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Abstract. An approach to weak balance laws in Continuum Mechanics is presented, involving densities with only
divergence measure, which relies on the balance of power. An equivalence theorem between Cauchy powers and
Cauchy fluxes is proved. As an application of this method, the construction of the stress tensor when the body is
an orientable differential manifold is achieved under very general assumptions.
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1. Introduction

It is widely known that the balance of momentum in Continuum Mechanics leads to the notion
of Cauchy stress tensor field and to the formulation of a differential or an integral law. In this
framework, the stress is regarded as a primitive concept and the celebrated Cauchy stress
theorem holds, at least with continuous stress functions as in the original proof of Cauchy.

Because of its formal elegance, this approach has been followed in the axiomatization of
Continuum Mechanics made by Noll [15] and Truesdell [20] and, probably due to this influ-
ence, it has been subjected to several refinements, like in the papers of Gurtin and Martins [12]
who introduced the idea of Cauchy flux, of Silhavy [18, 19] who considered possibly unbound-
ed flux densities, and of Degiovanni et al. [2] who generalized them to stress densities with
divergence measure. By introducing the notion of ‘almost every part’, Silhavy also proved the
equivalence between fluxes of class L” and densities with divergence in L?. Parallel to this
development, the concept of subbody from the choice of Kellogg’s regions (see [7, Sections
8 and 9]) has been more and more generalized up to the use of sets with finite perimeter by
Ziemer [21] and the idea of normalized subsets of §ilhav§f [19]. In [2, 13, 14] it has also been
shown [2] that the class of normalized sets with finite perimeter is a sort of minimal class, in
the sense that it suffices to state the balance law on very simple subbodies in order to have it
uniquely extended on almost every set with finite perimeter.

From the existence of the stress tensor field, it is then classical and customary to derive the
principle of virtual powers based on the concept of mechanical power. Also this concept has
been weakened by Antman and Osborn [1].

On the other hand, during the 1970s Germain [8-10] showed how the balance of mo-
mentum can be given assuming as a postulate the Principle of Virtual Power, thus recover-
ing the classical approach of d’Alembert. An interesting feature of this approach is that the
mechanical power has more resemblance to a distribution than a Cauchy flux, thus allowing
better a functional-analytic treatment, as already pointed out in Germain’s work. Finally, since
powers are applied to a velocity field, the principle of virtual power implies the balance of
stresses when constant velocity fields are chosen.
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This approach seems also to be more fruitful when dealing with stresses which are con-
centrated in low-dimensional parts of the body, as shown also by Dell’Isola and Seppecher
[3] and Di Carlo and Tatone [4]. In this case, a weakening of the theory based on stresses in
the spirit of Noll and Virga [16] raises some difficulties. Moreover, if the body is a differential
manifold which is not an open subset of R”, and the interaction is of a vectorial kind, the
approach via the virtual powers seems to be mandatory.

In this paper we investigate Germain’s approach in two directions: first, we give it the
same degree of generality and ‘weakness’ as it appears in [2]; second, we find conditions
which connect the two formulations. More precisely, we introduce the notion of Cauchy
power as a function of a subbody and of a velocity field, and prove an equivalence the-
orem between Cauchy fluxes and Cauchy powers. In this way we are able to recover the
existence of the stress tensor field from the balance of mechanical power and to state these
results in the framework of n-intervals. Moreover, we give necessary and sufficient conditions
in order to have the symmetry of the tensor field or, equivalently, the balance of angular
momentum.

In the last section, we apply this theory to the case where the body is an orientable dif-
ferential manifold. The application is interesting in itself because mechanical bodies can be
curved surfaces, and also mathematically not trivial because the concept of constant vector
field cannot be given on a manifold. We are thus able to state and prove in this case the main
results obtained in R” and recognize that the stress tensor field is a (0, n) tensor field. All
these results do not rely on a Riemannian structure. The counterpart based on stresses has
been treated in [17], but only for scalar fluxes and with the existence of a density given as an
assumption.

2. Cauchy Fluxes and Interactions

In this section we define the subbodies, a class of sets by which we state the balance law in an
integral form. We ask these sets to be normalized, which — roughly speaking — correspond to
take regularly open sets in a measure-theoretic sense; moreover, we consider sets with finite
perimeter, so that we can apply the Gauss—Green theorem. Finally, the sets will be taken with
closure in the interior of the body, because we want their measure-theoretic boundary not to
meet the boundary of the body.

For n>1, £" will denote the n-dimensional Lebesgue outer measure and F#* the
k-dimensional Hausdorff outer measure on R”. Given a Borel subset £ € R”, we denote
with 2B(FE) the collection of all Borel subsets of E. Moreover, EAF will denote the set
(E\F) U (F\E).

Consider a set M € R". The topological closure and interior of M will be denoted as usual
by cl M and int M, respectively. Denoting with B, (x) the open ball with radius r centered in x,
we introduce the measure-theoretic interior of M

M*:{xe]R": lim wz }
r—0t LB, (x))

the measure-theoretic boundary of M

.M =R"\(M, U (R"\M),)
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and the measure-theoretic closure of M
M*=MUJ.M.
They are all Borel subsets of R”.

DEFINITION 1. We say that M C R" is normalized, if M, = M.

DEFINITION 2. If for a subset M of R” one has #"~'(3,M) < 400, then we say that M is
a set with finite perimeter, also said a Caccioppoli set.

