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Cauchyinteractionsbetweersubbodie®f a continuousodyareintroducedn theframeworkof
MeasureTheory,extendingthe classof previouslyadmissibleones.A decompositiortheorem
into a volume and a surfaceinteractionis proved,as well as characterizationsf the single
componentsFinally, an extensionresultand a generalizedbalancelaw are given.
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1 Intr oduction

It is well-knownthatthe modelizationof interactionsn ContinuumPhysicsdealswith setfunctionsassociated
with physical quantitiesratherthan with functionsevaluatedat single points (seee.qg.[7]). Very important
examplesof theseare the stressand the heatflux. This, in turn, implies that the conceptof subbodyof a
material body B hasto be takeninto account.However, subbodiesare not completely physical (although
they may be usedto describethe situationarisingin the body in a very satisfactoryway), sincethe classof
subsetswvhich haveto representhemis a matterof choice.

For suchsetfunctionsshouldsatisfysomereasonabladditivity condition,it is naturalto putthe approach
into the frameworkof MeasureTheory.An exampleof how this way of thinking hasbeendevelopeds given
by the CauchyStressTheorem,leadingin [3] to the notion of Cauchyflux. For further developmentsye
referthereaderto [3, 8, 5, 1] andthe referencegjuotedtherein.

In [4], Gurtin, Williams andZiemerproposedo choosehe normalizedsetsof finite perimeterassubbodies
and introducedthe conceptof Cauchyinteractionin orderto represeni&an interactionbetweentwo disjoint
subbodiespossiblyhaving a part of their boundaryin common.This is, roughly speaking,a setfunction |
of two variables,the subbodieswhich is additive on eachvariableand which is Lipschitz continuouswith
respectto the areameasureof the commonpart of the boundariesand the volume measureln that paperit
is provedthat:

(a) I canbe decomposeds the sum of a “body interaction”l, anda “contactinteraction”l;, satisfying
the bounds
[Ib(A,C)| < Kc£"(A), (A, C)| < K.7Z"Y0,AN 0.C);
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(b) Ip admitsthe representation

Ib(A, C) :/ b(x,y)dxdy, for asuitableb € L}(B x B);
AxC

(c) in the balancedcase,i.e. when || (A,R" \ A)| < K£™"(A), the contactpart I is a Cauchyflux which
admitsthe representation

I(A C) = / q-Nopno.c doZ" 1 |
9.ANO,C

whereq : B — R" is a boundedvectorfield with boundeddivergence.

In our work we extendthis definition of Cauchyinteractionin orderto allow the correspondinglensities
to be also distributionsof order zero. In this way, also interactionswhich are singular can be considered.
To do this, we deal with notions of “almost all subbodies”and “almost every material surface”, already
introducedby éilhavy [5] andextendedby Degiovanni,Marzocchiand Musesti[1] for the formulation of
the CauchyStressTheorem.In particular,for almostall subbodieswve first showthat:

(@) 1 canbe decomposedasthe sum of a “body interaction”l, and a “contactinteraction” |, satisfying
the bounds
[I6(A,C)| < n(AxC), [1c(A, C)| < / h(x)d.72" () ,

9,ANI,C

wheren is a Radonmeasureandh a positive functionin Li;

(b") 1, admitsthe representation

Io(A, C) = /A DY) )

wherep is a Radonmeasureandb : B x B — {—1, 1} is a Borel function;
(c’) in the balancedcase,i.e. when || (A, R" \ A)| < A(A) for a Radonmeasure), the contactpart I is a
Cauchyflux which admitsthe representation

I(A,C) = / q-No.ano.c d.72"1
J,.,ANO.,.C

whereq : B — R" is a locally integrablevectorfield with divergencemeasure.

Next, we showthe uniquenes®f the decompositiona’) anda correspondencbetweencontactinteractions
and Cauchyfluxes also in the non-balancedcase(Theorem®6.1), which is not treatedin [1]. Finally, we
derive from the previoustheoremsa generalizedform of the balanceequationassociatedo a balanced
Cauchyinteraction.

Our last result, in the spirit of [1], is that the choice of all normalizedsubsetsof finite perimeteras
subbodiess a naturalone:in fact, it is sufficient to verify the existenceof a Cauchyinteractionon a very
small (in comparisonwith that of the setsof finite perimeter)classof subbodiesto have automaticallyan
essentiallyuniqueextensionof the interactionon almosteverydisjoint pair of normalizedsubbodief finite
perimeter,with the samepropertiesgiven on the simpler subbodieqsee Sect8). Sincethe aboveclassis
comprisedof parallelepipedswhich anybodywould wish to consideras subbodiespur resultshowsthatthe
classof the normalizedsubsetsof finite perimeteris the smallest(althoughvery wide, since setsof finite
perimetercan be quite irregular) “natural” classof subbodiesof a materialbody.

It is worth to point out that our definition of Cauchyinteraction,as well asthat of [4], is modeledon
the situationin which the setfunction representshe sumof the heatgeneratedn the subbodyandthe heat
transferredthroughits boundary.This leadsto the peculiarchoice of the subbodiesn Definition 3.1: it is
requestedhat eitherthe subsetdie in the interior of the body, or that their complementdavethis property.
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2 Preliminary lemmasfrom Geometric Measure Theory

LetM C R". We denoteby cIM andintM the closureandthe interior of M in R", respectively WhenM
is a Borel set,we alsodenoteby B (M) the o-algebraof Borel subsetof M.

We denoteby %" the Lebesgueouter measureon R and by .77¥ the k-dimensionalHausdorf outer
measureDenotingby By (r) the openball with centerx andradiusr, we introduce

g im ZPBO\M)
M*_{XGR'J%*W_O}

and
oM =R"\ [M* U (R"\ M)*] ,

(the socalledmeasue-theoketic interior and measue-theoetic boundaryof M, respectively)lt is well-known
thatM, andd.M areBorel subsetof R". We saythatM is normalized if M, =M.
Now let M C R", x € 9,M andu € R" with |u| = 1. We saythatu is a unit exterior normal vectorto

M atx if
,Z”'”({feBX(r)mM :(§—X)~u>0})

% Z(By (1) -0
SN ({€€B()\M (=) u<0}) _
A ACNG) =0

If u andv aretwo unit exterior normal vectorsto M at x, it turnsout thatu = v, so we candefinea
mapnM : 9,M — R", settingn™ (x) equalto the unit exteriornormalvectorto M at x, whereit exists,and
nM(x) = 0 otherwise. ThennM is a Borel andboundedmap, thatis calledthe unit exterior normalto M.

We saythatM hasfinite perimeterif .72"~1(0.M) < +oo (this implies the % "-measurabilityof M). In
sucha case,|nM (x)| = 1 for %" t-a.e.x € ,M andthe Gauss-GreeTheorem

/ v Vids" :/ fo.-nMdz"? 7/ f divod "

M 0«M M

holdswheneverf : R" — R andv : R" — R" are Lipschitz continuouswith compactsupport(seee.qg.[2,
Theorem4.5.6] or [9, Theorem5.8.2]).

