia-
tional identity to the qualitative study of nonlinear differential equations.

2. The approximation argument

Let {2 be an open subset of R™, not necessarily bounded, £ : 2 x R x R® - R a
function of class C! and let f € L7 (£2). Assume also that the function

loc

{¢m L9}
is strictly convex for each (z,s) € 2 x R.
Lemma 1. Let u : {2 — R be a locally Lipschitz solution of
—div{VeL(z,u, Vu)} + D L(x,u,Vu) = f inD'(£2). )
Then
Z / D;h;De¢, L(z,u, Vu)Djudz
ij=1"

- / [(div k) L(z,u, Vu) + h- Vo L(z,u, Vu)| dz &)
(0]

:/Q(h~Vu)fdx

for every h € C(£2;R™).

Proof. Since h has compact support in {2, there exists a bounded open set {2y with
boundary of class C*° such that h has compact support in {2y and {2y has compact
closure in {2. Let R > 0 be such that |Vu(z)| < R for a.e. z € (2.

Let g = f — DsL(x,u, Vu). Since (2 is a uniform neighbourhood of (2,
we can regularize £, g and u by convolution, obtaining sequences of functions
Ly : 2 xRxR* =R, gp: 2 — Rand uy : 29 — R of class C> such that
L (z,s,-) is convex and

Ly — L in C'(K) for every compact K in 25 x R x R", 4

gk — g a.e. in 2 with sup ||ggllec < +o0, Q)
k

Up — U uniformly on (2, (6)

Vu, = Vu a.e. in 2 with sup ||Vug||eo < +o0. @)
k

Given h, it is clearly equivalent to prove the assertion with (2 substituted by (2.
Therefore, for the sake of simplicity, in the sequel of the proof we call {2 such
an (2.
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Letd : R™ — [0, 1] be a function of class C°°, with ¥(§) = 1 for [{| < R + 2
and 9¥(§) = 0 for || > R + 3, and define Ly, : 2 x R™ — R by

Li(z,8) = (&) Lr (2, up(x),€) .

Since

VieLr(z,€) = 9(€) VEeLr(z, un(), €) +2VI(E) - VeLi(w, ux(x),€)
+ Li(w, un(2), ) V2I(E) |

from (4), (6) and the convexity of L (z, s, -) it follows that there exists w > 0 such
that

Z D¢, Li(, &)nimy > —wlnl®

4,j=1

forevery k € N, (x,£) € 2 x R" and ) € R™.
Consider now a convex function A : R” — [0, +oo] of class C* with A(§) = 0
for |¢| < R + 1, V24 bounded and

> Die Ay > (w+ 1)yl

i,j=1

for every £, € R™ with |§| > R+ 2.
Finally, define £, : 2 x R" — R by

Fe(,€) = Tele, ) + AE) + 7P

Then Zk is of class C'™° and satisfies

Li(e.6) > Tl ~C. ®

€] > R+3 = V,Li(x,6) =0, ©)

1 - ~

E|77|2 < Z D3¢, Li(x, E)niny < Clnl® (10
i,j=1

for some C, Cy, > 0 with C' independent of k.
If we define £ : 2 x R" — R by

L(z,€) = 9(€)L(x, u(x),€) + A(€),
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we have that £ is locally Lipschitz, L( -) is strictly convex and of class C! with
Vgﬁ continuous, V£ is a Carathéodory function and we have

V.G 6)| < C, (11
'Vsﬁ T 6)‘ C1+ g, (12)
(ﬁk(az £) — 1|§|2> — L(x,¢) uniformly on 2 x R™ (13)
(v,g[:k(x, £) — kg) — VeL(z,&)  uniformly on 2 x R™, (14)

(VIZIC(%, ) — VIZ(ZC, vk)> —0 strongly in L' (£2), forevery ~ (15)
sequence (vg) in L2(2;R™).
Moreover, it is £(z, €) = L(x, u(z), €) for [¢] < R+ 1.