A set with finite perimeter is in some sense regular (see [11] and Proposition 1 below); in
particular, it is J£"-measurable.
Now we introduce the concept of outer normal to the measure-theoretic boundary of a set.
Let M € R" and x € 9, M. We denote by n” (x) € R” a unitary vector such that
L{E e B (x)NM:(E—x)-n"(x) > 0})/r" — 0,
L'({E € B.(x)\M : (§ —x)-n"(x) <0}/r" - 0
as 7 — 07. No more than one such vector can exist. Setting n* (x) = 0 in the other case, we
can consider the map n™ : 9,M — R”", which is called the unit outer normal to M. It turns
out that n¥ is Borel and bounded.

The following propositions state the main features of sets with finite perimeter which we
are interested in.

PROPOSITION 1. If M C R" is a set with finite perimeter, then In¥ (x)| = 1 for #" '-a.e.
x € 0, M and the Gauss—Green theorem

fv-Vfd£": fv-nMde"—l—/ fdivvdsL"
M M M

holds whenever f : R" — R and v : R" — R" are Lipschitz continuous with compact
SUppOrt.

PROPOSITION 2. Let M, N be two normalized subsets of R" with finite perimeter and let

E = {xedMNaN :n¥(x)#£0,n"(x) #0 n"x) #—-n"©x)},
F = {xedMnaN :n"(x) #0,n"(x) #0,n"(x) #n" (x)).

Then there exist Ry € 3, M N3, N,k = 1,2,3, with #" ' (R;) = 0 and

9. (M UN) = (0, M\N*) U (0, N\M*) U E U Ry, (1)
oMNN)y=MnIN)UNNIM)UEUR,, 2)
3. (M\N) = (3.M\N*)U (M N3,N)U F U Rs, 3)

where the unions are disjoint.

PROPOSITION 3. Let My, M, M3 be three mutually disjoint subsets of R" with finite perim-
eter. Then

H' 0. M, N o.M, N M;) = 0.
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For a proof of the first, we refer to [6, Theorem 4.5.6] or [22, Theorem 5.8.2], while the second
can be found in [13, Proposition 2.2] and the last is an easy consequence of the properties of
the unit outer normal.

Let now Q2 be an open subset of R”. We denote by I1(2) the set of Borel measures
w:B(R2) — [0, +o0] finite on compact subsets of 2 and by LIIOC’JF(Q; ) the set of Borel
functions 4 : Q — [0, +00] with f x hdu < +oo for every compact subset K C €2. When
p = £", we will write simply L, . . (). For a finite-dimensional normed space X, we denote
by L} (S2; X) the set of Borel maps v : Q — X with fK [lv|| dL" < 400 for any compact

loc
subset K of €.
Throughout the remainder of this work, B will denote a bounded normalized subset with

R" with finite perimeter, which we call a body.

DEFINITION 3. We denote with M° the collection of all normalized subsets M of B of finite
perimeter such that cl M C int B. We call such sets the subbodies.

Ifh e Llloc’Jr(intB) and v € M(int B), we set

M2v= {MEMoif hd}fn_l <—{—OO,U(8*M)=0}
M

Remark. If M, N € M; , by Proposition 2 it follows that (M U N),, M N N, (M\N), €
M;,
The notion we are going to define has been introduced in [19] and revised in [2].

DEFINITION 4. We say that P € M° contains almost all of M°, if Mj, C P for some

h € Lj, ,(int B) and v € M(int B).

A property  holds on almost all of M°, if the set
{M € M° : w(M) is defined and 7 (M) holds}
contains almost all of M°.

The following proposition states an interesting feature of the notion above: given a count-
able set of properties such that each of them holds on almost all of M°, they simultaneously
hold on almost all of M°.

PROPOSITION 4. If (h,,), (v,,) are sequences in L} _ (int B) and 9M(int B), respectively,

loc,+
then there exist h € Llloc’Jr(int B) and v € M(int B) such that

(e} (e}
th g m Mhmum‘

meN

Proof. Let (K,,) be an increasing sequence of compact subsets of int B such that int B =
| int K,,,. Setting
meN

D (X)
(1+ [y hmdLr)’

Vx eintB: h(x)= Z ST
meN

o (E
VE € B@ntB): v(E) = Z 2m+1(1v-|-(v)(K )’

meN

one can prove that 4 and v have the required properties. O

To define a flux as a set function, we need the concept of material surface.
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DEFINITION 5. We call material surface in the body B a pair S = (S, ng), where S is a Borel
subset of R” and ng : S — R" is a Borel map such that there exists M € M° with S C o.M
andng = n¥| 5- In this case, we say that S is subordinated to M. We denote by 8° the collection
of the material surfaces in the body B.

We call ng the normal to the surface S. If also (3’ , —Nyg) is a material surface, we denote
it with —S. Let S, T be two material surfaces. We shall write S C T if S C T and nr
extends ng. S and T are said to be disjoint if SNT = ¢. They are said to be compatible if
both are subordinated to the same M. In this case, we denote by S U T the material surface
(3’ U f", ngyur), Where

ng(x) ifxes,
ny(x) ifxeT.

ngur(x) = {

In the following, we shall sometimes identify S with S, provided that the reference to ng is
clear.