Let 2 beanopensubsebf R". We denoteby 91 (£2) the setof Borelmeasureg. : 9B (£2) — [0, +oo] finite
on compactsubsetof 2 andby_'/)l"cl,c}+ (12) thesetof Borel functionsh : 2 — [0, +oo] with [, hd 2" < +o00
for everycompactsubsetK C (2.

For a finite-dimensionahormedspaceX, we denoteby %1 (£2; X) the setof Borel mapswv : 2 — X
with [, [lv]|d£" < +oo for any compactsubsetK of 2. We also denoteby L. (£2, ) the quotientset of
Borel functionsf : 2 — R suchthat [, f du < +oo for everycompactsubsetK C (2, wherewe identify the
functionsthat agreeu-almosteverywheren (2.

In theremainderf the sectionwe establishsomegeneralpropertiesof measure-theoretisoundarywhich

will be usedin the sequel.

Proposition 2.1 LetM, N be two 4 "-measurablesubsetf R".
Thenwe have

(M) \ N U ((0:N) \ M)] \ (9:M NO.N) C 9,(M UN) C ((0:M) \ N.) U ((8:N)\ M,),
(N, N9.M) UM, N3.N) C 8.(M NN) C (N, N aM)U (M, NAN) U (@M Nd.N),
[((0.M) \ N.) U (M. 1 9.N)] \ (.M N 8,N) € .(M \N) C ((9.M) \ N,) U (M. N ,.N).

Proof. It is well-known thatif (andonly if) M is 4 "-measurablethen Z"((M \ M) U (M, \ M)) =0. In
particular,this implies that 9,.M = 9.(M..) for every 4 "-measurablesubsetM C R". Thuswe cansuppose
thatM andN arenormalized.The claimedpropertiesfollow now from [4, Lemma3.2] and[5, Proposition
2.1]. O
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The following refinesProposition2.1, establishingdecomposition®f the measure-theoretiboundaryof
M UN, M NN andM \ N up to setsof zerosurfacemeasure.

Proposition 2.2 LetM, N be two £ "-measurablesubsetf R" of finite perimeterandlet A = (9.M \ (N, U
9:N)), B = (0N \ (M, U9IM)), C = (M. NI.N), D = (N, NI.M),

E={xecaMnaN:nMx)#0,nNx)#0,nM(x) # —nN(x)},
F={xcd.MnNaoN:n"x)#0,n"(x)#0,n"x)#nN(x)}.
Thenthere existthreesetsR, C 9,M N O,N, for k = 1,2, 3, suchthat.72"~*(Ry) = 0 and

0(MUN) = AUBUEURy,
x(MNN) = CUDUEURy,
(M \N) = AUCUFUR;s,

whele the unionsare disjoint.

Proof. As in Proposition2.1, we cansupposéhatM andN arenormalized We startfrom the last equality.
From Proposition2.1 we havethat9,M \ (N U 9,N) C 9,(M \ N) andM N 9d,N C 9,(M \ N). Letx € F
and considerthe cone
Ce={(€R": (€ —x)-nV(x) <0< (€ —x)-n"(X)};

for everyr > 0 we havethat

(CeNBx(r) S{E€B()NM 1 (€ —x)-n"(x) > 0} U[Bx(r) \ (M \N)].
By the definition of unit exteriornormalvector,this implies that
LPBO\NMAN) L L"(Cen By (1)

mSUP—"70@ (1)~ B 2By ()

>0,

hencex ¢ (M \ N), .
In the sameway, setting
C={{eR":((—x)-n"(x) <0< (—x) nV(X)},
for everyr > 0 onecanprovethat
[(C NBc(M)\ {£€B(r)\M : (¢ —x)-n™(x) < 0}]
\{€€B()NN (€ =x)-nN(x) >0} CB,(r)N(M \N),
hencex ¢ (R"\ (M \ N)).. ThusF C 9.(M \ N).
Now let x € 8.M N d.N be suchthatn™ (x) = nN(x) # 0; for everyr > 0 we havethatthe set
{€€By(NNM (€ =x)-nMx) >0 U{€€By(r)\N:(£—x) -nV(x) <0}
containsBy (r) N (M \ N), hence
im 2 Bx(M)NMAN)) _
r—0* (B ()
This meansthatx € (R" \ (M \ N)).., thusx & 9,.(M \ N). Setting
Rs = 0,(M \ N)\ [(O«:M \ (N UON))UM NI.N)UF],

0.

it follows that
Rs C {¢ € 9.M Nd,N :n¥(x)=0ornN(x) =0}
and, by the propertiesof the unit exteriornormal,we have.72"~1(Rs) = 0. This provethe last equality.
Theothertwo formulasturn outif wewrite M NN asM \ (R"\N) andM UN asR"\ (R"\M)N(R"\N)).
O

Proposition 2.3 Let M1, M, M3 be threemutuallydisjoint subsetsf R" of finite perimeter.Then
6" H0,M1 N 9,M2 N 9, M3) = 0.
Proof. It is aneasyconsequencef the propertiesf the unit exteriornormal.Seee.g.[4, Proposition3.4]. O



Cauchyinteractions 153

3 Main definitions
Throughoutthe remainderof this work, B will denotea boundedhormalizedsubsebf R" of finite perimeter,
which we call a body.

Definition 3.1 Let. # bethe collectionof all normalizedsubsetof B of finite perimeter.We set(asin [4])
A7 ={C CR":C isnormalized C € .2 or (R"\ C), € .Z},

D={(AC)e 4 x.V :ANC=0}.
Moreover,we define
A ={Ac 7 cdACintB},
e = /4% U {AUR"\ B), : Ac .2},
D= {(A,C) € A x 4 ANC =2} .
Letnowh € ¥L. , (intB) andv € 91 (int B). We set,following the ideasof [5],

oC,+

A = {A e /% [ hda" ! < +oo, V(O.A) = o} ,

9.A
L,Jﬁloc = {C c U,,,V-IOC : (C n B) c (/%ZLOVC ’
e =9"°N (.//ZLOIf X ””1}/{106) .

Remark3.1 In Definition 3.1 we may assume,without loss of generality,that h : intB — [0, +oq] is

a Borel function with [ . hdZ" < +oo andv : B (intB) — [0,+oc] is a positive Borel measurewith

v(intB) < +oco. In fact, givenanincreasingsequencéKn,) of compactsubset®f int B with intB = | intKp,
=1

we canset "

h(x)

1+ [, hden
h(x)
2711+ [, hdz")

if x € Ky,
h(x) =

if X € K \ Km_1, M > 2,

oo

v(MNKy) Z v(M N (Km \ Km-1))

"M = Ty 2L+ v(Kn)

(M € B (intB)).

Thenh, 7 havethe requiredpropertiesand. /2% = 7}, . J:1°¢ = _j ¢, loc = ploc.

Remark3.2 Foreveryn € Mt (intB x intB) we candefinea measures € M (intB) suchthatn < v x v. In

fact, we cantakeanincreasingsequencéK,) of compactsubsetof intB with intB = J intK, andset
m=1

Km) X Kn) +n(Km x (E N Kp))

e ey ne) =3 M R

m=1

In this way, givenh € Ef;’lgcﬁ (intB) we haven((0.A) x intB) = n((intB) x 9.A) = 0 for everyA € 2.
Remark3.3 If (A, C) € "¢, thenAn d,.C = C N d,A= . In fact, from Proposition2.1 we have

(AN A,C)U(CNI.A) CI(ANC)=2.
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Definition 3.2 WesaythatZ C ..Z£° containsalmostall of /2, if. 7£)% C & for someh € 3. , (intB)
andv € M (intB).
A propertyr holdsalmosteverywheren .Z2'°°, if the set
{A€ . 2/°°: n(A) is definedand r(A) holds}

containsalmostall of .. Z2'°C.