In particular, since u solves (2), then it is the unique minimum of the functional
T :u+ H}(2) — R given by

:/ E(x,Vw)dx—/gwdx.
2 7}

On the other hand, if @i, denotes the minimum of the functional Zy, : uy+ Hg (£2) —
R defined by

Ik(w):/ Ek(x,Vw)dx—/ grwdz,
Ie) o)

then uy, is a solution of the associated Euler equation whence, by standard regularity
arguments (see e.g. [5]), 4x € C?(£2). From Theorem 1 (see also Remark 2) it
follows that

/ D h; D&Ek(x Vuk)D uk dx

3,j=1

—/ [(div h) Ly (2, Viig) + h - Vo Ly (2, Vi) dz 10)
(7]

= / (h : Vﬂk)gk dz .
0
Moreover (5), (6), (7) and (8) imply that (@, — uy) is bounded in Hg (£2), hence, up

to a subsequence, weakly convergent to a function that we write as u — u. Because
of (5), (13), (14) and (15), from (16) and the minimality of u; we deduce that

Z/Dth L(x, Vi) Dy, dz

7,7=1

7/ [(div h) L(z, Vi) + b - Vo L(z,Vig)] de 7D
2

= / (h-Vig)gdr +o(1),
(0]
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/E(x,Vﬂk)dxf/gﬂkd:cg/ E(m,Vu)dxf/gudx+0(1) (18)
o) 2] o) 2

as k — oo. The convexity of /3(:5, -) then yields

Z(x,Vﬂ)d:c—/gﬂde/ E(:c,Vu)da:—/gudx.
2 fo) Q 7}

Since w is the unique minimum point of Z, we have & = u, namely (ay,) is weakly
convergent to v in H1(£2). Then (18) also gives

lim/ Z(x,Vﬁk)dx:/ L(z,Vu)dz .
k Jo Q

Taking again into account the strict convexity of L (z,-), we infer from [12, Theorem
3] that (iy,) is strongly convergent to v in H!(£2).
From (11) and (12) we deduce that

L(x, Vi) = L(z, Vu)

in L'(12),
VeL(x,Vig) = VeL(x,Vu)  in L2(2;R™),
Vo L(x, Vi) = VeL(z,Vu)  in L'(2;R™).

Then we can pass to the limit in (17) as & — oo. From the definition of £ and g
the assertion easily follows.

O
Theorem 3. Let u : £2 — R be a locally Lipschitz solution of (2).
Then
/ [(divh) L(z,u, Vu) + h - Vo L(x,u, Vu)]| do
0
_ Z / [DjuD;h; + uD;a] D¢, L(z, u, Vu) dx
=179 (19)

— / a[VEL'(a:,u, Vu) - Vu+ uDL(x,u, Vu)] dx
Q
—|—/ [h-Vu—l—au]fdx:O
Q
foreacha € C1(2) and h € C(2;R™).

Proof. First of all it is readily seen that Lipschitz test functions with compact

support in {2 are allowed in the integral formulation of (2). Choosing au as test
function, we get

/ uVeLl(x,u, Vu) - Vadx
e

—|—/ a[VeL(z,u,Vu) - Vu+uDsL(z,u, Vu)| dz (20)
17}

:/Qaufdm.

The assertion follows by combining (20) with Lemma 1.
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Let us now assume that {2 is abounded open subset of R" with boundary of class C' L
L:02xRxR"— Risofclass C! and f : 2 — R is continuous. Suppose also
that £(z, s, -) is strictly convex for each (x,s) € £2 x R.

Lemma 2. Let u € C1(2) be a weak solution of (P). Then it holds
/ [L(z,0,Vu) — VeL(z,0,Vu) - Vu] (h-v)dH"!
00

= / [(divh) L(z,u, Vu) + h - Vi L(z,u, Vu)] dz
0

-3 / DithEiE(%u,Vu)Djudx—i—/(h-Vu)fdx
2 2

i,5=1

for every h € C'(§2;R™).

Proof. Letk > 1and ¢ : R — [0, 1] be given by

0 ifsgi,
or(s) =qks—1 ifL <s<Z,
1 ifs>2.

Then define a Lipschitz function 1)y, : 2 — [0, 1] with compact support in {2 by
setting

Yr(x) = pr(d(z, R™\ £2)).