DEFINITION 6. Forevery h € L} ., (intB) and v € 9i(int B) we set
§;, = {S € 8°: S is subordinated to some M € M }.

Given a set R C 8°, we say that R contains almost all of 8°, if §; C R for some h €
Llloc’ ,(intB) and v € M(int B); we say that a property 7 holds on almost all of 8°, if the set

{S € 8°: m(S) is defined and 7 (S) holds}

contains almost all of S°.

It is readily seen that if S € 8 and T is a material surface with 7 C §, then T' € §;, .
Moreover, when S, S, € 8 are compatible, then S; U S, € S; . Finally, by Proposition 4
we find that the intersection of a countable family of sets containing almost all of 8° contains
itself almost all of 8°.

We define now a particularly simple class of subbodies and material surfaces.

DEFINITION 7. A full grid G is an ordered triple
G = (xo, (e, -, ), G),

where xy € R”, (e, ..., gn) is a positively oriented orthonormal basis in R” and G is a Borel
subset of R with L!(R\G) = 9 If ql, G, are two full grids, we write G; € G, if the first
two components coincide and G| C G».

DEFINITION 8. Let G = (xq, (e, ..., e,), é) be a full grid; a subset I of R” is called a
G-interval, if

I={xeR"a; <(x—x0)-ej<b;¥Vj=1,...,n}
for some ay, by, ...,a,,b, € G. We set

Jg =1{I: I is a G-interval with c1/ C int B}.
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For 1< j <n, we denote by S°G’ j the family of all the material surfaces (S’, ng) such that
ng = ¢; and clS C int B, where

S’:{xGR": (x —xp)-ej=s,a; < (x —x0) - ¢ <b; Vi # j}

for some a;, by, ...,s,...,a,, b, € G. We set also

s =Jsz.;-
j=1
Finally we recall a property of the above class of subbodies and material surfaces.

PROPOSITION 5. Let xo € R" and (e, ...,e,) be a positively oriented orthonormal

basis in R". Then for every h € Llloc’ +(ntB) and v € IM(int B) there exists a full grid

G = (xo, (e1, ..., e,), G) such that I SM;, and 83 < 85 .

For a proof, we refer the reader to [2, Proposition 4.5].

3. The Cauchy Power

In the classical framework, the existence of the stress density t(x, n) is assumed and one can
define the contact power of the stress of a subbody M on a vector field v setting

P(M,v) = / t(x,n™) . vd" !
M
In particular, it is clear that P is linear in v and the inequality

|P(M, V)| < / [v|hd#"!
oM
holds with 7 = |t|. Moreover, the Cauchy stress theorem proves the existence of a tensor field
T such that t(x, n) = T(x)n. Supposing T, v and d M smooth, one can apply the Gauss—Green
theorem, obtaining

P(M,v) = / [(divT)-v+T-Vv]dL",
M
from which one deduces that P is additive in the first argument and
PO Wen () + 19 [ e,
M

exactly with dn = |div T| d.L" and h = IT].

In the spirit of [2], we aim to generalize this to the case where the stress tensor field T
can have as divergence a measure not necessarily absolutely continuous with respect to the
Lebesgue measure. We consider the last inequalities as assumptions for some fixed 1, A, h and
deduce the existence of the stress tensor field, in the sense specified below. These assumptions
do not imply the symmetry of the tensor field T; to deduce it, the more restrictive inequality

[P(M, V)| < Vlloon(M) + ”D[V]lloof hdeLn,
M

where D[v] = 5[Vv + (Vv)'], is needed. We postpone this development to Theorem 8.

1
2
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In this very general framework, we suppose the velocity field having values in RY, while
the dimension of the body is 7.

DEFINITION 9. Let X be a vector space and D € M°. We say that a function F : D — X is
additive, if for every M, N € D with (M U N), € D and M N N = {J one has

F(MUN),) = F(M)+ F(N).

DEFINITION 10. A Cauchy power on B is a function
P:Dx Cfo(intB;]RN) — R,

where D contains almost all of M° and the following properties hold:

(a) P(-,v) is additive for every v € C(int B; R");
(b) P(M, ) is linear for every M € D;

(c) there exists h € L, . _ (int B) such that

PMWI [ vihdse
9M
for every v € C>(int B; RV) and every M € D.

Remark. Taking into account property (c), it is easy to see that P(M, v) depends only on
the values of v on the measure-theoretic boundary of M, that is, if v{ (x) = v, (x) for #" '-a.e.
x € 0,M,then P(M,vy) = P(M, v,).

DEFINITION 11. Let R C 8° be a set containing almost all of 8° and consider Q : R — R".
We say that Q is a Cauchy flux on B, if the following properties hold:

(a) if S, T € R are compatible and disjoint with S U T' € R, then

Q(SUT)=0(S)+ 0(T);
(b) there exists i € Llloc, ,(int B) such that the inequality

10(5)| < /hdﬂf"—l

s
holds on almost all of S°.
Let us prove a first representation theorem about general Cauchy fluxes.

THEOREM 1. Let Q be a Cauchy flux. Then for almost every M € M?° there exists a unique
(up to H"'-negligible sets) Borel map to.m : 0:M — RY such that

0(S) = / to ydH"!
S

for every material surface S subordinated to M. Moreover, if h is a function satisfying (b) of
Definition 11, then |tg p| < h.