We saythat  C D'"°¢ containsalmostall of ©'°°, if D|%° C & for someh € £ . (intB) andv €
M (int B). '

A propertyr holdsalmosteverywheran ©'°°, if the set

{(A,C) € D¢ : w(A,C) is definedand (A, C) holds}
containsalmostall of ©'°°.
For a discussioraboutthis conceptwe refer the readerto [1, Section3].

Proposition 3.1 Thefollowing assertionshold:

(@) ifh € £3. ., (intB), v € M(intB) andMy, My € .24, then(M1UMy)., MiNMa, (M1\ M), € .24%;
(b) if (hm), (vm) are sequencem Zl’},c’,, (intB) and9t (int B) respectivelythenthere existh Algw (intB)
andv € 2t (intB) suchthat

Nmvm

[e o]
A () A
m=1

Proof. Assertion(a) is a simple consequencef Proposition2.1.
o0
To prove(b), we cantakeanincreasingsequencéK,) of compactsubset®f int B with intB = J intKp,.

m=1
Setting
VxeintB: h(x)=)_ Fin(X) ,
m=1 2m (l + me hm df/én)
: . _ - vm(E)
VE € B(intB): v(E)= mzl A+ (K))
it is not difficult to seethath andv havethe requiredproperties. O

Remark3.4 In view of (b) of Proposition3.1, given a countableset of propertiessuchthat eachof them
holds on almostall of .#2'°¢, thereexisth ¢ f{/,;gw (intB) andv € M (intB) suchthatthey hold on .7,
The samehappendor ./J1°¢ and D¢,

Definition 3.3 An ordered orthonormalbasis(ey, . .., e,) in R" will be called a frame A frame(ey, ..., &)
is saidto be positively oriented if the determinaniof the matrix with columnsey, . .., €, is positive.
A grid G is an orderedtriple

G:(XO7(917-~7en)7é)7

where X, € R", (ey,...,&,) is a positivelyorientedframein R" and G is a Borel subsetof R. If Gy, G, are
two grids, wewrite G, C G, if thefirst two componentgoincideand él C (32. A grid G is saidto befull, if
ZYR\G)=0.

Let G be a grid; a subset of R" is saidto be an openn-dimensionalG-interval, if

l={xeR": a¥ <(x-x) g <b? vj=1..n}
for somea®,b®, ... a® b®™ c G. We set

76 ={l : | isan openn-dimensionalG-interval with cll CintB},
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Ms=Y:Y = (U I) for somefinite family.7 in .7 § ,

le7

D¢ = {AAC)eD:ACec. %, ANC =g}
U{(AA,CU@"\B),):ACe. %, ANC =g}.

Proposition 3.2 Let xo € R" and (ey, ..., &,) be a positively oriented frame in R". Thenfor everyh ¢
‘z,gw (intB) and v € M (intB) there existsa full grid G of theform G = (xo, (e, .. .7en),CA;) suchthat
M C A,

Proof. See[1, Proposition4.5]. ad

Definition 3.4 Let. 4 C ./J". We saythat a functionF : .2 — R is additiveif for everyA;, A, € .4 such
that (A UAp), € .4 andA; N A, = &, we have

F ((A1 U Az)*) =F (Al) +F (Ag) .
LetZ C ©. Wesaythata functionF : & — R is biadditiveif the functions

F(-,C):{Ne /#:N,C)eZ} =R,

FA -):{C'e V) :(ACYeZ}—R,
are additivefor every(A,C) € &.

We are going to introducethe main charactermf the paper.

Definition 3.5 Let Z C ©'°¢ be a setcontainingalmostall of ©'°¢ andlet| : & — R. We saythat| isa
Cauchyinteraction if the following propertieshold:

(a) | isbiadditive;
(b) there existh € f/,;gw (intB), n € M (intB x intB) andne € M (intB) suchthat the inequality

/ hd.7" 1 +n(A x C) if C CB,
|| (A C)| < 9.ANO.C (3 l)
/ hd. 72"+ 5(A x (C NB)) +7(A) otherwise,
9.ANO.C

holdsalmosteverywhee in ©'°°.

Remark3.5 The dichotomy in the previous definition arise from the thermodynamicalintuition that the
exteriorof the body is consideredegardlesgo its structure butit caninteractwith the body, like e.g.a heat
reservoir.Of course,one canforgetthe exteriorsettingre = 0.

Definition 3.6 A Cauchyinteractionl is saidto be:

(a) abodyinteraction if in the previousdefinitionwe can chooseh = 0;
(b) acontactinteraction if in the previousdefinitionwe can choosen = 0 and 7, = 0.
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4 Decompositionof Cauchy interactions

In this sectionwe will showthat Cauchyinteractionscanbe decomposedh an essentiallyuniqueway into
a sumof a body anda contactinteraction,in the sensespecifiedbelow.

Lemma 4.1 Let G be a full grid and K be a compactsubsetof intB. Thenfor every (A, C) € D'°¢ with
C C B there existtwo sequenceéAy), (Ck) in .Z4c suchthatcl A, Ncl Cx = @ for everyk € N and

IiLn n(AkAA) x K)=0, IiLn n(K x (CkAC))=0, IiLn Ne(AkAA)= 0,
whee A denoteghe symmetriadifferenceof sets.
Proof. Fork € N let K3, Ko be compactsubsetsf int B suchthatK; C A, K, € C and
1 1 1
n((A\Kl)xK)<E, n(Kx(C\Kz))<E,n e(A\K1)<E.

Let Ay, Cx € #c with Ky C A, Ko C Cy, d Ac NclCx = @, suchthat

1 (A Ka) < K) < 2

We havethereforethat A\ A, C A\ K; andA¢ \ A C A\ Ky, hence

W(KX(Ck\Kz))<%n7 e(Ak\K1)<%.