Of course we have ¢y (z) — 1 for every x € £2. It is also well known (see e.g. [3,
Sect. 7]) that —V;, — vH™ 1 02 weakly* in the sense of measures on £2. This
means that

Yo € C(§2;R™) : hm/fwvwkdx:f/ v-vdH L. 21
k Ja an

A simple approximation procedure shows that Lemma 1 holds also when & is
Lipschitz continuous with compact support in {2. If we substitute ;. h in place of
hin (3), we get

Z / h]'Dg,iﬁ(x, u, vu)DjuDi'(/)k dz
(7]

ig=1
- / L(x,u, Vu) (h- Vo) dx
Q

:/ U [(div k) L(z,u, Vu) + h - Vo L(x,u, Vu)| dx (22)
2

— Z / Y Dih;De, L(x,u, Vu)Djudx
2

ij=1

+ /Ql/lk(h -Vu)fdx.
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On the other hand, by (21) we have

lim/ L(z,u,Vu) (h- Vi) de = —/ L(2,0,Vu)(h-v)dH" ",
k Jo o0

“,?12 /thDglﬁ(I,UaVU)DjUDﬂ/fkdz

ij=1
== / h;De¢, L(z,0,Vu)Djuv; dH" .
=100
As observed in [7], from « = 0 on 912 it follows Vu(x) = A(z)v(z), hence
Djw/i = )\l/jlll' = I/jDi’LL.
Therefore we have
n
Z hjDe, L(x,0, Vu)Djuv; = [VeL(z,0,Vu) - Vu] (h-v) ondf?2
i,j=1
and the assertion follows passing to the limit in (22) as k — oo. a

Now we can prove our main result.

Proof of Theorem 2. Clearly, in the integral formulation of (P) it is possible to
choose any test function in C'*({2) vanishing on 9{2. In particular, the choice of au
yields again (20). The assertion follows by combining (20) with Lemma 2. O

Remark 1. Let N > 2. It is easily seen that Theorem 2 has a vectorial counterpart
for solutions u € C'*(£2; R™V) of the system

—div(Ve, L(z,u, Vu)) + D, L(z,u, Vu) = fi, in 2
u=0 on 0{?

See also [7, Proposition 3].

Remark 2. If u € C1(£2) is a weak solution of (P) with Vu € BV,.(£2;R"),
then the assertion of Theorem 1 holds without any convexity assumption on £ nor
regularity hypothesis on V¢ L.

Moreover, if u € C1(£2) is a weak solution of (2) with Vu € BV, (£2; R"),
then (19) holds for any a € C}(£2) and h € C}(£2;R™).

Proof. We will see that Lemma 1 holds without any convexity assumption, provided
that u € C*(£2) and Vu € BVj,.(£2;R™). First of all, it is easy to see that the
integral formulation of (2) holds for any test function in BV ({2) with compact
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support in (2. In particular, if h € C!(£2;R™), we can choose h - Vu as test
function, obtaining

/Dg (z,u, Vu)D;h;Djudx

i,j=1
+ Z / D¢, L(z,u, Vu)h; d(D?ju)(x) (23)
i,j=1
+ /Q D L(z,u, Vu)(h - Vu)de = /Q(h -Vu)fdr.
On the other hand, according to [1], for every j = 1,...,n we have

—/ L'(a:,u,Vu)Djhjdm:/ h;Dy, L(x,u, Vu) dx
Q

/D,C:UuVu)hDudx (24)

+Z/ D¢, L(z,u, Vu)h,; d(DlQJU)(@")

By combining (23) with (24), we get (3).
After establishing this variant of Lemma 1, we can go on as before, as the strict
convexity of £(z, s, -) is no longer used. O

3. Nonstrict convexity in some particular cases

In this section we will see that, in some particular cases, the assumption of strict
convexity of L(x, s, ) can be relaxed to the assumption of mere convexity. Let 2
be an open subset of R™.