Proof. Let h and v be such that Q is defined on M , and (a) and (b) of Definition 11 hold.
Let M € Mj ; then Q is additive on ‘B (0, M) and for any material surface S € 9, M we have

109 < /hdjf"”g/ hd#"™! = ey,
N 0x M
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hence Q is a finite vector measure on 3, M with Q(S) = 0 whenever #"~!(S) = 0. By the
Radon-Nikodym theorem there exists a function tg 3 : 3,M — R" such that |t | <h and

o(S) =fStQ,Md}€”_l. O

Now we introduce a further assumption on Cauchy fluxes, which connects them with
Cauchy powers, as we will see in Theorems 2 and 3.

DEFINITION 12. Let Q be a Cauchy flux on B. We say that Q is equilibrated, if the
condition

0(=8) =-0()
holds on almost all of S°.

DEFINITION 13. We say that an equilibrated Cauchy flux Q and a Cauchy power P are
associated, if for almost every M € M?° the formula

P(M,v) = / Vot ydH !
M

holds for every v € C2°(int B; RM).

In the following theorems, we prove the one-to-one relation between Cauchy powers and
equilibrated Cauchy fluxes.

LEMMA 1. Let Q be an equilibrated Cauchy flux. Then for almost every M, N € M° with
M N N = 0 one has

f V'tQ’Mdﬂn_l = —f V'tQ,Nde}fm—l,
05 MM N 05 MM N

f V'tQ’M d]fn_l = f V‘tQ,(MUN)* d%n—l
3« M\ 3 N 35 M\ 3 N

for every v € C(int B; RY).

Proof. We drop the subscript Q from t. Let /2 and v be such that Q is defined and Theorem 1
holds on M, . Let v € C°(int B; R"); then for every i = 1, ..., N there exist two sequences
(Ein), (F;.p) of Borel subsets of int B such that

e -v(x) = Z 7y XEin Z ZXFi,h
h=1 h=1

(see [5, Section 1.1]), where (ey, ..., e,) is an orthonormal basis in R”. Given M, N in Mj,,
with M N N = @, by Proposition 3 one has

H'N9.M N a.NNJ(MUN)) =0.
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Moreover, by (1) it follows that nM(x) = —n"(x) for #" '-a.e. x € 3.M N I,N. Denoting
by v; and t; 5, the components along e; of v and t;,, respectively, we have

/ Viti,M dﬂn_l
05 MM N

o0

1
:Z—[/ tim dgen! —/ ti’MdJ{n_l:|
h L Jo,mno.NnE; ), 3, MM, NNFi

h=1

[Q@.M NN NE;;,n") — Q@M NoNNF,,n")] e

I
NE
S| =

=
I

Il

|

e =
S| o=

[Q@.M NI,NNE;,,n") - Q@,MNNNF,; n")] ¢

=

=1

= —/ Viti,N d}fn_l
0« MNOx N

and the first formula is proved.

Now take S C 0,M\ 0, N; we have that the material surface (S‘ , n™) is subordinated to M,
hence it is in the domain of Q. Moreover, taking into account (2) and that M, N are disjoint, it
follows that S is subordinated also to (M U N), up to a set of zero H"~!-measure, thus

f tydH" ! = / torun), dH" L
N N

Then we can prove the other formula using the same technique as above. O

THEOREM 2. For every equilibrated Cauchy flux Q, there exists a Cauchy power P associ-
ated with Q. Moreover, if P is another Cauchy power associated with Q, then for almost every
M € M° one has IB(M, V) = P(M,v) for every v € C°(int B; RM).

Proof. Leth € L. (intB) and v € M(int B) be such that Definition 12 holds and ty
exists for every M € M; . We show that the function

P(M,v) = f Vot ydH"!
0xM

defined on M5 x C>(int B; R") is a Cauchy power. Linearity on the second argument is
obvious as well as the inequality

|[P(M, V)| < / |v|h dFe" L.
0« M

To prove the additivity of P, take two disjoint subsets M, N € M and v € C>(int B; R").
Keeping into account (1), one has 8,(M UN) = 9,M A9, N up to a set of zero "~ '-measure,
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Hence, by Lemma 1

P(MUN),,v) = / v -ty un, dH!
3. (MUN)

= / V'tQ’Mdﬂn_l‘Ff V'tQ’Ndﬂn_l
9« M\0x N 9« N\9:+ M

= / V'tQ’Mdﬂn_l +/ V'tQ’Nd}fn_l
M

8N
= P(M,v)+ P(N,v)

and P is a Cauchy power. It is clear that P is associated with Q.
Finally, if P is another Cauchy power associated with Q, then for almost every M € M?°
and every v € C°(int B; R") we have

ﬁ(M,v):/ Votoyd#" = P(M,v),
M

which concludes the proof. O

THEOREM 3. For every Cauchy power P there exists an equilibrated Cauchy flux Q asso-
ciated with P. Moreover, if Q is another equilibrated Cauchy flux associated with P, then
Q = Q on almost all of 8°.