2 2
n(ALA) x K) < K ne(AcAA) < K
The samehappendor 7, (K x (CxAC)). O

Theorem 4.1 Let| be a Cauchyinteraction. Thenthere exista bodyinteractionl, anda contactinteraction
Ic suchthat!| =1y, + I on almostall of ©'°°,

Moreover,if there exista bodyinteraction IAb anda contactinteractionﬂ suchthat| = IAb + E on almost
all of ©'°¢, then

lb=lp, le=1

on almostall of ©'°°,

Finally, if 1, I, are two Cauchyinteractionsthat agree,for somefull grid G, on D¢, then(l1), = (I2), on
almostall of ©'°¢,

Proof. Leth € £, (intB), n € M(intB x intB) andne, v € M (intB) be suchthatn < v x v, ne < v,

“loc,+
the domainof | contains®|¢ and 3.1 holdsfor every (A, C) € DI, as specifiedin Remark3.4.Let H be
afull grid asin Proposition3.2. For (A,C) € D[°¢ with C C B, thereare two compactsubsetska, K¢ of
intB suchthatcl A C intKa andclC C intKc. By Lemma4.1, considertwo sequence$Ay), (Cy) in .2y
suchthatcl A N clCy = @ and

lim 7 (AAA) x Ke)= 0, lim 7 (K x (CAC)=0,
lim 7e(AcAA)= 0;

without loss of generality,we canrequirethat Ay C Ka andCy C Kc. It follows from the biadditivity of |
andthe propertiesof normalizedsubsetghat

T(AC) = TALC) = [TIAC\ A C) + AN AL (Ce\ Ci)s)
=AY, (G \ Ci)s) = HA \ Ad)s, G N Gy
N((AAA) x Ke) +n(Ka x (CkAG))
N((AAA) x Ke) +n(Ka x (CAC))

(A AA) x Ke) +n(Ka x (GGAC)),

NN

therefore(l (Ax, Ck)) is a Cauchysequencén R. Moreover,
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TAC) = 1(AC)l < 1A\ A, C)+ T (AN A, (C\ Ci))
=1 ((A\ A+, C) — T (AN A, (Cc \ C).)
< / hdoz" 1+ / hdozn-t (4.1)
0. (A\A)ND.C 0. (ANAYND,. (C\Cx)

#((ALA) x Ke) +11(Ka x (CAC))
< 2 / h 2"t + p((AOA) x Ke) + (K X (GAC))
8,ANO,.C

wherethe lastinequality follows from Remark3.3. For every (A, C) € D we define
Iiﬁn I (Ax, Ck) if C CB,
lb(A7 C) = . .
th [1 (A, (CNB)) +1(A (R"\ B).)] otherwise.

It is easyto seethatl, doesnot dependon the chosensequencesMoreoverwe have
n(Ax C) if C CB,

lIb(A,C)| < .
n(A x (C NB))+n.(A) otherwise

sinced, A, N 0,.Cx = @ for everyk € N.

We now show the biadditivity of I,. Let A A’,C be three mutually disjoint subsetsof B such that
(A,C),(A',C) € DP° andlet (A), (A), (Ck) threesequence# .7y asin Lemmad4.1. We canrequirethat
clAc« NclA, = 2. Since

(AUA)AAUA) C (ALAA) U (AAAY),
AUA C (AUA), CAUA U(O,ANOA),
it follows that
IiLn n((AUA)AAUA)) xK) =0
for everycompactsubsetK C intB. Hence

im | (A U A, G = im(1 (A, G +1 (& C)
Ib(A,C) +1p(A,C).

lb((AUA),,C)

ThecaseC ¢ B is similar. In the sameway, we canprovethe additivity on the secondcomponenttherefore
I, is a body interaction.
Setting
Y(A,C) € DI : 1(A,C) =1 (A,C) — Ip(A,C),

it follows thatl is a biadditive function on D[°¢; by 4.1it is a contactinteraction.
Now takeh € 3. , (intB) andv € 9 (intB) suchthat

I =lp+le=lp+Ie
on D%. Given (A, C) € DI, let (Ax), (Cx) be two sequenced ./ asin Lemma4.1; we havethen
le(Ac, Ci) = Ie(Ax, C) = 0.
Passingo thelimit ask — oo, it follows
Y(A,C) € D% : 1p(A,C) = In(A,C),

andthenalsol = I on D}%.

Finally, if two Cauchyinteractionsl;, I, agreeon ®g for somefull grid G, we can chooseh €
f'/;"l‘cl,w (intB), v € M (intB) and the full grid H in the precedingconstructionsuch that I;, 1, are de-
fined on D[ andH C G. It follows that (I1), = (I2)s on D|C. O
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5 Body interactions
In this sectionwe will denoteby D theset{(x,x) : x € intB}.
The following lemmacanbe checkedby a combinatorialtechnique.
Lemma 5.1 Letxy; € R" and(ey, ..., €,) bea positivelyorientedframein R". Let
Jh={xeR": al <(x-x)-g<bl vj=1...,n},
L={xeR": c<(x—x) g<d vj=1..n}

betwo openn-dimensionalG-intervalssuchthatJiNJ, = @ and(J,UJ,). is anopenn-dimensionals-interval.
Thenther existsi € {1,...,n} suchthat:

(i) eitherb® =c® or a® =d®;
(i) a®) =c0) andbl) = dO for everyj #i.
Theorem 5.1 Letuy € M (intB x intB), up € M (intB) andletf € L} (intBxintB, u1), g € L (intB, up).

Thenf is u1-summableon A x (C N'B) and g is yo-summableon A for every(A, C) € ©'°°; moreover,the
formula

/ m ifC CB,
AxC

/ fdus +/gdp,2 otherwise,
Ax(CNintB) A

Proof. The summabilityof f and g is clear.Now let h = 0 andv € 9%t (intB) be suchthat 43 < v x v and
2 < v, which is possibleby Remark3.4. Then| is biadditive on D% . Moreover,settingn = |f |du; and
ne = |g| dp2, inequality 3.1 is satisfied hencel is a body interaction. O

I (A C)=

definesa bodyinteraction.

The mainresultof this sectionis the converseof Theorem5.1.

Theorem 5.2 Let| be a bodyinteractionandn € Mt (intB x intB), ne € M (intB) be asin Definition 3.5.
Thenthere existy € M (intB x intB), ue € M (intB) and two Borel functionsb : intB x intB — R,
be : intB — R suchthat
wD) =0,
|b(x,y)| =1 for u-a.e.(x,y) € intB x intB,
|be(X)| =1  for pe-a.e.x € intB,

/ bdu if C CB,
I(A,C) = Axe on almostall of ®'°°,

/ bdu+ / bedue otherwise
Ax(CNintB) A
Moreover,we havey < 1 and pe < 7e.
Proof. Letv € 9 (int B) suchthaty < v x v andthedomainof | containsD|%. Let G = (xo, (€1, . . ., &), G)
be afull grid suchthat. #g C . #£/°° and considerthe openset(? = (intB x intB) \ D, the full grid
G = ((%0,%0); ((€1,0), .., (€n,0), (0, &), ..., (0, €1)), G)

andthe set .
7o ={J CR™: J is an open2n-dimensionalG-interval with clJ C 2} .

Since {2 doesnot containthe pairs (x, x), it is clearthateveryJ € 7 is of theform J = J; x J, with
Ji, X € T, J1N I = @. By meansof this decompositionwe definea functionR : Zz — R setting

RI) =1(J1,J2) .

Let J,J’ € 7 besuchthat(J UJ'), € Z; if J1,32,3/,3; € F aresuchthatd = J; x Jp, I’ =J{ x I3,
thenby Lemmab.1 we havethe following alternative:
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() eitherhnd/ =2 and Jp=J,
(i) orknd =2 and J=J.

Supposdor instancethat (i) holds;it follows
RO UIN) =1 U I)s, &) =131, &) +1(3{,J2) =RQI) +RA).