Lemma 3. Let N > 1 and let F : 2 x RN — R be a function with F(z, -) convex
and C* for a.e. v € 2 and F (-, &) measurable for every € € RN, Let 1 < p < oo
and assume that there exist ag € L'(12), a1 € LP (2) and b > 0 with

|F(z,8)] < ao(z) +blEP, (25)
VeF (2,8)] < ar(x) + bl¢[P, (26)

forae. x € Qandall ¢ € RN, Let (wy,) be a sequence weakly convergent to w in
LP(2;RN) with

lim fxwkdx—/]:xw
k Ja

Then
lillcrn Flx,wy) = F(z,w) weakly in L'(£2) . 27
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Moreover, if there exists d > 0 with
F(z,8) > d|¢]P — ao(x) (28)
fora.e. x € 2 and all € € RY, we have

lilgn VeF(z,wi) = VeF(z,w) strongly in L (£2; RN) (29)

wi [P < 2 for some 1 € LY(2).

and, up to a subsequence,
Proof. Let us define F : £2 x RY — R by setting
F(x,8) = Fla,w(x) + &) — Flo,w(@)) — VeF(z,w(z)) - &

Note that F(z, ) > 0, F(x,0) = 0, V¢ F(z,0) = 0 and
lim/ Fla,wp —w)dz =0,
k Ja

so that _
li]£n Flx,wp, —w) =0 strongly in L' (£2) . (30)

On the other hand, for each ¢ € L*°({2) we have
lilgn OV eF(z,w) - (wy —w)de =0.
2

It follows
11}131/ cp[]—'(ac,wk) — f(x,w)] de =0,
12,

which proves (27). B
Note that, in view of (30), up to a subsequence one has F (x, wy () —w(x)) — 0
for a.e. € (2. Fix now such an x; then by (28) up to a subsequence wi(z) — y

for some y € RY, which yields j—v'(x, y — w(z)) = 0. In particular, y — w(x) is
a minimum for F(z,-), so that V¢ F(z,y — w(z)) = 0, namely V F(z,y) =
VeF(x,w(x)). Hence we conclude that

lilgn VeF(z,wi(z)) = VeF(x,w(z)) ae.in (2. 31)
Up to a further subsequence, by (30) there exists {/; € L'(£2) such that
Flz,wg) — Flz,w) — VeF(z,w) - (wp —w) < {Z;
By (28) and Young’s inequality one finds C' > 0 such that
§|wk|1’ < ap + Flz,w) — VeF(z,w) - w + 9 + C|VeF(z,w)|P

whence the last assertion. In particular, in view of (26) one deduces that |V¢F(z,
wy)| < 7 for some n € L (£2), which combined with (31) yields (29). O
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3.1. The splitting case

In this subsection we will consider the case in which £(z, s, &) is of the form

afz,5)B(E) +(x, 5).

Lemma 4. Let F(z,£) = ax)B(§), with o : 2 — [0, +00[ locally Lipschitz and
B : RN — R convex and of class C*. Let 1 < p < 0o and assume that there exist
ag € LY(92), a; € LP () and b > 0 satisfying (25), (26) and

Vo (2,8)| < ao(x) + bl¢J” (32)

forae. x € Qandall £ € RN,
Let (wy,) be a sequence weakly convergent to w in LP(£2; R™) with

|wpP < for some 1 € L*(§2),

lim fxwkdx—/]:xw
k Ja

Then
1i]£n Vo F(x,wy) = Vo F(x,w) weakly in L'(£2;R™).
Proof. Let
P ={reQ:ale)=0},
Ym>1: sz{xeﬂ a(x )>%, |Va(x)§m}.
Since Va = 0 a.e. in £29, it is clear that

lim V. F(z,wg) = V. F(z,w) weaklyin L'(2°;R").

Given € > 0, there exists m > 1 such that

/ (ap +byp)dx < e.
O\(£20002)

From (32) it follows
Vk e N: / |V F(x,w) — Vo F(x,w)| de < 2e.
Q\(2°U2:m)
Therefore, we have only to show that, for any m > 1, it holds
lim V. F(v,wy) = Vo F(r,w) weakly in L*(2,,; R™). (33)
From Lemma 3 we deduce that
liin F(z,wy) = F(z,w) weaklyin L'(£2),

hence
1i1£n]-'(x7wk) = F(x,w) weaklyin L*(£2,,).

Since (Va)/a € L™ (£2,,; R™), (33) holds and the assertion follows. O
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Let now (2 be an open subset of R"”, let

C(m,s,f) :a(xvs)ﬁ(£)+7(xvs)» (34)

witha : 2 xR = [0, 4+00[,7: 2 xR — Rand 3 : R® — R of class C', and let
f € L§2.(£2). Assume also that 3 is convex.

loc

Lemma 5. Let u : {2 — R be a locally Lipschitz solution of (2).
Then (3) holds for every h € C}(£2;R™).