Proof Leth € L!  (intB) and v € M(int B) be such that P is defined and Definition 10

loc,+
holds on Mj, . Let us fix M € Mj ; the function P(M, -) : C°(int B; R") — R is linear and

P(M, V)| < ||v||oo/ hdsen,
0« M

hence P (M, -) is a vector distribution of order zero. By the Riesz representation theorem, there
exist a unique p € M(int B) and a p-essentially unique Borel function ¢y : int B — RY such
that |cys| = 1, u-almost everywhere in int B and

P(M,v) :/ cy - vdu.
int B
Moreover, since

[P(M, V)| < / vihdFe" !,

0« M

we have that 1 is absolutely continuous with respect to #"~' 9, M, hence
P(M,v) = / by - vdH"™!
M

for an J("‘l—essentially unique Borel function by, : 9,M — RY with |by,| < h.

Let now S be a material surface in 89 subordinated to M, N € M, ; then clearly § C
3.M N 3,N and n® = n" on S. Moreover, by (2) and (3), the sets $\3,(M N N) and § N
0,(M\N) are J¢" '-negligible. Suppose the set S to be compact and fix an element a of
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R¥. Then there exists a sequence (v;) in C2°(int B; R") such that |v,| < |a| and v, — xsa
pointwise. Since P is additive, it follows

f Vi by dH"! = f Vi - bapy dFHT + f Vi - by dFH"
M 3 (M\N) 3+ (MNN)

and by the dominated convergence theorem
a- f by d#" ' =a- f by dF" .
§ §

Exchanging M with N, by the arbitrariness of a one has

/ by dF" ! = / by dF" L.
3 3

If § is not compact, we can find a sequence (S},) in §;, such that

S = U S,UN with #"'(N) =0,
heN

then

f by d#" " =1lim | by d3"" =lim | bydH""" = f by dFe" "
N N

Sh Sh

Hence we can define a function Q : 8, — R" setting

() =ﬁbMdﬂ’”_l,
N

where S is subordinated to M. It is clear that Q is a Cauchy flux; we want to prove that it is
equilibrated. Let S be a material surface and take two disjoint sets M, N € M;  such that
S, —S are subordinated to M, N, respectively. By Proposition 3 it follows that SNa.(MUN)
is H""!-negligible. Let a € RY; if S is compact, there exists a sequence (vj) in C2°(int B;
R") such that v, — xga pointwise. Since P is additive, we have

f Vi - by, dH" ! = f Vi by dH + / vy -bydH™!,
3% (MUN) 0xM 0« N

hence Q(—S) = —Q(S) by the dominated convergence theorem. If S is not compact, we can
apply the same technique as above, which yields that Q is equilibrated. Moreover, we readily
have by = tp u, hence Q is associated with P.

Finally, if Q is another equilibrated Cauchy flux associated with P, for almost every M €
M it follows that

[ vtomart = pory = [ vty 0
M M '
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for every v € CX(intB; RY), hence tom(x) = th,M(x) for #" '-a.e. x € 9,M. Then
Q(S) = Q(S) for every S € 9, M and the proof is complete. O

We now add a crucial assumption to Cauchy powers and Cauchy fluxes in order to obtain
a global integral representation for both.

DEFINITION 14. We say that a Cauchy power P is balanced, if there exist n € M(int B) and

h € L, (int B) such that, for almost every M € M°,

[P(M, V)| < Vlloon(M) + IIVVIIOO/ hdL"
M

for every v € C°(int B; R").

DEFINITION 15. We say that a Cauchy flux Q is balanced, if there exists n € 9(int B) such
that the inequality

1Q@M)| < n(M)
holds on almost all of M°.
We first recall the definition of tensor field with divergence measure.

DEFINITION 16. Let T € L[ (intB; Lin(R"; RY)). We say that T is a tensor field on int B
with divergence measure, if div T is a vector distribution on int B of order 0. This means that

for every compact set K C int B there exists cx > 0 with

‘ / TV fdL"
int B

whenever f € C3°(int B) and supt f C K.

In such a case, there exist a uniquely determined p € 9i(int B) and a uniquely determined
u-almost everywhere Borel map u : int B — R" such that [u(x)| = 1 for u-a.e. x € int B
and

<cek m}?X|f|

—f TV fdL" = fudp
int B

int B

for any Lipschitz function f : int B — R with compact support. We set

/V-diVT:/ v-udu
M M

for any v € C$°(int B; RY). Moreover, we put |div T| = u.

The following are the two main features of balanced Cauchy fluxes proved in [2]. The
first states the existence of a flux density and an integral representation; the second gives an
extension theorem starting from (n — 1)-rectangles.
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THEOREM 4. Let Q be a balanced Cauchy flux on B. Then there exists a tensor field T €
Llloc(intB; Lin(R"; RN)) with divergence measure such that

0(S) = / Tng dH" !
S

on almost all of 8°. Moreover, T is uniquely determined L"-almost everywhere and |div T| < n,
where 1 is as in Definition 15.

In particular, a balanced Cauchy flux is equilibrated.

THEOREM 5. Let Gy = (xo, (e1,...,e,), Go) be a full grid and Q : S°GO — R" be a
function satisfying the following properties:

1) Qo(S) = Qo(S1) + Qo(S,) whenever S, Sy, S; € 8‘2;0, S1NS, =PandclS =clSUclS,;

(i1) there exists h € Llloc’ (int B) such that

100(8)] < / hdger!
S

forany S € 3¢, ;
(iii) there exists n € MM(int B) such that

> Qo) - Qo(lj_))‘ <n(D)

j=1

whenever

I={xeR"a; <(x—x0)-e;<b;Vj= l,...,n} €75,

I;r ={xeR" (x —x0)-ej =bj,a; < (x —xg) - ¢; < b; Vi # j},

I = xeR" (x —x0)-ej =aj,a; < (x —xq) - e < b; Vi # j}.
Then there exist a balanced Cauchy flux Q on B and a full grid G < Gy such that the
domain of Q contains S¢; and

VS ed;: QS = Qo).
Moreover, if Q also satisfies the property for some full grid G C Gy, then Q = Qon
almost all of 8°.