The samehappensn the case(ii ), henceR is additive. Moreover,|R(J)| < n(J1 x Jp) for everyd =J; x J,
in Zs, s0 R is countablyadditive. By well-known theoremsaboutextensionsof additive functions(seee.g.
[6, Chap.12, Sect.2]), thereexistsa uniquesignedmeasure: on B ({2) suchthat

vl e 7o i) =RQ),
VE € % (2) : |fll(E) < n(E).
We definea measure: € M (intB x intB) settingu(E) = |1|(E N £2) for everyE € B (intB x intB), anda
functionb : intB x intB — R asg—“ . Clearly, |b(x,y)| =1 p-a.e.in intB x intB and
n

I(AC)= bdu
AxC
for every (A, C) € D/°¢ with C C B. Modifying the value of b on a u-negligible set,we cansupposehat b
is a Borel functionon intB x intB asin the assertion.
Now we definean additivefunction R : .75 — R, suchthat |Re(J)| < 7¢(J), by Re(J) =1 (J, (R" \ B),).
Thenthereexistsa signedmeasureie on B (int B) suchthat

W € Tt fied) = Re(d),
VA € B (intB) : [7iel (A) < 7e(A)

. . ' di . . .
Setting e = |fie|, we defineb, = d—“e; as we cansupposehat b, is a Borel function, the proof is complete.
He
0

Theorem 5.3 Letly, |, betwo bodyinteractionsandfor j = 1,2 let x0), @, b, by’ beasin the statemenof
Theoem5.2. Thenl; = |, on almostall of ©'°¢ if andonly if x® = 1@, P = 1@, PO (x) = b@(x) pM-a.e.
inintB x intB andb{M(x) = b@(x) uP-a.e.in intB.

Proof. Leth € y,;gw (intB) andv € 9M (intB) be suchthatthe equalityl; = 1, holdsin D°. Let G beafull
grid suchthat. g C .7°. Then,denotingby RM, R® the functionson 7 in the proof of Theorem5.2,
we havethatR® = R@, henceu® = 1. In the sameway, it follows that (P = @), The remainderof the
proof is now easy. a

6 Contact interactions

An orientedsurfaceS in R" is a pair (S, ns), whereS is a Borel subsetof R" andns : S — R" is a Borel
map suchthat there existsa normalizedsetM C R" of finite perimeterwith S C 9.M andng = nM |§.
In this case,we saythat S is subodinatedto M. We call ns the normalto the surfaceS. If S, T aretwo
orientedsurfaceswe shallwrite S C T if SC T andny g = ns. Two orientedsurfacesS and T aresaidto

be disjoint, if SNT=o. They are saidto be compatible if thereexistsa normalizedsetM C R" of finite
perimetersuchthat S and T are subordinatedo M. If S and T are two compatibleorientedsurfaceswe
denoteby SU T the orientedsurface(S U T, nsyt) suchthat

.f =
nSUT(X):{ ns(x) ifxes,

nt(x) ifxeT.
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In the following, we shall sometimesdentify S with S and we shall considerexpressiondike, e.g.,“S is
compact”,*.72"~(S)” insteadof “Sis compact",“.,%“—l(é)". In the samespirit, if S is anorientedsurface
andT is a Borel subsetof S, we shall denoteby T alsothe orientedsurface(T, ns|T), providedthat the
referenceto S is clear.

Definition 6.1 Let S be an oriented surface.We say that S is a material surfacein the body B, if S is
subodinatedto someA € . Z.
We denoteby . the collectionof the material surfacesin the bodyB.

Definition 6.2 For everyh € 4., (intB) andv € 0 (int B) we set
S ={S €. : Sissubodinatedto someA € .Z} .

Definition 6.3 Givena set. 4 C ., we saythat. 4 containsalmostall of .7, if .54, C .- for some
he ,;%l’},w (intB) andv € 9 (int B); givena propertyn, we saythat = holdsalmosteverywherdn .7, if the
set

{S €. : n(S) is definedand 7(S) holds}
containsalmostall of ..

Definition 6.4 For a grid G = (xo,(el. . .,en),é) andl <j < n,we denoteby.s*gj the family of all the
orientedsurfacesS withns = g ,

S={xeR": (x—-x)-g=s, a¥ <(x—x)-& <b® vizj}l,

a® b® . .s,....a™ bM e G andclS C intB. We setalso
n .
%= .
j=1

Given a positively oriented frame (e, ...,€,) and x € R", for everyh € F/;kl,Q+ (intB) and n €
M (intB x intB) thereexistsa full grid G = (xo.,(el...,en)@) suchthat. %6 C .%, (see[l, Proposition
4.5]).

Definition 6.5 Let. 2 C . be a setcontainingalmostall of . andletQ : .4 — R. We saythatQ isa
(scalar)Cauchyflux, if the following propertieshold:

(@) if S, T €. are compatibleand disjointwith SU T €. 4, then
QS UT)=Q(S)+Q(T);

(b) there existsh e _%;cl,c?+ (int B) suchthat the inequality

Q)< [har
S

holdsalmosteverywheg in .7,

Lemma 6.1 Leth € f[iéw (intB), v € M(intB), A € .2, S be a material surfacesubodinatedto A.
Thenthere existsa sequencéCy) in .#2°¢ suchthat AN C, = @ and

lim "2 ((G*Aﬂ O*Ck)A§) = 0.
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Proof. Let G be a full grid suchthat. #g C .72/ Since. 72"~1(S) < +oo, it follows that for any fixed
k € N thereexistsa compactsubseof S, sayK, suchthat

TS\ K) <

x|

Let (Yy) be adecreasingequencén . #g suchthatkK C Yy, andK = [ cl Y. It happenghat.72"~1(9.AN
m=1
clY;) < +oo, thenthereexistsan index my with

0" H(0.ANCl YY) \ K) < % .
SetCx = (Ym, \ A).; by Proposition2.1 it follows that Cy € .#4°¢, AN C, = @ and
(0.AN,CH\S C (B.ANclYn)\S C (B.ANclYm) \ K,
S\ (0,AN8,C) CS\K.
Then(Cy) is the desiredsequence. a

Lemma 6.2 Letl bea contactinteractionwhosedomaincontainsD|°¢. LetA, A’ € . Z/°° andS be a material
surfacesubodinatedto A andto A'. Let (Cx), (C/) be two sequence# . 7% suchthat

lim 7" ((8*A n 8*Ck)A§) =0,

lim 7" ((a*A’ n 8*C|(’)A§) =0.

Thenwe have
lim [I (A, Ci) =1 (A, G| = 0.