Proof. Let {2y, gi, ug, 9, A, /:'k and £ be as in the proof of Lemma 1. The only
difference is that now £(z, -) is merely convex.
Let M > 0 be such that

Ve e 2: alz,u(x)) + |y(z,u(z))| <M

(after substituting {2 with (2). Without loss of generality, we may also assume that
the functions

1 1 1
A8, A, A

are all convex.

Since u solves (2), then it is the unique minimum of the functional T:u+
H} () — R given by

)

(w):/Q(E(ac,Vw)—&-(w—u)2> da:—/ qwdz.

n

On the other hand, if i, denotes the minimum of the functional Z, : uy,+HL(£2) —
R defined by

~

Ir(w) = /Q (Ek(%Vw) + (w— uk)2) dx — /ngu) dz,

then iy, is a C?({2)-solution of the associated Euler equation, whence

Z / DithgiZk(.'L‘, V’ﬁk)Dj’ﬁk dzx
(o]

ij=1

_ / [(div h) Bx(e, Viig) + h - Vo Lo, Vi)] da
o (35)

- /() [(div h)('&k - Uk)Q - Q(h : V’uk)(ﬂk — uk)} dx

= / (h : Vﬂk)gk dz .
0
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Again we have that (@) is weakly convergent, up to a subsequence, to some % in
H'(£2). From

/J,2 (Ek(z, Viig) + (g — Uk)2> dx — / grii dx

9]

§/Ek(x,Vuk)dxf/gkukdx,
(9] (9

it follows that

[ &y @) d- [ gude< [ Zovodr— [ gude.

Since w is the unique minimum point of the functional 7, we can still deduce that
@ = u, namely (@) is weakly convergent to u in H'({2). Again we have

lim / L(z,Viy,) de = / L(z, Vu) dx (36)
k Jao 10

and, from (35),

> / D;h;jDe, L(x, Vi) Dy, da
9]

7,j=1

- / [(div k) L(z, Vig) + b - Vo L(x, Vig) dz 7
2

= [ -+ o)
2

as k — co. However, because of the lack of strict convexity of £(z, s, -), we cannot
say that (@) is strongly convergent to u in H(2).
On the other hand, Lemma 3 allows us to deduce that

L(z, Vi) — L(x, Vu) weakly in L'(£2),
V§£~(sc, Vi) — ng(m, Vu) strongly in L?(£2; R™)

and that |V |? < ¢ for some 1) € L'(£2). In order to pass to the limit in (37) and
conclude the proof, it is therefore enough to show that

VaoLl(x, Vi) = VoL(x,Vu)  weaklyin L' (2;R™). (38)
Only at this point the particular structure given by (34) will play a role. We have

L(z,€) = 9()a(z, u(x))BE) + I(E)y(z,ulz)) + A(€)
= Fi(z,8) + Fo(x, &) + Fs(z,§) + Fa(x,€),
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where

Fula,€) = ole, u(a)) <19(£)ﬂ(£) n 1A<s>) ,

Fale. ) =7 (u(o) (346 +9(0) )

Falo€) =~ (@) (3740 =99 )
Falw,€) = 17 (M — e, u(@)) — (e, ula))) A)

satisfy the assumptions of Lemma 4. Since
Vi=1,...,4: limkinf/ Fi(z, Vi) de > / Fj(z,Vu)dx,
[0 [0
from (36) we get
Vi=1,...,4: lim/ Fi(z, Vi) de = / Fi(z,Vu)dx.
kJo [?)
By Lemma 4 we deduce that
Vi=1,...,4: V. Fj(z,Vig) — Vo F;(z,Vu)  weaklyin L'(2;R").

Therefore (38) follows and the proof is complete. O

Theorem 4. Let u : {2 — R be a locally Lipschitz solution of (2). Then (19) holds
for each a € C(2) and h € CL(2;R™).