Now we show that balanced Cauchy fluxes and powers are intimately related; this will
immediately produce an integral representation theorem and an extension property also for
balanced Cauchy powers.

PROPOSITION 6. A Cauchy power is balanced if and only if the associated Cauchy flux is
balanced.

Proof. Suppose that a Cauchy power P is balanced and consider the Cauchy flux Q asso-
ciated with P; then for every a € RY we have

|Q(8*M)-a|:‘/d a-tou d3| = |P(M, 2)] < llalln(M)
.

on almost all of M°, hence in particular Q is balanced.
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On the other hand, supposing that Q is balanced, by Theorem 4 one deduces that there
exists atensor field T € Llloc(intB; Lin(R"; R")) with divergence measure such that |div T| <n
and ty » = Tn™ on almost all of M°. Denoting with P the Cauchy power associated with Q

and setting 4 (x) = |T(x)|, we have that

|[P(M,v)| = ‘f T . vdge!
M

:‘f v-divT+/ T.VvdL"
M M

< ||V||oon(M)+||VV||oof hdL"
M

on almost all of M°, hence P is balanced. O

THEOREM 6. Let P be a balanced Cauchy power and let n be as in Definition 14. Then
there exists T € Llloc(intB; Lin(R"; RN)) with divergence measure such that |div T| < n and,
for almost every M € M°,

P(M,v) = / ™Y . vdge"!
e M

for every v € C=(int B; RY). Moreover, T is uniquely determined L"-almost everywhere.
Proof. The balanced Cauchy power P is associated with a Cauchy flux that is balanced by
Proposition 6. The conclusion follows from Theorem 4. O

Finally, we give an extension formula for balanced Cauchy powers, which states that the
behavior of a Cauchy power on almost all n-intervals extends it to almost all of M°.

THEOREM 7. Let G be a full grid and P, : J%O x C°(intB; RY) — R a function which
satisfies the following assumptions:

(a) for every finite disjoint family {I;: k € A} € I and v € C(int B; RY) the following
holds:

<Ulk) €elg, = P0(<Ulk) ,V)zzPo(lk,V);
keA * keA *

keA
(b) Po(I, ) is linear for every I € Jg, ;

(c) there exists h € Llloc’ (int B) such that
|Po(1, V)| < | [Vhdze"!

a1
for every v e CX(intB; RY) and I € J¢, ;

(d) there exist n € M(int B) and he Llloc, ,(int B) such that

[Po(1, V)| < IVlloon (D) + I VV]loo /ﬁdf’
1

forevery v e CX(int B; Ry and I € J‘Z;O.

Then there exist a full grid G < G and a balanced Cauchy power P such that the domain
of P contains J; and P(I) = Py(I) for every I € Ji,. Moreover, if P has the same property
of P for some full grid G C Gy, then for almost every M € M° one has IB(M, v) = P(M,v)
for every v e CZ(int B; RV).
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Proof. Let S € 8¢, and I € Jg; be such that § is subordinated to /. Given a € RY, there
exists a sequence (vy) in C2°(int B; RY) such that |v;| <a and v; — xsa pointwise. Define
the component of Qo : 8¢, — RY with respect to a as

a-0o(S) = lilgn Po(1, vi).
Then we have:

1. Qg does not depend on the choice of the sequence v, since

lim Po(7, vi - Vol < lim [ jve — VelhdH" 1 = 0.

EW
2. If #H#" Y(SAT) = 0, then it is easy to check that Qy(S) = Qo(T).
3. Qo(S) does not depend on the set I. Indeed, if S is subordinated to I}, I, then

h/fn Po(Iy,vi) = li}fn Po(I1 N I, v) = lilzn Po(12, Vi)

since H"1(SN (I;AL)) = 0 and P, is additive.
4. Qo(—S) = —Qo(S) by additivity of P,.
Now we prove that Qy satisfies (i), (ii) and (iii) of Theorem 5.

(1) LetS, Sy, S, € S°GO with SN S =@ andcl S = ¢l S; Ucl S,. Then there exist 11, I, € J°GO
suchthat Iy N L, =@, ([ U L), € Igo and §; is subordinated to /;, S is subordinated to

(L UDL),.Givena € R", let v,((j) — Xs,;a; then we have that V,(cl) + V,(cz)
H' L (SA(S; U S,)) = 0, it follows that

a- Qo(S) = lim Py(l. v 4 v®)

— Xs,us,a. Since

= 1im(Po(1, v{") + Po(l, V) = Qo(S1) +a- Qo(S2).