Proof. We wantto provethat eachelementof the decomposition

LA C)—T(A,C) = 1((A\A),C)+I(ANA,(Cc\ Cp) +
—H((A'\A)..C) —I(ANA,(C"\ C).)

vanishesask — oo. By Proposition2.2 we havethat. 72" ~1(9,(A\ A) N §) =0, sinceA and A’ sharethe
sameunit exteriornormalon S. Hence

lim 72"~ 0.(A\ A) NG < lim 7" (2.AN 2.C) \ §) =0,

lim 1 ((A\ A)..,C) = 0.
On the otherhand,by Proposition2.3 we have

0" YO (ANA)ND.(Cc \ C) T HOL(ANA)ND.(C \ C)) \ 8.C))
T H(0.AN8,C) \ 9.Cf)
TN (0.AN0,C) \ S) +. 77" 1S\ 0.C)) .,

<
<

hence
lim T HOLANA)NDL(C\ CY) =0,

Iiﬂn I(ANA,(Cc\ CY.)=0.
In the sameway we canshowthat
lim 1 (A \ A).., CY) =lim 1 (AN A, (C{\ C).) =0,

andthe proof is complete. ad
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The next theoremshowsthat thereis a strict correspondenceetweencontactinteractionsand Cauchy
fluxes.For (A, C) € D¢, with 9,AN0.C wewill denotealsothe materialsurface(9,AN 8,.C, N[5, an0.c)-

Theorem 6.1 Thefollowing factshold:

(i) for everycontactinteractionl there existsa Cauchyflux Q suchthat
Q(0.ANd.C)=1(A,C)

on almostall of ©'"°¢ and
Q)< [
S

for almostall of ., whee h € z,gw (intB) is asin Definition 3.5;

(i) for everyCauchyflux Q there existsa contactinteraction! suchthat

QB,ANH,C)=1(AC), |I(AC) </ hd.oz" 1
9,.AN0.C

on almostall of ®'°¢, whee h ¢ %gw (intB) is asin Definition 6.5;
(iii ) if 14, I, are two contactinteractionsand Q1, Q. are two Cauchyfluxeswith

Vj =1,2:Q(0.AN0.C) =1;(A,C) onalmostall of D¢
thenwe haveQ; = Q, on almostall of .7 if andonlyif I, = I, on almostall of ®'°.

Proof. (i) Leth € '(/jiéc,+ (intB) andv € M (intB) be suchthat the domainof | contains®}°. Given a set

S € %, thereexistsA € .74/ suchthatS is subordinatedo A. Let (Ci) be asequencasin Lemmaé.1and
k,i € N. Then(A, Cy), (A, Ci) € D[°¢ andfrom Proposition2.3we havethat. 72" ~1(9,AN0.(Ck\Ci)NA.Ci) =
0. Hence

T Y0, AN B.(Cc \ C)) T (0,AN B,(C \ C)) \ 8.C)
T H(0.AN (C U B.C)) \ 0,C)
TN (0,AN 0,C) \ S) +. 7" LS\ (8,AN 8.C))

T H(0.AN 0,C)AS) +. 72" 1(0.AN 8,C))AS)

NN N

and, in the sameway,
0" H0,AN0.(Ci \ C)) <. 77" 1((9.AN 8.C )A§) +. 70" Y((0.AN 8*Ck)A§) .

Sincewe have

1A C)—1 (A, G| = 1 (A, (GG~ (A (GG < /

hd.oz" 1+ / hdozn1,
8.AN8.(C\Ci)

8,AND,.(C\Ci)

it follows that (I (A, Cy)) is a Cauchysequencen R. We st Q(S) = IiEn I (A, Cy); by Lemma6.2, Q(S) does
not dependon the setA andon the sequencéCy). Moreover,we have

QS)| < / Aot
S
on almostall of ..

Now we prove the additivity. Let S, T be two compatibleand disjoint surfacesin .%,,; following
Lemmasé.1, we canconstructtwo sequence¢C;°) and(C.) suchthatclCS nclC] = o and

lim 72" }(2.AN 9.C3)A8) = 0,

lim 2" (@.AN 0.GN)AT) = 0.
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Moreoverwe havethat d.(CS U CJ) = 0.CS U 9,C/l and
lim T (O,ANO,(CEUCT)ABUT)) =0,

hence
Q(S) +Q(T) =lim(I (A, C3) +1 (A, C)) =lim I (A, CEUC) = Q(SUT).

ThenQ :.%, — R is a Cauchyflux.
(i) Let h € 4L ,(intB) andv € M(intB) be such that the domain of Q contains.%;,. For every

oc,+

(A,C) € DI, we st
I(A,C)=Q(8.AN8.C).

First, it is clearthat

I (A, C)| < / hd.oz"1.
9.ANO.C

Now let (Aq, C), (A, C) € D with A; N A, = @. By Proposition2.3 we observethat. 72" ~1(9,.A1 N 9.A2 N
9,C) = 0 and n1(x) = —n”2(x) for .F%"1-a.e.x € 9,AL N O.Ay. SinceA; N, Ay = A, NI, AL = &, by
Proposition2.2 it follows

hencel is additiveon thefirst componenttheadditivity on the othercomponents similar. Thenl : D[°¢ — R
is a contactinteraction.

(i) Leth € ,ngc& (intB) and v € M (intB) be suchthat the domainsof I; and Q; contain®° and.%,
respectivelyand

V(A,C) € DY 1 Q(9.AN .C) = 1j(A,C),
VS € A, - Qu(S) = QAS).
Given (A,C) € i)',?f, we havethat 9,AN 9,C € .%,,, hence
|1(A, C) = Ql(ﬁ*Aﬂ ELC) = Qz(a*Aﬂ 8*C) = |2(A, C) .

Onthe otherhand,leth f/,;gw (intB) andv € M (intB) be suchthatthe domainsof I; andQ; contain
D¢ and. %, respectivelyand

Qi (0:ANOC)=1;(AC), 11(A,C) = 12(A, C),

for every(A,C) € DI°. Let S € .%;,; thenthereexistsA € ./ suchthat$S is subordinatedo A. Let (Cy)
be a sequenceavith

lim 2" (9,AN 8,C)A8) = 0;

for j = 1,2 we havethatd,AN0.Cx € A, andQ;(S) = IiLn Q; (0:AN0,Cy). Since(A, Cy) € DI it follows
that

Qu(S) = ”in 11(A, Cy) = ”Lﬂ [2(A, Cy) = Q2(S) ,

andthe proof is complete. O
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7 Balancedinteractions

In this sectionwe will study the casein which | obeysa balancelaw, as specifiedbelow. In [4], sucha
balanceis expressedy the inequality

IK =0 [I(A R\ A <KZA).
In view of the otherassumption®f [4], suchaninequalityis in turn equivalentto
IK > 0:[I(AC)| < KZL"(A)

whenever(A, C) € © andd.A C 0,C (sothatbetweenA and(R" \ (AUC)).. thereis no contactinteraction).

The purposeof the nextDefinition 7.1 is to generalizeandadaptsucha conditionto our setting.However,
we will seein Theorem?7.4 that, in the balancedcase,alsothe interactionl (A, (R" \ A).) canbe naturally
definedandis subjectedo aninequality of the form

A e M(ntB) : [I (A, (R"\ A),)| < MA).
Definition 7.1 A Cauchyinteraction! is saidto be balancedif there existsA € 9t (int B) suchthat
,A C 9,C = |l (A, C)| < A(A) (7.1)
on almostall of ®'°°. A Cauchyflux Q is saidto be balancedif there exists\ € 9t (intB) suchthat
QA < AA)
on almostall of .Z4'°C.

Theorem 7.1 Thefollowing propertieshold:

(i) aCauchyinteractionl isbalancedif andonlyif I, andl; are bothbalanced,
(i) abodyinteractionl is balancedif andonlyif (K x intB) < +oo for eachcompactsubseK C intB,
wheee p is givenby Theoem5.2; if this is the case,onehas

1A, C) < A(A)

on almostall of ©'°¢;
(iii) acontactinteractionl is balancedif andonly if the Cauchyfluxinducedby | is balanced.