Proof. 1t is enough to argue as in the proof of Theorem 3, taking into account
Lemma 5 instead of Lemma 1. O

Assume now that {2 is a bounded open subset of R with boundary of class C' !, that
L(x,s,§) = a(z,s)B(§) +y(x,s), witha : 2 xR — [0, +00[,7: 2 xR =R
and 3 : R" — R of class C', and that f € C(£2). Suppose also that 3 is convex.

Theorem S. Let u € C 1 @) be a weak solution of (P). Then (1) holds for each
a € C1 () and h € C1(;R™).

Proof. After establishing Theorem 4 instead of Theorem 3, we can go on as in the
proof of Theorem 2, as the strict convexity of £(z, s, -) is no longer used. O
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3.2. The one-dimensional case

Ij this subsection we assume that {2 C R is a bounded open intervei and L :
2 xR xR — Ris of class C'* with £(x, s, -) convex for any (x,s) € 2 x R.

Theorem 6. Let f € L;S.(£2) and let u : {2 — R be a locally Lipschitz solution
of (2). Then (19) holds for each a € CL(£2) and h € C1(£2).

Theorem 7. Let f € C’@) andletu € q (£2) be a weak solution of (P). Then (1)
holds for each a € C*(§2) and h € C*(12).

The proof follows the same lines of that of Theorems 4 and 5. The key point is
that the assertion of Lemma 5 holds also in this case. To see it, one has to follow
the same argument and appeal, in the final part, to the next Lemma 6 instead of
Lemma 4.

Lemma 6. Let F : 2 X R — R be a function. Assume that there exists a negligible
set N C {2 such that:

(a) for every (x,€) € (2\ N) x R, the function F(-,€) is differentiable at x;
(b) for every x € 2\ N, the function F(z,-) is convex and of class C*;
(¢) for every x € 2\ N, the function D, F(x,-) is continuous.

Moreover, suppose that there exist ag € L'(£2), a1 € L (£2) and b,d > 0 such
that (25), (26), (28) and (32) hold.
Let (wy;) be a sequence weakly convergent to w in LP({2) with

lim/ }'(m,wk)dx:/ F(x,w)dx.
kJa 2

Then
lilgn D, F(z,wy) = D F(z,w) weakly in L*(12).

Proof. As in the proof of Lemma 3, up to a subsequence one has |wg|? < ¢ €
L'(2) and
li}gn.%(x,wk(x) —w(z)) =0 ae.inf?.

Let us set for a.e. x € (2

() = limkinf wi(x), yy(x) = lim sup wi(z) .
k

Notice that y,, y4 € LP({2) and
y(z) <w(z) <yy(r) ae.in (2. (39)

If wy, () denotes the projection of wy, () onto [y, (z), ys(x)], one has (wy, —wy) —
0 in LP(£2). Then, up to substituting wy, with @y, one can suppose that

w(z) <wg(zr) <yy(xz) ae in 2. (40)
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Arguing as in the proof of Lemma 3, one obtains

Flz,yp(z) —w(x)) =0, F(zr,ys(z) —w(z)) =0 ae.in 2.

Since F(x,£) > 0 and F(z, - ) is convex, it follows

F(x, (1 =9)yp(z) + dys(z) —w(x)) =0
for a.e. z € 2 and every 9 € [0, 1], whence
F(z, (1 =y () +Iys(2)) = (1 = ) F (@, () + 9F (2, y:(x)) (41

fora.e. z € £2 and every 9 € [0, 1].
For each m > 1 let us set

= {2 € 2\N: (o) = mo) 2

|mfm%@m$m,mfmwum$m}

By Lusin’s theorem, for each € > 0 there exists a measurable subset C,, . C (2,,
such that

yb’c ) yﬁ’c are continuous, LY2m\ Ce) < e,

where £! denotes the one-dimensional Lebesgue measure. Without loss of gener-
ality, we may assume that Cy, . has no isolated points. Let us now take x € C,, .
and 6 > 0 with

y(x) +0 <yg(x) — 0.

If (xy) is a sequence in Cy, . converging to =, we have
Yo (k) < yp(2) +6 <yglz) — 0 < yy(wr) 42)

eventually as k — co. By (41), for each ¢} € [0, 1] one obtains

Flz, (1 =9)(ys(z) +6) + I(ys () — )
=1 —-9)F(z,yp(x) +95) + IF(z,ys(z) — 9).