(i1) It is obvious.
(iii) Let I € Jg ; using the notation of Theorem 5, we start showing that

N
a- Y (Qo(I}) — Qo}) = Py, a)
j=1
for every a € RY. The surfaces I;r and —/; are subordinated to /, hence we can take
two sequences (V,({j )+), (V,({j )=
Since

N
N

Z(V/({]) +v{"7) = xo.12,

j=1

) as in the definition of Qy relative to I, —1I ; » respectively.

it follows that

N N
- : O+ -
a- Z;(Qouf) + Qo(=1}) = lim Po(l, 2@/ +v/ )) = Py(l, a).
Jj= Jj=
Then for every a € RY with |a|] < 1 we have that

N
a- Z(Qo(lf)) - Q(Ij_))‘ = |Po(I,a)| < n(l)

j=1
and (iii) is proved. Finally, we apply Theorem 5. O
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Let us finally consider n = N. We recall that a vector field w € Cg°(int B; R") is an
infinitesimal rigid displacement, if Vw(x) is skew for any x € int B, D[w] = 0. The following
theorem gives the necessary and sufficient assumptions in order to have the symmetry of T.

THEOREM 8. Let T € Llloc(intB; Lin(R"; R™)) be a tensor field with divergence measure.

Then the following conditions are equivalent:

(a) there exist n € M(nt B) and h € L (int B) such that, for almost every M € M°,

loc,+
/ ¥ - vdgen! g/ |v|dn+||D[v]||oo/ hdL"
0xM M M

for every v € C®(int B; RV);
(b) there exists n € M(int B) such that, for almost every M € M°,

/ oM - wdge"! g/ |w| dn
0xM M

for every infinitesimal rigid displacement w € Ci°(int B; R");
(c) T(x) is symmetric for L"-a.e. x € int B.

Proof.

(a) = (b). It is obvious, since D[w] = 0.

(b) = (c). Consider the infinitesimal rigid displacement w(x) = W(x — x¢), where W is
a skew n x n-matrix. Define for a, b € R" the matrix a Ab = a ® b — b ® a. Then, since
(a nb) - W = =2b - Wa for every skew matrix W, it is easy to deduce

1 M n—1
W (x — x0) AT dFH
2 oM

< IWI/ |x — xo| dn.
M

Since (x — xp) A T is also skew, then the arbitrariness of W allows us to apply [2, Theorem
8.3].
(c) = (a). Keeping into account that T- Vv = T- D[v] since T is symmetric, by the formula

f oM . vdge'! :f V~diVT+/ T.VvdL",
AWM M M

(a) easily follows. O

4. The Case B Manifold

Let us suppose now that B is an n-dimensional orientable differential manifold (second count-
able, Hausdorff, paracompact). We will denote by {U;, ¢;} an atlas for the manifold. It is
known that every such manifold can be endowed with a Riemannian structure. The beginning
of this section is devoted to introduce some topics which are related with the Riemannian
structure but are independent of it. We recall a simple lemma of prime importance.

LEMMA 2. If g1, g are two Riemannian metrics on B, then there exist two strictly positive
continuous functions Cy, C, on B such that

Vxe B, VveT,B: Ci(x){g(x)v,v)<(g1(x)v,v)<Ca(x)(g2(x)v, v). 4)
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DEFINITION 17. If M € B and x € B, we say that x is a point of density for M in B if,
given a chart (U, ¢) around x, one has that ¢(x) € (¢(U N M)), in R".

The following lemma, which holds in R", proves that this definition is independent of the
chosen chart.

LEMMA 3. IfA, B are two open subsets of R, ¢ : A — B is a diffeomorphism and K C A
is compact, then there exist ¢y, ¢c; > 0 such that for every M C K:

(a) ¢ diam M < diam (M) < ¢; diam M
(b) o1 HK (M) < FH*(p(M)) < cr H¥ (M) for everyk =0, ..., n;
(c) if x € M,, then p(x) € (p(M)),.

Proof. Since ¢ is bilipschitz, (a) is obvious, while (b) can be found, for instance, in
[5, Section 2.4.1]. In particular, for k = n one has

a1 LN (M) < L™ (9(M)) < 2L (M).

In order to prove (c), we recall that in the definition of x € M, (see Section 2), one can replace
the balls B, (x) with sets I, such that x € cl I,, diam I, — 0 as r — 0 and there is a constant
L > 0 with

. (diam 7,)"
limsup ——— <
r—0 L (Ir)
Let us choose I, = ¢(B,(x)); then they have the required properties and if x € M, one has
. LML \p(M)) . LY@(Br(x)\M))
lim ——— = = lim
r—0 OC”(I,) r—=0 OC”(I,)
L"(B, M
< pim 2 LB
r—=0 crwy r'
where w, denotes the volume of the unit ball. Hence ¢(x) € (¢(M)),. O

DEFINITION 18. Let M C B. We denote by M, the set of all points of density for M in B.
It M = M,, we shall say that M is normalized.
Note that the whole manifold B is normalized, because it is open in itself.

DEFINITION 19. We define the measure-theoretic boundary of M as

Fix now a Riemannian structure g on B; then we can introduce on B the (n — 1)-Hausdorff
measure #; '

LEMMA 4. Let g1, g» be two Riemannian structures on B and 0 < s < n. Then
(a) for every M C B with compact closure, there exist c| y, c2.m Such that

cLmHy, (M) < H (M) < comdH,, (M);
(b) for every M C B we have 3, (M) = 0 if and only if 7, (M) = 0.
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Proof. (a) It follows immediately by Lemma 2.