Proof. (i) Let A € M (intB) be asin Definition 7.1 andlet h, v asin the proof of Theorem4.1 with A < v.
Let alsoH be gsin the proof of Thgorem4.1. If AC €.y and cLAm clC =g, let C € .74 besuch
that(AUC)NC =g andd,A C 0,C. It follows that 9, A C 0,(C U C), hence

1(A,C)| < [I(A,(CUC).)| + I (A.C)| < 2\(A).

Letnow (A,C) € 33',?; with C C B andlet (A, Cx) be a sequenceasin the proof of Theorem4.1 suchthat
lim AM(AcAA) = 0. We havethat |I (A, C)| < 2A(Ax), then

l15(A.C)| < 20(A). (7.2)

If C Z B, inequality 7.2 still holds, sincewe canfind againa similar C.
In particular,l, andl. areboth balancedThe conversds obvious.
(i) Let I be a balancedody interaction.From 7.2 it follows that

(A, C) < 2M\(A)

on almostall of ®'°. Leth ¢ '%Igc,+ (intB) andv € Mt (int B) be suchthat Theorem5.2 andthe preceding
inequalityhold on D[¢. Let G beafull grid suchthat®g C D°. We denotewith P the setonwhichb = 1
andwith Q a normalizedfinite union of 2n-dimensionalG-intervalssuchthat u(PAQ) < 1. Let K be a
compactubsedfintB andletY € .Z/g besuchthatK C Y; clearly u(Y xY) < +oo. SettingE = (intB)\Y,
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it is enoughto provethat (Y x E) < +oo; we argue by contradiction,supposingu(Y x E) = +oco. For every
m € N thereexistsa setF,, € .Zc with clF,NclY =@ andu(Y x Fy) > m. Theset(Y x Fy)NQ is a
normalizedfinite union of 2n-dimensionalG-intervals,hencewe canfind somesetsYy € .7 andGy € .7/
suchthatthe Yi’s are mutually disjoint and

q
(Y x Fm)NQ = <U(Yk x Gk)> .
k=1 y

In the sameway,

p
((Y x Fm) \ Q). = (U(Yk’ x Go) ,

k=1

whereY, € .7% aremutually disjointand G}, € . #s . We have

q
20\(Y) = 2\ ((UYk> > >
k=1 "

Acting in the sameway, we can provethat

2X(Y) = u(((Y x Fm) \ Q)x) — 2.

Adding the two inequalitieswe find that

q

D 1Y, G

:‘/ bdu’}u((YXFm)ﬁQ)—z-
i (Y xFm)NQ

AAY)Z> (Y xFn)—4>m—4;

sinceY hascompactclosurein intB, letting m — +oo we get the contradiction.
Conversely,supposethat (K x intB) < +oco for every compactsubsetK C intB and considerthe
measure\ = (- X intB) + e ; it follows immediatelythat A € 9t (intB) and

AXx(CNintB) A

on almostall of ©'°¢, hencel is balanced.
(iii ) It is obvious. a

I1(AC)| < + < (A X (C NB))+ 1e(A) < AA)

Theorem 7.2 Let |4, I, be two balancedCauchyinteractionsthat agree on D¢ for somefull grid G. Then
I1 = 1, on almostall of D'°°.

Proof. Let Iy = (I1)p + (I1)c, I2 = (I2) + (I2)c Where(l}), arebody interactionsand(lj). contactinteractions.
From Theorem4.1, we havethat (11), = (I2), on almostall of ©'°°; in particular,thereexistsa full grid H
suchthat (I1)c = (12)c on.%;. Defining two CauchyfluxesQ1, Q. by the formula

Qj (a*Aﬂ a*c) = (IJ )C(Av C)

asin (a) of Theorem6.1, it follows that Q; and Q. are balancedand agreeon .%f;. Hencethey agreeon
almostall of . by [1, Theorem4.9]. By (c) of Theorem6.1, it comesthat (I1)c = (I2)c on almostall of
ploc, O

Theorem 7.3 Let | be a balancedcontactinteraction. Thenthere existsa vectorfield g € £, (intB; R")
with divergencemeasue suchthat

I(AC)= / q-No.ano.c d.72"1
9,ANO,.C

on almostall of ®'°°,
Moreover,q is uniquelydetermined% "-almosteverywhee.
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Proof. Let Q be a Cauchyflux suchthat
Q(0.ANo,C)=1(AC)

on almostall of ©'°¢, as in (@) of Theorem6.1. Sincel is balancedthenQ is alsobalancedMoreover,Q
is uniquely determinedon almostall of ..
Now we canapply[1, Theorem7.1] and obtainthe assertion. ad

For a balancedCauchyinteractionl we cangive the following integralrepresentation.

Theorem 7.4 Letl| be a balancedCauchyinteractionandlet b, be, 1, pe andq asin Theoems5.2and7.3.
Thenthere existh € %41 ., (intB) and v € 9t (intB) suchthat

“loc,+
/bd;ﬁ/ q-No.ams.c d.72" 1 if C CB,
| (A’ C): AxC 9.ANO.C (73)
b dy + / be dpie +/ q-No.ana.c d.772"1  otherwise,
Ax(CNintB) A 8,AND,C

for every(A, C) € D andthe sameformulaadmitsa natural extensiorto all
DICU{(A,C) € AL x A" : (R"\ C), € A ,ANC =&} .
Moreover,thete existsA € 2t (intB) suchthat
VYA € 265 : |1 (A, R\ A).)| < MA).

Proof. Let hy € _4&“ (intB), v € M (intB) and A € M (intB) be suchthat 7.1 and Theorems5.2 and 7.3

hold on i){?ocy. Thenit is easyto deduce?.3. Settingh = hy + |g| andrememberinghat u(K x intB) < +co
for everycompactsubsetK C intB, it is possibleto extendthe domainof | asstatedin the assertion.
Moreover,let G be afull grid with .Zg C .Z£°. For a given A € .Z4°, we canfind a sequenceYy)

o0
in .7/ suchthatcl A C Yy and | Yk =intB. As| is balancedwe have
k=1

[TEA, (Y \ A U (R™\ B).)[ < A(A),
andthe left membergoesto |I (A, (R" \ A).)| by the DominatedConvegenceTheorem. O

Finally, we can statea weakform of the balanceequationfor a balancedCauchyinteraction.