Moreover, (42) implies

Flar, (1= 0) (g () +0) + I(ys(x) — 9))
= (1 =) F(xk, yp(2) + 6) + OF (wx, ys(x) — ) -

Therefore, combining the previous identities yields

D, F(z, (1 = 9)(yp(2) +0) + I(ys(x) — 9))
= (1 =)D F(z,y5(2) +6) + VD F(x, ys(x) — )
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for each ¥ € [0, 1]. Letting 6 — O one obtains
Vo € Che, V9 €[0,1] 1 Dy F(z, (1 —9)y,(z) + Jys(x))
=1 =)D F(z,y,(2)) + VD, F(x,ys(x)).
By (39) and (40) we can choose

=5 _ w(z) —y(2) = _ wi(z) —yp()
Th@-w@ T @ —w
Then one gets
o) —w( .
D, F(x,w(zx)) = (@) — o D, F(z, yy())
w(z) —yy(z
) ) )

In particular, one concludes that

Dy F(z,wi(z)) = DeF(x, w(x))

+ () - w(w)) 2= y“jﬂ”” ~ DuF(x,yy(x))

ys(2) =y (2)
for all x € C);, ., which implies that

Vo € L% (Cpe) lilgn/ D, F(x,wy)pdr :/ D, F(zx,w)pdx.
Cone e

On the other hand, by (32) one has
| Do F (2, wi(2))p(@)] < ll¢lloo (a0(x) + be)(x)) . (43)
It follows that

Vo € L(02,) : li}gn/ Dm}'(x,wk)gadx:/ D, F(z,w)pdx.
O Qm

Moreover, since on the set

={ze: yx) =y}

one has liin wy, = w a.e., then

Vo € L%(2) : hin D, F(x,wy <pdx—/ D, F(z,w)pdr.
© S0

Being £1(02\ (25 U £2,,)) — 0 as m — +00, by (43) one concludes the proof.

O
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Remark 3. We do not know whether Lemma 6 holds true when F : 2 x R® — R
and {2 is an open subset of R™, n > 2. In the affirmative case, the strict convexity
assumption on L(x, s, -) could be relaxed to the mere convexity in general.

References

1. Ambrosio, L., Dal Maso, G.: A general chain rule for distributional derivatives. Proc.
Amer. Math. Soc. 108, 691-702 (1990)
2. Bozhkov, Y.: On a quasilinear system involving K -Hessian operators. Adv. Differential
Equations 2, 403-426 (1997)
3. Carriero, M., Dal Maso, G., Leaci, A., Pascali, E.: Relaxation of the non-parametric
Plateau problem with an obstacle. J. Math. Pures Appl. 67, 359-396 (1988)
4. Guedda, M., Véron, L.: Quasilinear elliptic equations involving critical Sobolev expo-
nents. Nonlinear Anal. 13, 879-902 (1989)
5. Ladyzhenskaya, O.A., Ural’tseva, N.N.: Linear and quasilinear elliptic equations. Nauka
Press, Moscow 1964; Academic Press, New York 1968
6. Pohozaev, S.I.: On the eigenfunctions of the equation Au + Af(u) = 0. Dokl. Akad.
Nauk SSSR 165, 36-39 (1965)
7. Pucci, P, Serrin, J.: A general variational identity. Indiana Univ. Math. J. 35, 681-703
(1986)
8. Pucci, P, Serrin, J.: Continuation and limit properties for solutions of strongly nonlinear
second order differential equations. Asymptotic Anal. 4, 97-160 (1991)
9. Rabier, P.J., Stuart, C.A.: Exponential decay of the solutions of quasilinear second-order
equations and Pohozaev identities. J. Differential Equations 165, 199-234 (2000)
10. Serrin, J., Zou, H.: Existence of positive solutions of the Lane-Emden system. In: Ded-
icated to Prof. C. Vinti. Atti Sem. Mat. Fis. Univ. Modena 46 Suppl., 369-380 (1998)
11. Tolksdorf, P.: Regularity for a more general class of quasilinear elliptic equations. J.
Differential Equations 51, 126-150 (1984)
12. Visintin, A.: Strong convergence results related to strict convexity. Comm. Partial Dif-
ferential Equations 9, 439-466 (1984)