(b) Let }t’;z(M ) = O and let {V;: j € J} be an open cover of M such that each V; has
compact closure in some coordinate neighborhood. Since B is second countable, by Lindelof’s
Theorem we can extract a countable subcover {V,: k € N}. We have J¢, (MNV;,) = 0, hence
H, (M N V) =0by (a). It follows F, (M) = 0. O

Hence, the fact that f y hdFt* or (M) vanish is independent of the Riemannian struc-
ture. In the same way, when M has compact closure in B the fact that | o hdFte or HH(M) is
finite is independent of the Riemannian structure.

DEFINITION 20. Let M C B be a set with compact closure. We say that M has finite
perimeter, if H"~'(0,M) < +oo.

Note that this makes sense, d,M having compact closure in B. Since the definitions of
Ljoe (B, H"), M°, My, and ‘almost all’ are given in terms of sets with compact closure, they
extend naturally to the case of the manifold B.

Now we are ready to give the main definition of this section. We denote by X.(B) the set
of all smooth vector fields on B with compact support.

DEFINITION 21. Let D C M° be a set containing almost all of M° and take a function
P :Dx X.(B) — R. We say that P is a Cauchy power on B, if the following properties hold:

(a) P(-,v) is additive for every v € X.(B);
(b) P(M, ) is linear for every M € D;

(c) there exists i € Llloc’ +(B; H") such that

PMWI [ vihdse
dM
for every v € X.(B) and every M € D.

It is clear that the existence of such an 4 as in (c) is independent of the Riemannian
structure.

DEFINITION 22. A Cauchy power P is said to be balanced if, given a Riemannian structure

on B, there exist i € Llloc’ L+(B; #") and n € MM(B) such that, for almost every M € M>,

|P(M, V)| < ||IVlloon(M) + Lip(v) / hdit"
M

for every v € X.(B), where Lip(v) denotes the Lipschitz constant of v in the Riemannian
structure induced on 7B.

Again, the balance of P does not depend on the Riemannian structure.

Now we recall some notations. Let a be an m-vector and Q a p-form with p > m; we define
a (p —m)-form aLQ by

(a,0,8) = (0,5 ANa)



Balanced Powers in Continuum Mechanics 387

for every (p — m)-vector &. In the same way, if @ is a p-differential form and v an m-vector
field, we define a (p — m)-differential form v.@ by

vi@Q)(x) = v(x)1Q(x)
for every x € B (see [6, p. 351]).

DEFINITION 23. Let 0<k<n. A (0, k)-tensor field Q is said to be of class L}, if its
representation in a chart is of class L

loc*

Remark.
1. For 1<k<n,if Qis a (0, k)-tensor field of class LllOC and v € X, then Qv is a (0,
k — 1)-tensor field of class Llloc.
2. If w is an (n — 1)-differential form of class L
every m € M°.
3. If f € C;°(B) and w is an (n — 1)-differential form of class L} ,then (df) A w is an

loc?
n-differential form of class L lloc'

1
loc?

then f oM @ is well defined for almost

DEFINITION 24. Let w be an (n — 1)-differential form of class L] . We say that dw is a

loc*

measure, if for every compact set K C B there exists cx > 0 such that

[an ol e
B
for every f € C3°(B) with supt f C K.

The following theorem states the representation formula for a balanced Cauchy power on
a manifold.

THEOREM 9. Let P be a balanced Cauchy power on B. Then there exists a (0, n)-tensor
field Q on B of class L\ such that:

loc

(a) Qv is an (n — 1)-differential form for every v € X.(B), that is, for a.e. x € B the map
{(wi, ..., wem) = QVX), wy, . w1}
is (n — 1)-alternating;
(b) d(Qv) is a measure for every v € X .(B);
(c) for almost every M € M?°, the formula

P(M,v) = Qv (®)]
0 M
holds for every v € X.(B).
Proof. Letx € B and (U, ¢) be a chart with ¢(U) = B, (¢(x)) for a suitable » > 0. Then

U is a normalized set with finite perimeter. We define a function R : D x C°(¢(U); R") —
R”, where D contains almost all of M°(p(U)), setting

R(A,v) = P(p~ ' (A), (dp)~'V).

Such a function is well defined, since (dg)~'v € X.(B) (up to an extension by zero outside
U) and ¢~ '(A) € M°. We claim that R is a balanced Cauchy power on ¢(U). Additivity on
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the first argument and linearity on the second are obvious, while (c) of Definition 10 follows
by the estimate

IR(A,V)I</

(o) vk g < / Fividse,
0 (p~1(A))

A
which holds on almost all of M°(¢(U)) for every v e C°(¢(U); R"). Moreover, considering
that P is balanced, one can prove that R is balanced. By applying Theorem 6 to R withn = N,
we get an essentially unique function Ty in L lloc (p(U); Lin(R"; R™)) with divergence measure
such that, on almost all of M°(¢(U)),

R(A,V) :/ Tyn? - vdH"!
0% A

for every v e C°(¢(U); R"). It is not hard to prove that if U NV # §, then Ty = Ty on
@(U) N @ (V). Denoting with d.L" the volume form of R”, the function

{(v1, ..., V) = ((Tyv)dL)(va, ..., v,)}

is a (0, n)-tensor field on ¢ (U). Pulling it back on B, one obtains the tensor field Q which
satisfies (5). Moreover, since Ty has divergence measure in R”, d(Qv) is a measure for every
v € X.(B). O
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