Theorem 7.5 Let| be a balancedCauchyinteractionand let y, ue, b, be,q be asin Theoems5.2 and 7.3.
Thenthere existh € f]g%w (intB), v € M (intB), v € M (int B) anda Borel functionc : intB — R suchthat
|c(x)| = 1 for v-a.e.x € intB and

/Cdv=l(A,(R”\A)*)+/ b du
A AxA

for everyA € .2/
Moreover,y is uniquelydeterminedand c is uniquelydeterminedy-a.e.
Finally, onehas

/ fedy=— q- Vf dx%”+/ fbedue+// f(X)b(x,y)du(x,y)
intB intB intB intB xintB

for everyf € C§°(intB).
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Proof. Let h € :%|cl)c,+ (intB) and v € M (intB) be asin Theorem7.4; then we can define a function

g1 20 — R setting
g(A)=/divq+/ bd;u/bedue.
A AxintB A

Extendingg to a (signed)measuren 5 (int B), we canfind v € 9t (int B) anda Borel functionc : intB — R
suchthat |c(x)| = 1 for vy-a.e.x € intB and

/Acd7=g(A)

for everyA € .Z//°° . The measurey is clearly uniqueandthe function ¢ is uniquely determinedy-a.e.
The last assertiorfollows from the Gauss-Greeheorem. ad

8 An extensionresult

Although the domainof a Cauchyinteractionis quite large, in this sectionwe will provethat eachfunction
definedonly on D¢, for somefull grid G, and satisfying suitableconditions,can be uniquely extendedto
almostall of ®'°°,

Let Go = (Xo, (e, ..., ), Go) denotea full grid and I : g, — R a map satisfying the following
properties:

(a) o is biadditive;
(b) thereexisth € »:Ziéc,+ (intB), n € M (intB x intB) andne € M (int B) suchthat

/ hd.7z" !+ (A x C) if C CB,
lIo(A, )| < 8.ANd..C
/ hd.72" 1+ n(A x (C N B)) +ne(A) otherwise,
8.ANd..C
for every (A, C) € Dg,.

Theorem 8.1 Thek exista full grid G C Gy andtwo functions(lo)p, (lo)c : D — R satisfyingproperties(a)
and (b) for every(A, C) € D¢ with h = 0andn = 0, e = 0 respectivelysuchthatlg = (o), + (lo)c ON .
Moreover,if G, (lo)p and (lp). havethe sameproperties,then(lo)p = (Io)o and (lo)c = (lo)c ONDe N Dy .

Proof. Let G beafull grid suchthatG C Gg and_[a*Ah d.77" 1 < +o0, N((0:A) x intB) = n((int B) x 8,A) =
ne(0:A) = 0 for everyA € .%. Let (A,C) € Dg; then

A={xeR": al <(x—x) g <b? Vvj=1...,n},
C={xeR": cW<(x-x)¢g<d? v=1...,n},

for someal) b@), c0) db) € G. If 5,AN 9,C = @, thenwe set(lp)p(A,C) = (A, C) and (lo)c(A,C) = 0.
Elsewheredenoteby i theindexin {1,...,n} suchthat

0.ANILC C{xeR": x-q=0}
andsupposehat b®) < c¢®. Let (s) be a sequencén G suchthats, | c() ask — co. We =t
Ck=CnN{xeR": x-g>s}.

Thenit is clearthat (A, Cx) € D¢ for everyk € N, (Io(A, Cy)) is a Cauchysequencen R and |Io(A, Cy)| <
n(A x Cy). Moreover,

l1o(A, C) — To(A, G| < [lo(A, (C \ C).)| < / hdo2" 1+ (A x (C \ Gy)).
J8.And, (C\Cy)
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We define
lim Io(A, Ck) if C CB,

(lo)o(A,C) = { . .
lo(A, (R"\ B),) + I|Ln lo(A, (C NB)k) otherwise,

andalso
(IO)C(A7 C) = IO(A7 C) - (lo)b(A7 C) .

Then(lp), and(lg). satisfy(a) and(b) with h = 0 andn = 0, i = O respectively.The remainderof the proof
iS now easy. O

Theorem 8.2 Letlp : ®g, — R be a mapsatisfyingproperties(a) and (b) with h = 0. Thenthere existsa
bodyinteractionl suchthat:

(i) its domaincontains®gy;
(i) it coincideswith Io on Dg,.

Moreover,if anotherbodyinteractioni shaesproperties(i) and (i ), theni =1 on almostall of ©'°.

Proof. Following the proof of Theorem5.2, we find i € M (intB x intB) andb € L (intB x intB, u) such
that

lo(A,C) = bdy
AxC

for every (A, C) € Dg, with C C B.. In the sameway we find pe € 9 (intB) andbe € LL (int B, 1ze) such
that

lo(A, (R \ B),) :/Abedue.

Defining, whenevemossible,

/ b du if C CB,
AxC

/ bdy+ /bedue otherwise,
JAx(CNB) JA

we havethatthe domainof | contains®g,, | is a body interactionby Theorem5.1 and

I(AC)=

Io(A,C) =1(A,C) forevery(A C) € Dg, -

If I is anothetodyinteractionthatextenddo, itis obviousthati (A, C) = I (A, C) for every(A,C) € D,
thenby Theorem4.1 we havethatl =1 on almostall of D'°°, O

Now we requirethe map |, to satisfyalsothe following balanceproperty:
(c) thereexists\ € Mt (intB) suchthat

k
> lo(A,C)

j=1

< AA)

whenever(A,C1)) ¢ D¢, for everyj = 1,...,k, the setsC0) are mutually disjoint and 9,A C
ko
2. | ycw ).
i=1
Theorem 8.3 Considerthefull grid G andthemaps(lp), and(lo). of Theoem8.1; consideralsotheextension
Ip of (Io)p, as statedin Theoem8.2. Thenthe following factshold:

(i) there exista balancedcontactinteractionlc anda full grid H C G suchthat the domainof I contains
Dy andl; = (Ip)c on Dy ; moreover,if H and |, havethe samepropertiesof H andl, thenl. = I, on
almostall of D'°c;
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(i) Iy is balanced.

Proof. (i) Firstof all, we will provethat(lo). satisfiegproperty(c). In fact,forj = 1,... k let (A, C9) € Dg
_ kKo .

be suchthat the setsC0) aremutually disjoint and 9.A C 8, | |J C%) |; thenconsiderthe sequence$C’)

j=1
asin the proof of Theorem8.1. We havethat

(lo)o(A,CD) = lim o(A, 9\ c.)

Ko .
andd,A C 0, ( (CO\ Cé”)*)); hence
51

k k
> _(o)e(A | =lim | > "lo(A, (€9 )| <AA).
j=1

i=1

Now let S € .%; thenthereexists(A, C) € D¢ suchthat (9,AN d,C,n?|o. ans.c) = (S,ns). If (A C)
hasthe sameproperty,by biadditivity of (Ip). andproperties(a) and (b) it is easyto provethat

(I)e(A, C) = (l)e(AN A, C N C) = (10)e(A, C).
This allows us to definethe map

Q() . 1% — R
S (lo)e(A,C),

which happengo satisfy (i), (i) and(iii ) of [1, sect.6].
Combining[1, Theorem6.1] with Theorems6.1 and 7.1, it resultsthat there exist a balancedcontact
interactionl. anda full grid H C G suchthatthe domainof | contains®y and

(A, C) =(lg)c(A,C) forevery(AC)c Dy .
(i) Thisis easily provednoting that, by difference,also (o), satisfiesproperty(c). ad
It is appropriateto summarizeTheorems3.1, 8.2 and8.3 in the following statement.

Corollary 8.1 Thee existsa full grid G C Gy and a balancedCauchyinteraction! suchthat the domainof
| contains®g arldl =lponDg. 5
Moreover,if G and| havethe samepropertiesof G and |, thenl =1 on almostall of ©'°°,
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